Discrete Mathematics
Lecture 9
Relations and Functions

Lecturer: Kahenya, N.P



Introduction to lecture 9

E Relations and functions are fundamental concepts in mathematics and
computer science and in particular graph theory.

|N This lecture forms a foundation for the lecture on trees and graph theory in
general.

% Relations can be used to understand and solve problems in communications,
networks, relationships between members of a social group among others.



References

These lecture notes have been derived from the
following sources (Lipschutz & Lipson, 2007;
Rosen, 2012).



Intended Learning Outcomes

At the end of this lecture, you will be able to;

Explain Explain relations and functions.

Appl Apply the concepts in solving problems involving relations and
PR functions.




Introduction to Relations

Relations are
structures that
are used to
represent the
relationships
between
elements of a
given set
Relations can
be used to
solve problems
such as;

Determining which pairs of towns that
connected by roads or trains.

Determining how a set of computers are
networked.

Determine the best way to store
information in a computer database.



Binary relations

Product sets are examples of binary relations » SR
where it is used to express relationship betweery ; ‘ -\
elements of two sets. 0 ‘4\ v

dFor example, let A and B be any two sets. VRS “ﬂ |

i
The set of all ordered pairs of (a,b) whereae A & "N/
and b € Bis called the product or Cartesian / 4lp
oroduct of Aand B i.e. »

A X B ={(ab)la€eADbEeB]} |

dFor example, R X R = R? is the set of ordered
pairs of real numbers.




Example 1

Let A =[2,3} and B = {a,b, c,d} then;
AXx B ={(2,a),(2,b),(2,¢),(2,d),(3,a),(3,b),(3,¢c),(3,d)}
Bx A ={(a, 2),(a, 3),(b,2),(b,3),(c2),(c3),(d2),(d3)}
AxA=1{(22),02,3),03,2),(3,3)}

Note that;
() AXB#BXxA
(ii) The order in which the elements appear matters.

(iii)n(A x B) = n(A) - n(B) where n(A) is the cardinality of set A.



Definition 1
Let A and B be sets. A binary relation or simply a
relation from A to B is a subset of A X B.

That is, for each paira € A and b € B exactly one of
the following is true;

(i)(a,b) € Ri.e. 'ais R- related to b’ written a
(if)(a,b) € Ri.e., ‘ais not R-related to b’ writtena R b

Remark 1:

If R is a relation from a set A to itself, thatis if R is a
subset of A2 = A X A then we say that R is a relation
on A.




Example 1

Let A = {1,2} and B = {X,y} and
R ={(1,%),(1y)}

then R is a relation from A to B since R is a
subset of A X B.

ence, we have 1 Rx, 1Ry, 2}(x, Zj(y.

Note that the domain of Ris {1} and the range
of Ris {x,y}.




Example 2

Let A = {students in a class} =
{0ti, Onyi, Kama, Chris, Njeri} and B be the set of courses

l.e.
B = {History, Maths, English}.

Let R be the relation that consists of the pairs (a,b)
where a is a student enrolled in course b.

For instance, it Oti and Njeri are enrolled in maths then
we have (Oti, Maths) and (Njeri, Maths) belong to R.



Examples of Relations

1)Set inclusion S is a relation on any collections of
setse.g.,AC B orAZB.

2)In the set of integers, we have such relations as
m|ni.e., m divides n e.g., 412, 5|25 but 4 } 17.

4 3)Functions are relations. Where a function says, f
from set X to a set Y assigns exactly one element
of Y to each element of X. The graph of fis a set

of ordered pairs (x,y) so that y = f(x) which is a
subset of X X Y.




Inverse relation

Let R be any relation from set A to set B.

The inverse of R denoted R™1 is the relation from B to A which consists of

ordered pairs which when reversed belongto Ri.e,,

R™' = {(y,0)I(xy) € R}.
Example 1: Let set A = {1,2} and B = {a, b} then the inverse of R =
{(1,a),(1,b),(2,a)}isR™t ={(a,1),(b,1),(a2)}.



J ‘ ‘,,) J‘(v ‘

Example 2

Consider a set A with n elements. A relation
un v on the set A is a subset of the A X A.

f The set A X A has n? elements.

u‘ J ) b 2" subsets.
{x’:) For instance, the set A = {3,d,f, g} has
= 65536 relations.



Representation of Relations

a) Matrix of relation

This can be done in a matrix form where we use 1 or O if there is a relation or no relation

respectively.

For example, let sets A = {1,2,3} and B = {a,b,c} and R = {(1,b), (1,¢), (2,¢), (3,2)}.

0O 1 1
Then the matrix of relation is Mg = (0 0 1)
1 0 O

W N =

= O O

© O =

O R K



In general, it A = {a;,a,,**,a,] and B ={by,b,, -, b,} are finite sets
containing m and n elements, respectively. R is a relation from A to

B then R can be represented by the m X n matrix Mg = [my] i.e.

