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COUNTING ONES IN A WINDOW

We now turn our attention to counting problems for streams. Suppose we have a window of length N on a
binary stream. We want at all times to be able to answer queries of the form “how many 1’s are there in
the last k bits?” for any k < N. As in previous sections, we focus on the situation where we cannot afford
to store the entire window. After showing an approximate algorithm for the binary case, we discuss how

this idea can be extended to summing numbers.

The Cost of Exact Counts

To begin, suppose we want to be able to count exactly the number of 1’s in the last k bits for any k < N.
Then we claim it is necessary to store all N bits of the window, as any representation that used fewer than
N bits could not work. In proof, suppose we have a representation that uses fewer than N bits to represent
the N bits in the window. Since there are 2N sequences of N bits, but fewer than 2N representations, there
must be two different bit strings w and x that have the same representation. Since w 6= x, they must differ
in at least one bit. Let the last k —1 bits of w and x agree, but let them differ on

the kth bit from the right end.

Example 10 : If w = 0101 and x = 1010, then k = 1, since scanning from the right, they first disagree at
position 1. If w = 1001 and x = 0101, then k = 3, because they first disagree at the third position from the
right. 2 Suppose the data representing the contents of the window is whatever sequence

of bits represents both w and x. Ask the query “how many 1’s are in the last k bits?”” The query-answering
algorithm will produce the same answer, whether the window contains w or X, because the algorithm can
only see their representation. But the correct answers are surely different for these two

bit-strings. Thus, we have proved that we must use at least N bits to answer queries about the last k bits

for any k.

In fact, we need N bits, even if the only query we can ask is “how many 1’s are in the entire window of
length N7 The argument is similar to that used above. Suppose we use fewer than N bits to represent the
window, and therefore we can find w, X, and k as above. It might be that w and x have the same number

of 1’s, as they did in both cases of Example 10. However, if we follow the current window by any N — k
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bits, we will have a situation where the true window contents resulting from w and x are identical except
for the leftmost bit, and therefore, their counts of 1’s are unequal. However, since the representations of w
and x are the same, the representation of the window must still be the same if we feed the same bit
sequence to these representations. Thus, we can force the answer to the query “how many 1’s in the

window?” to be incorrect for one of the two possible window contents.

The Datar-Gionis-Indyk-Motwani Algorithm

We shall present the simplest case of an algorithm called DGIM. This version of the algorithm uses
O(log2 N) bits to represent a window of N bits, and allows us to estimate the number of 1’s in the
window with an error of no more than 50%. Later, we shall discuss an improvement of the method that
limits the error to any fraction ¢ > 0, and still uses only O(log2 N) bits (although with a constant factor

that grows as ¢ shrinks).

To begin, each bit of the stream has a timestamp, the position in which it arrives. The first bit has
timestamp 1, the second has timestamp 2, and so on. Since we only need to distinguish positions within
the window of length N, we shall represent timestamps modulo N, so they can be represented by log2 N
bits. If we also store the total number of bits ever seen in the stream (i.e., the most recent timestamp)
modulo N, then we can determine from a timestamp modulo N where in the current window the bit with

that timestamp is.

We divide the window into buckets,5 consisting of:

1. The timestamp of its right (most recent) end.

2. The number of 1’s in the bucket. This number must be a power of 2, and we refer to the number of 1’s
as the size of the bucket.

To represent a bucket, we need log2 N bits to represent the timestamp (modulo N) of its right end. To
represent the number of 1’s we only need log2 log2 N bits. The reason is that we know this number i is a
power of 2, say 2j , so we can represent i by coding j in binary. Since j is at most log2 N, it requires log2
log2 N bits. Thus, O(logN) bits suffice to represent a bucket. There are six rules that must be followed

when representing a stream by buckets.
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* The right end of a bucket is always a position with a 1.

* Every position with a 1 is in some bucket.

* No position is in more than one bucket.

* There are one or two buckets of any given size, up to some maximum size.
* All sizes must be a power of 2.

* Buckets cannot decrease in size as we move to the left (back in time).
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Figure 4.2: A bit-stream divided into buckets following the DGIM rules

Query Answering in the DGIM Algorithm

Suppose we are asked how many 1’s there are in the last k bits of the window, for some 1 <k < N. Find
the bucket b with the earliest timestamp that includes at least some of the k most recent bits. Estimate the
number of 1’s to be the sum of the sizes of all the buckets to the right (more recent) than bucket

b, plus half the size of b itself.

Example 12 : Suppose the stream is that of Fig. 4.2, and k = 10. Then the query asks for the number of
I’s in the ten rightmost bits, which happen to be 0110010110. Let the current timestamp (time of the
rightmost bit) be t. Then the two buckets with one 1, having timestamps t — 1 and t — 2 are completely

included in the answer. The bucket of size 2, with timestamp t — 4, is also completely included. However,
the rightmost bucket of size 4, with timestamp t—8 is only partly included. We know it is the last bucket to

contribute to the answer, because the next bucket to its left has timestamp less than t — 9 and thus is
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completely out of the window. On the other hand, we know the buckets to its right are completely inside

the range of the query because of the existence of a bucket to their left with timestamp t — 9 or greater.

Our estimate of the number of 1’s in the last ten positions is thus 6. This number is the two buckets of size
1, the bucket of size 2, and half the bucket of size 4 that is partially within range. Of course the correct
answer is 5. 2 Suppose the above estimate of the answer to a query involves a bucket b of size 2j that is
partially within the range of the query. Let us consider how far from the correct answer ¢ our estimate

could be. There are two cases: the estimate could be larger or smaller than c.

