Mathematics For Information Technology

Week 10: Integration: Basic integration, Change of variables, Integration

by inspection, Integration by parts
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Intended learning outcome
Basic Integration
Integration by inspection
Change of variables

Integration by parts
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Intended learning outcome

Understand the basic concepts of integration, including Antiderivatives,

and the relationship between differentiation and integration.

Apply change of variables techniques to simplify integrals and make

them easier to evaluate.

Use integration by inspection to quickly evaluate integrals by recognizing

basic integration formulas

Apply integration by parts to evaluate integrals, and choose appropriate u

and dv terms.
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Basic integration

Integration is the process or act or an instance of
making up a whole or is a process of uniting parts

together.

Involves finding the Antiderivatives of a function,

which is the inverse operation of differentiation
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The reverse of differentiation

Given the equation y = f(x), then by differentiation ,

. . -
we can find the gradient function d—z

We can obtain the equation of the curve using the

reverse process called integration.

ay

= 2x. To find y we require a function that

Suppose

differentiates to give 2x.
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Clearly y = x* is such a function

We say that y = x° + ¢, where c is a constant, gives 2x

when differentiated.

Thus if we integrate 2x we obtain x* + c¢. Given the
gradient function of a curve, integration gives the family

of curves to which that gradient function applies.
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Generally, given 22 = ax™ theny = 2 + ¢, f
enerally, given —— = ax™ then y = ——+ ¢, for
n+-—1
n+1
Ify=""+¢
n+1
dy a(m+1)x"
dx ; n+1
Y n
— - ax
dx
Using the integral sign [ dx, we can write this as
g+l
jax”dxz +c,n#—1
n+1

With the dx meaning that we are integrating with
respect to the variable x
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Types of integrals

Indefinite integrals. These are integrals without limits.

x(n+1)
fx"dx = + c
n+1

Definite integrals. These are integrals with limits

it —

b

bn+1 an+1
f _n+1_n+1
a
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Example: solve the following

1) [ 4x>dx

j4x5 dx =

4x°

4X5+1
541

=

6

Iyl

= BC

3
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2) [(5 — x? +§)dx

— j(S —x% +18x~ %) dx

- x3+18x_3+
e 3 = C
3 6X_3
=
X 3+_1 + C
3 6
=bx—— - f¢
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2(3)° 2(1)°

=(3 3

= (2 x 243 =
> 3

= (486 — 0.67)
= 485.33
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Integration by inspection

Consider the integral function

f FEOIF @I dx

Integration by inspection is obtained as

d il n+1-1 ¢/
S Wl =@ DG f(x)
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n+1dx

[f O™ = f' O lf ()™

Introducing integrals on both sides with respect to x,

we obtain

1
| Frerra =— [r@m dr+ o
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Example: Find
1) [20(7 4+ 5x)° dx

We suspect that this may have come from

differentiating (7 + 5x)*as a function of a function i.e.

d
— (7 +5x)* =4(7 +5x)3 x5
dx

d
— (7 + 5x)* = 20(7 + 5x)3
dx

Introducing integrals on both sides with respect to x
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ja (7 + 5x)* dx = j 20(7 + 5x)3 dx

j 20(7 +5x)3dx = (7 +5x)* + ¢
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2) [(4x —2)(x? — x + 4)°> dx

From
d
E (XZ = 4)6 — 6(X2 v 4)5(296 = 1)
1d
= (x2 —x+4) = (4x —2)(x?> —x + 4)°

Introducing integrals on both sides with respect to x
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Jli (7 = x4 90dx = [ (dx =22 = x + ) dx

1
=§(x2—x+4)6+c
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Change of variables

Suppose we want to integrate x2(2x3 + 3)°> with

respect to x.

We could expand the bracket then we integrate each

term

It is however much better to notice that x?2is a scalar

multiple of % (2x3 + 3) and then it follows that
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fx2(2x3 + 3)°dx = %(Zx3 +3)® +¢

If we fail to notice this function of function, an
alternative method is to change variable from x to
some other suitable chosen variables depending on the

following theory
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Suppose y = [ f(x) dx where x = g(u), i.e. % = f(x) and

f(x) = flg(w)]

dy_dyxdx
du dx  du
dy dx
Y g

Integrating with respect to u, gives

d
y = Jf(x)ﬁdu,

5/16/2023 mathematic for IT

20



y = [ f(gw)du, buty = [ f(x)dx

[ reax = [ (o) au

Thus, to integrate f (x) with respect to x, dx is replaced

d : . .
by ﬁ du and the integrand is then expressed in terms of

the new variable, u.
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Example

1) Find [ x%(2x3 + 3)° dx
Letu = 2x3 + 3 then;l—z = 6x°

Thus Fx2@Qx> +3)2dx = [x202x + 3)5%du

1
= 2 3 5
— fx (ZX & 3) @du
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146
=%+C
2x3 + 3)°

=( 36 ) =
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2)

[ 2x(x + 2)° dx

Letu =x + Z,thend—uz 1
dx

dx
j 2x(x + 2)° dx = J 2x(x + Z)SEdu

= f 2(u — 2)u’ du
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2 2
g Tg
7u 3u + C

2
=—6 —_
211L(3u 7)+c

2
i 6 o
—-21(x4-2)(3x 1) +c
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Letu=x+4thend—u= 1
dx

X
dx = du
Uu

js X jg i
0o Vx +4 4 Vx +4d
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4) f25+16x2 dx

d
Let u = 4x, then = = 4
dx

_f 1 ><1
) 254+ u2 " 4

1[ 1 g
4 )] 25 + u? e

I
QU
<
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u
=tan (E) +c

—1t - 4x+
= =
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Integration by parts

d(uv) _ vdu n udv
dx  dx dx
d(uv) vdu udv

= dx =de+ﬁdx

Introduction integrals throughout

vdu udv
jd(uv): de+ de

Recall

vdu (udv

uv = de-l_J de

udvd - rvdud
T X = Uuv - b
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Example: Evaluate

[

1) JZxcosxdx
dv
let u = x,— = cosx
dx
du
— =1 and v = sinx
dx

T

7% T 2
2 i 2
j xcosxdx = [xsinx]2 — j sinx dx
0 0o 7o

% T T

j xcosxdx = [xsinx]2 + [cosx]2

0 0 0
2
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Lletu=Ilnx,v :%
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[xInxdx

2

- fxd
- nx 2 X

2
.
—[2 nx 2 c|
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3)  [x(3x —2)* dx

. -
Letu_x,dx_(gx 2)

du

1
_— et i 5
= 1land v T (3x — 2)

:i M 5 _Ji s 5

X
=1—5(3x—2)5— =

15 %X 18

1
e e D
= oo (3x —2)°(15x + 2) + ¢
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Thank you for listening

Next lecture we shall look at Graph theory
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