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1.0 OBJECTIVES
At the end of this topic, you should be able to-
1. Define Game theory
2. Discuss the key aspects that make a game strategic
3. Evaluate the Prisoner’s dilemma 
4. Explain the different strategies and solutions for games
5. Explain the equilibrium positions based on the different strategies adopted.
2.0 INTRODUCTION
Definition
What is a Game?
A game is a mathematical model of a strategic interaction. We will be studying a wide variety
of games, but all of them will have the following common elements.
• Players. We often think of players as people, but sometimes they model businesses,
teams, political parties, countries, etc.
• Choices. Players have to make a choice or multiple choices between different actions.
A player’s strategy is her rule for choosing actions.
• Outcomes. When the players are done choosing, an outcome is realized and the game
ends. This outcome depends on the choices. Examples of outcomes include “player 1 wins,” “Flora gets a dollar and Miles gets two dollars,” or “a nuclear war starts and everyone dies.”
• Preferences. Players have preferences over outcomes. For example, Flora may prefer the outcome “Flora gets two dollars and Miles gets nothing” over the outcome “Miles gets a dollar and Flora gets nothing.” Miles may have the opposite preference.
Two important features make a game strategic: 
1. First, the fact that outcomes are determined by everyone’s actions, rather than by the actions of just one player. 
2. Second, that players have different preferences. This creates tensions, which make games interesting.
Games differ in many aspects.
• Timing. Do players choose once (e.g., rock-paper-scissors), or again and again over time (e.g., chess)? In the latter case, does the game eventually end, or does it continue forever? Do they choose simultaneously, or in turn?
• Observations. Can players observe each other’s choices?
• Uncertainty. Is the outcome random, or is it a deterministic function of the players’ actions? Do some players have information that the others do not?
It is important to note that a game does not specify what the players actually do, but only what their options are and what the consequences are. Unlike an equation which (maybe) has a unique solution, the answer in games is much less clear cut. A solution concept is a way to think about what they players might decide to do. It is not part of the description of the game, and different solution concepts can yield different predictions for the same game. 
Game theory generally refers to the study of mathematical models that describe the behavior of logical decision-makers. It is widely used in many fields such as economics, political science, politics, and computer science, and can be used to model many real-world scenarios. Generally, a game refers to a situation involving a set of players who each have a set of possible choices, in which the outcome for any individual player depends partially on the choices made by other players.
Game Theory = A framework to study strategic interactions between players, firms, or nations. Game theory is the study of strategic interactions between players. The key to understanding strategic decision making is to understand your opponent’s point of view, and to deduce his or her likely responses to your actions. A game is defined as:
Game = A situation in which firms make strategic decisions that take into account each other’s’ actions and responses. 
A payoff is the outcome of a game that depends of the selected strategies of the players. Payoff = The value associated with a possible outcome of a game. 
Strategy = A rule or plan of action for playing a game.
An optimal strategy is one that provides the best payoff for a player in a game. Optimal Strategy = A strategy that maximizes a player’s expected payoff. 
Games are of two types: cooperative and non-cooperative games. 
Cooperative Game = A game in which participants can negotiate binding contracts that allow them to plan joint strategies.
 Noncooperative Game = A game in which negotiation and enforcement of binding contracts are not possible.

Categories of strategies
1.Pure and Mixed Strategies
Pure-A player of a game or a firm who takes a specific action to maximize his payoff or makes specific strategy to increase their payoff.
In a pure strategy, players adopt a strategy that provides the best payoffs. In other words, a pure strategy is the one that provides maximum profit or the best outcome to players. Therefore, it is regarded as the best strategy for every player of the game. On the other hand, in a mixed strategy, players adopt different strategies to get the possible outcome.
Mixed Strategy is a one in which a player makes random choice between  two or more possible actions that can be taken but those actions taken are based on a set of chosen probabilities. The basic difference between pure strategy and mixed strategy is that in pure strategy people makes specific actions but in mixed strategy actions are taken randomly or actions are based on probabilities.
2. Dominant and Dominated Strategies:
A dominant strategy is the one that is best for an organization (player) and is not influenced by the strategies of other organizations (players). On the other hand, a dominated strategy is the one that provides players the least payoff as compared to other strategies in a game. In the analysis of the game theory, dominated strategies are identified so that they can be eliminated from the game.