(1 lf(al,b]) € R

My, —
R0 if (a;, b;) & R

\

The'matrix My is called the matrix of R.



Example 1

1 0 0 1
Let Mg = (O 1 1 O) and letsets A ={a,b,c} and B = {w,x,y, z}.
0 1 0 1

Then by definition (ai,b]-) € R iff m;; = 1 thus;

R ={(a,w),(a2),(b,x),(by), (cx),(c2)}




Directed graphs/digraphs of R

Relations can be represented using directed graphs,
where the elements represent the vertices or nodes of

the digraph and the relation between vertices is

represented by a directed edge.




Example 1

Let R be a relation on the set A = {1,2,3,4} where R =
{(1,2),(2,2),(2,4),(3,4),(4,1), (4,3)} then its directed graph is;




Example 2 box

LetA={1,2,3,4}and R = {(1,1),(1,3),(1,4),(2,3),(3,1),(3,4),(4,4),(2,4)}.
Then the diagraph of the relation is;



Example 3

Find the relation determined by digraph below;
L

°5
()




Definition 1

The in-degree of a vertex is the number of edges terminating at the vertex or
node or junction, while the out-degree of a vertex is the number of edges

leaving a vertex.




Example 3

Let set A = {1,2,3,4} and let the relation on A represented by the

3

P

matrix, Mg = 8 1
1 0

Construct the digraph
all vertices.

1
0
0
1
R

.F

and list in-degree and out-degrees of




 Graphs of functions

Functions are relations and hence can be represented by graphing.
* Arrow diagram

Relations can be represented in an arrow diagram.
For example, let sets A = {1,2,3} and B = {a,b, ¢} and
R={(1,b),(1,¢c),(2,¢c),(3,a)}.



Composition of relations

Definition 1: Let A, B, and C be any non-empty sets. Let R and
S represent the relations from A to B, and B to C respectively. In
other words, the relation R is a subset of A X B while the
relation S is a subset of B X C.

Then the relation from A to C denoted S e R, the composition
of S and R, is defined as;

a(SeR)c

[f for some b € B then aRb and bSc, that is,
SoR={(ac)|a3beB,(ab) €R,(bc) €S}



Example 1 box

Consider the sets A = {1,2,3}, B = {a,b,c} and C = {qa, B, y} and the relations
R={(1,b),(1,¢c),(3,a),(2,0)}and S = {(a,a), (b, B), (c,a), (c, B)}. Determine S o R.

From the arrow diagram we get; So R = {(1,a), (1,B), (2, ), (2,B), (3, )}



Alternatively

.- - ]
Alternatively, consider the matrix of relations Rand Si.e.R =

LT (L)), (1,0,(3,2), (2,9} and S = {(a, ), (b, B), (c, ), (¢ B)}:

O 1 1111 0 O 111 2 0
MrMg = [0 0 1] [0 1 0] =2 [1 1 0].
1 0 Oolt1 1 O 311 0 O

The 2 implies that there are two ways from 1 to 8. The non-zero entries indicate the
relation S o R exists.



Types of relations




Reflexive

A relation R on a set A is called reflexive if (a,a) € R for every element a € A.
That is R is reflexive if every element a € A is related to itself, otherwise it is irreflexive.

Example 1: Consider the set A = {a, b, c} and the relations R on the set A namely;
R; ={(a,a),(ab),(ac),(cc)}
Rz = {(a,b), (b,b), (c,0),(aa),(a c)}
Rz = {(a,a), (b,b),(c,a),(c,b)}

Only R, is reflexive since we have (a,a) € R, (b,b) € R,(c,c) € R.

Note that the universal relation A X A is also reflexive.



Symmetric

A relation R on a set A is symmetric if whenever b then b R a.

A relation R on a set A is asymmetric if whenever a R b then b R ai.e., (a,b) € R then
(b,a) ¢ R.

A relation R on a set A is antisymmetric if whenever a R b and b R a then a = b. Also, R is
still antisymmetric if whenever a # b then (a,b) € R or (b,a) € R.

Remarks
Symmetric is not the opposite of antisymmetric.
A relation can have both of these properties or may lack.

A relation can be both symmetric and antisymmetric if it contains some pair of the form

(a,b),witha#Db



Example 1

Let A = Z = {set of integers} and let R = {(a,b) € A X A]a < b} where R is the relation less than. Is R symmetric,

asymmetric, or antisymmetric?

Solution:

Symmetry: If a < b then it is not true that b < a. Therefore, R is not symmetric.
Asymmetry: If a < b then b <« a so R is asymmetric.

Antisymmetric: If a # b then either a < b or b <« a. Therefore,

R is a antisymmetric.



Transitive

A relation R on a set A is called transitive if whenever (a,b) € Rand (b,c) € Rthen (a,c) € Rforall a,b,c € Ai.e.
[faRbandbRcthenaRec.