Case 1: The estimate is less than c. In the worst case, all the 1’s of b are actually within the range of the
query, so the estimate misses half bucket b, or 2j—1 1’s. But in this case, c is at least 2j; in fact it is at least
2j+1 — 1, since there is at least one bucket of each of the sizes 2j—1, 2j—-2, . . ., 1. We conclude that our

estimate is at least 50% of c.

Case 2: The estimate is greater than c. In the worst case, only the rightmost bit of bucket b is within range,
and there is only one bucket of each of the sizes smaller thanb. Thenc=1+2j-1 +2j-2 +- - - + 1 =2j
and the estimate we give is 2j—1 + 2j—1 + 2j-2 + - - - + 1 =2j + 2j—1 — 1. We see that the estimate

is no more than 50% greater than c.

Maintaining the DGIM Conditions

Suppose we have a window of length N properly represented by buckets that satisfy the DGIM
conditions. When a new bit comes in, we may need to modify the buckets, so they continue to represent

the window and continue to satisfy the DGIM conditions. First, whenever a new bit enters:

* Check the leftmost (earliest) bucket. If its timestamp has now reached the current timestamp minus N,
then this bucket no longer has any of its 1’s in the window. Therefore, drop it from the list of buckets.
Now, we must consider whether the new bit is 0 or 1. If it is 0, then no further change to the buckets is

needed. If the new bit is a 1, however, we may need to make several changes. First:

* Create a new bucket with the current timestamp and size 1. If there was only one bucket of size 1, then
nothing more needs to be done. However, if there are now three buckets of size 1, that is one too many.

We fix this problem by combining the leftmost (earliest) two buckets of size 1.
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* To combine any two adjacent buckets of the same size, replace them by one bucket of twice the size.
The timestamp of the new bucket is the timestamp of the rightmost (later in time) of the two buckets.

Combining two buckets of size 1 may create a third bucket of size 2. If so, we combine the leftmost two
buckets of size 2 into a bucket of size 4. That, in turn, may create a third bucket of size 4, and if so we
combine the leftmost two into a bucket of size 8. This process may ripple through the bucket sizes, but
there are at most log2 N different sizes, and the combination of two adjacent buckets of the same size

only requires constant time. As a result, any new bit can be processed in O(logN) time.

Example 13 : Suppose we start with the buckets of Fig. 4.2 and a 1 enters. First, the leftmost bucket
evidently has not fallen out of the window, so we do not drop any buckets. We create a new bucket of size
1 with the current timestamp, say t. There are now three buckets of size 1, so we combine the

leftmost two. They are replaced with a single bucket of size 2. Its timestamp is t — 2, the timestamp of the

bucket on the right (i.e., the rightmost bucket that actually appears in Fig. 4.2.)
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Figure 4.3: Modified buckets after a new 1 arrives in the stream

Decaying Windows

We have assumed that a sliding window held a certain tail of the stream, either the most recent N
elements for fixed N, or all the elements that arrived after some time in the past. Sometimes we do not
want to make a sharp distinction between recent elements and those in the distant past, but want to weight
the recent elements more heavily. In this section, we consider “exponentially decaying windows,” and an

application where they are quite useful: finding the most common “recent” elements.

The Problem of Most-Common Elements
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Suppose we have a stream whose elements are the movie tickets purchased all over the world, with the
name of the movie as part of the element. We want to keep a summary of the stream that is the most
popular movies “currently.” While the notion of “currently” is imprecise, intuitively, we want to discount
the popularity of a movie like Star Wars—Episode 4, which sold many tickets, but most of these were sold
decades ago. On the other hand, a movie that sold n tickets in each of the last 10 weeks is probably more
popular than a movie that sold 2n tickets last week but nothing in previous weeks. One solution would be
to imagine a bit stream for each movie. The ith bit has value 1 if the ith ticket is for that movie, and 0
otherwise. Pick a window size N, which is the number of most recent tickets that would be considered

in evaluating popularity. Then, use the method of Section 4.6 to estimate the number of tickets for each

movie, and rank movies by their estimated counts.

This technique might work for movies, because there are only thousands of movies, but it would fail if we
were instead recording the popularity of items sold at Amazon, or the rate at which different Twitter-users
tweet, because there are too many Amazon products and too many tweeters. Further, it only

offers approximate answers.
Definition of the Decaying Window

An alternative approach is to redefine the question so that we are not asking for a count of 1’s in a
window. Rather, let us compute a smooth aggregation of all the 1°s ever seen in the stream, with decaying
weights, so the further back in the stream, the less weight is given. Formally, let a stream currently consist
of the elements al, a2, . . ., at, where al is the first element to arrive and at is the current element. Let ¢
be a small constant, such as 10-6 or 10-9. Define the exponentially decaying window for this stream to

be the sum

t—1

Z ai_i(1—c¢c)'

The effect of this definition is to spread out the weights of the stream elements as far back in time as the
stream goes. In contrast, a fixed window with the same sum of the weights, 1/c, would put equal weight 1
on each of the most recent 1/c elements to arrive and weight 0 on all previous elements. The

distinction is suggested by Fig. 4.4.
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Figure 4.4: A decaying window and a fixed-length window of equal weight

It is much easier to adjust the sum in an exponentially decaying window than in a sliding window of fixed
length. In the sliding window, we have to worry about the element that falls out of the window each time
a new element arrives. That forces us to keep the exact elements along with the sum, or to use an
approximation scheme such as DGIM. However, when a new element at+1 arrives at the stream input, all
we need to do is:

1. Multiply the current sum by 1 — c.

2. Add ay,y.

The reason this method works is that each of the previous elements has now moved one position further
from the current element, so its weight is multiplied by 1 — c¢. Further, the weight on the current element is

(1- c)” = 1, so adding a, is the correct way to include the new element’s contribution.