Dominant strategy is a strategy which is optimal regardless of what other players do. It means you perform an action without caring about your competitor`s action or you simply don`t care about what other players do , you are only concerned with maximizing your own payoff. Let`s look at an example:
3. Maximin Strategy:
 The main aim of every organization is to earn maximum profit. However, in the highly competitive market, such as oligopoly, organizations strive to reduce the risk factor. This is done by adopting the strategy that increases the probability of minimum outcome. Such a strategy is termed as maximin strategy. A maximin strategy is the one in which a player or organization maximizes the probability of minimum profit so that the degree of risk can be reduced.

4. Minimax strategy 
This strategy is the one in which the main objective of a player is to minimize the loss and maximize the profit. It is a type of mixed strategy. Therefore, a player can adopt multiple strategies. It can be applied to complex as well as simple decision-making process.
Simultaneous Games
 One of the main types of games in game theory is the simultaneous game, in which both players make their moves simultaneously (or if they do not, the later player is unaware of the earlier player’s action, making it effectively simultaneous). 
Sequential games are often represented in normal form, which, for a game with 2 players and N possible moves for each player, consists of an N x N matrix where each entry is a 2-tuple containing the payoff for each respective player.
3.0 PRISONER’S DILEMMA
Illustration- Prisoner’s Dilemma
[bookmark: _Hlk150601142]To illustrate this, consider the below example. This is a type of sequential game called the Prisoner’s Dilemma, in which each prisoner has the option to either betray the other prisoner for a reduced punishment (Confess), or cover up for the other prisoner and hope the other prisoner does the same (Lie). 
In each cell of the matrix, the first element of the tuple represents the payoff for Prisoner 1, and the second element represents the payoff for Prisoner 2. One reads this payoff matrix by first identifying the choice (Confess or Lie) that each player will make, and then locating the matrix entry that corresponds to that row and column. 
For example, if Prisoner 1 chooses Confess and Prisoner 2 chooses Lie, you would read the matrix entry in the 1st row and 2nd column, giving Prisoner 1 a payoff of 0 and Prisoner 2 a payoff of -10
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In a simultaneous game, each player must make decisions based on what he assumes the other player will do. Remember that in game theory, we assume that players are rational decision-makers who want to maximize their payoff. One method of predicting the game’s outcome is by identifying dominant strategies for each player. A dominant strategy is one that is the best for a given player regardless of the choice of the other player — so regardless of what Prisoner 2 does, a dominant strategy for Prisoner 1 is the optimal strategy for Prisoner 1.
In the Prisoner’s Dilemma game, we can observe that the dominant strategy for both players is to Confess. First, note that this payoff matrix is symmetric, so each player has the same payoff for each choice. This means that when identifying dominant strategies, we only need to consider one player’s dominant strategy, as it will also be a dominant strategy for the other player. Now, to find Prisoner 1’s (and Prisoner 2’s) dominant strategy, we need to find Prisoner 1’s best-choice move for each of Prisoner 2’s possible choices. If Prisoner 2 chooses to Confess, Prisoner 1 gets a payoff of -8 by Confessing and a payoff of -10 by Lying, so he will choose to Confess. If Prisoner 2 chooses to Lie, Prisoner 1 gets a payoff of 0 by Confessing and a payoff of -1 by Lying, so he will again choose to Confess. Therefore, Prisoner 1 has a dominant strategy that is to always
Confess, since regardless of Prisoner 2’s choice, Confessing is Prisoner 1’s best option. This same analysis applies to Prisoner 2’s dominant strategy. Therefore, in the Prisoner’s Dilemma game, both Prisoners will ultimately choose to Confess. 
The (Confess, Confess) option is therefore a Nash Equilibrium. A Nash Equilibrium is a set of choices in which no player has anything to gain by changing only their own choice. Since we have identified that Confess is the dominant strategy for both Prisoners, we already know that neither player has anything to gain by switching. Therefore, since each player is playing his dominant strategy that set of choices is a Nash Equilibrium.