Example 1: Is the ‘divides’ relation on set of positive integers transitive!
Solution: Let a divides b and b divides ¢, does a divides ¢’

If a divides b then there exists an m such that b = am--- (i)

Also, if b divides c then there exists an n such that ¢ = bn .- (ii)

From (i) and (ii) we have; c = bn = (am)n = a(mn) = a|c. Hence ‘divides’ relation is transitive.



let X and Y be sets. A function from X to Y is a rule that

assigns to each element of X exactly one element of Y.

LA function is generally denoted with f, g, h etc.

QIf f: X = Y then X is called the Domain of f and Y is the

codomain.

QIf f: X — Y the set of images {y € Y:y = f(x) for some x €

X} is called the range of f.

Note that range is a subset of codomain.



Invertible functions

QA function f from set A to B is one-to-one if no two distinct

elements of the domain have the same image i.e. If f(a) =

f(b) thena = b.

A function f from set Ato set B is onto if ¥b € B,3a € A such
thatf(a) =b

dTheorem 2: A function f has an inverse iff f is onto and 1-1.

OA function f: X = Y is said to be invertible if its inverse

relation f~1 is also a function.

O Note that a function is not necessarily invertible.



Theorem 1

Let f: X = Y be a function

(i) Then f~1is a function from B to A iff fis 1-1.

(ii) If f~1 is a function, then the function f~1is also 1-1.
(ii)f ~1 is everywhere defined iff f is onto.

(iv)f~1 is onto iff f is everywhere defined.




_w . ’
4 \\ §.
Composite function <) | oy

Consider the functions f:X - Yand g:Y - Zi.e., where the | »

codomain of fis domain of g. ’ :

"

We define the function from X to Z as the composition of fand g

written fo g as follows

(goH() = g(fx)




Inverse of a function

Let f be 1 — 1 function, then g is the inverse of f
denoted 71 if;
(feg)(x) =xVx€D(g

(goD(x) = x vx € D(f)




Steps

De'l-ermining QCheck if fis 1 — 1
'l'he inverse QIf yes, then solve for xi.e., let x = f~1(y).
Of Yy = f(x) dExchange x and y to gety = f~1(x)

QdCheck that (fe f H(x) =x= (f"1of)



Example 1: Determine whether f(x) = 5xisa 1 — 1 function
Solution: Suppose f(X) = a = a=5x -~ x = % = f(x)is1—1.
Example 2: Determine if f(x) = x? is a one-to-one function.

Solution: Let f(x) = o = a = x% = x = +Va. Therefore f(x) is not one-to-one (since we are

getting two values of x).




Example 3 dead log

If £ be defined by f(x) = x® — 2 and g(x) = 3/(x + 2) . Determine if g is the inverse of .
Solution:

Step 1: Determine if fis 1 — 1. Letf(x) =a=> x> -2 =a ~ x = 3/(x + 2) iefis 1 — 1.
Step 2: By definition if g is the inverse of f then (fo g)(x) = (g (X)) = x.

(Fop)0) =f(90) = F(YGr+D)=(J&x+D) —2=x

G N =g(f()=gx3>-2)=Yx3-2)+2=x
=>g=f"




Applications of
Relations

’Ellt is used in relational data model, where a
’ database consists of records that a n-tuples
and are made up of fields.

dTables are used to show relations in a
database.

dThe database query language SQL
(Structured Query Language) is used to carry
out the operations of relations in a database.



References

F Lipschutz, S., & Lipson, M. (2007). Discrete Mathematics. McGraw-
SES Hill.

Rosen, K. (2012). Discrete mathematics and its application (7th ed.).
McGraw-Hill.




	Slide 1: Discrete Mathematics Lecture 9 Relations and Functions
	Slide 2: Introduction to lecture 9 
	Slide 3: References 
	Slide 4: Intended Learning Outcomes 
	Slide 5: Introduction to Relations 
	Slide 6: Binary relations 
	Slide 7: Example 1
	Slide 8: Definition 1 
	Slide 9: Example 1
	Slide 10: Example 2
	Slide 11: Examples of Relations 
	Slide 12: Inverse relation 
	Slide 13: Example 2
	Slide 14: Representation of Relations 
	Slide 15
	Slide 16: Example 1
	Slide 17: Directed graphs/digraphs of R 
	Slide 18: Example 1 
	Slide 19: Example 2 box
	Slide 20: Example 3
	Slide 21: Definition 1 
	Slide 22: Example 3 
	Slide 23
	Slide 24: Composition of relations 
	Slide 25: Example 1 box
	Slide 26: Alternatively
	Slide 27: Types of relations
	Slide 28: Reflexive 
	Slide 29: Symmetric 
	Slide 30: Example 1
	Slide 31: Transitive  
	Slide 32: Functions 
	Slide 33: Invertible functions 
	Slide 34: Theorem 1 
	Slide 35: Composite function 
	Slide 36: Inverse of a function
	Slide 37: Determining the inverse of bold italic y equals bold italic f open paren bold italic x close paren  
	Slide 38
	Slide 39: Example 3 dead log
	Slide 40: Applications of Relations 
	Slide 41: References 