The Prisoner’s Dilemma game is an example of situation in which two rational decision-makers will choose not to cooperate (defect) with each other despite the fact that cooperation (both choosing Lie) would result in a better payoff for both Prisoners ((-8, -8) vs. (-1, -1)). In such an uncooperative game, by choosing their own individual dominant strategy, the two prisoners fail to make the choice that is actually optimal. The individual’s rational strategy conflicts with the societal, or global, optimal strategy. In general, simultaneous games such as the Prisoner’s Dilemma provide us with formalized methods to study conflict and cooperation. This specific scenario that results in a lack of cooperation shows up in several fields such as politics, economics, and biology. These examples illustrate that while the “best” option in many real world situations may be to cooperate, rational players, thinking as individuals, will choose not to cooperate with each other since they cannot trust the other player to cooperate.

In noncooperative games, individual players take actions, and the outcome of the game is described by the action taken by each player, along with the payoff that each player achieves. Cooperative games are different. The outcome of a cooperative game will be specified by which group of players become a cooperative group, and the joint action that the group takes. The groups of players are called, “coalitions.” 
Examples of noncooperative games include checkers, the prisoner’s dilemma, and most business situations where there is competition for a payoff. 
An example of a cooperative game is a joint venture of several companies who band together to form a group (collusion). 
4.0 STRATEGIES AND SOLUTIONS FOR GAMES
[bookmark: _Hlk150601441] There are several different strategies and solutions for games, including: 
1. Dominant strategy 
2. Nash equilibrium 
3. Maximin strategy (safety first, or secure strategy) 
4. Cooperative strategy (collusion).

1. Equilibrium in Dominant Strategies 
 Dominant Strategy = A strategy that results in the highest payoff to a player regardless of the opponent’s action. 
Equilibrium in Dominant Strategies = An outcome of a game in which each firm is doing the best that it can regardless of what its competitor is doing
Prisoner’s Dilemma
Prisoner’s Dilemma: Dominant Strategy 
(1) If B CONF, AB CONF, A should CONF (8<15) CONF (8<15) 
(2) If B NOT, AB NOT, A should CONF (1<3) CONF (1<3) 
…AA has the same strategy (CONF)(CONF) no matter what BB does. 
(3) If A CONF, BA CONF, B should CONF (8<15) CONF (8<15) 
(4) If A NOT, BA NOT, B should CONF (1<3) CONF (1<3) 
…BB has the same strategy (CONF)(CONF) no matter what AA does. 
Thus, the equilibrium in dominant strategies for this game is (CONF, CONF) = (8,8)(CONF, 
CONF) = (8,8).
2. Nash Equilibrium 
A second solution to games is a Nash Equilibrium. Nash Equilibrium = A set of strategies in which each player has chosen its best strategy given the strategy of its rivals. To solve for a Nash Equilibrium:
 (1) Check each outcome of a game to see if any player wants to change strategies, given the strategy of its rival. 
(a) If no player wants to change, the outcome is a Nash Equilibrium.
 (b) If one or more player wants to change, the outcome is not a Nash Equilibrium. A game may have zero, one, or more than one Nash Equilibria. 
  Nash equilibrium is a set of actions or strategies.  Actions taken by each player, who is doing the best he can, given the actions of their opponents. It means the strategies of each player is stable and they are satisfied with their best possible decision, and they will not change it. Nash equilibrium is also a Cournot equilibrium because in Cournot equilibrium every producers sets its own output , while taking the outputs of other competitive producers fixed and has no incentive  to change the level of its output because each producer is doing the best , given the other competitor`s  decision.
Prisoner’s Dilemma - Nash Equilibrium 
(1) Outcome = (CONF, CONF)= (CONF, CONF) 
(a) Is CONFCONF best for AA given B CONFB CONF? Yes. 
(b) Is CONFCONF best for BB given A CONFA CONF? Yes. 
…(CONF, CONF)(CONF, CONF) is a Nash Equilibrium. 
(2) Outcome = (CONF, NOT)= (CONF, NOT) 
(a) Is CONFCONF best for AA given B NOTB NOT? Yes. 
(b) Is NOTNOT best for BB given A CONFA CONF? No. 
…(CONF, NOT)(CONF, NOT) is not a Nash Equilibrium. 
(3) Outcome = (NOT, CONF)= (NOT, CONF) 
(a) Is NOTNOT best for AA given B CONFB CONF? No. 
(b) Is CONFCONF best for BB given A NOTA NOT? Yes. 
…(NOT, CONF)(NOT, CONF) is not a Nash Equilibrium. 
(4) Outcome = (NOT, NOT)= (NOT, NOT) 
(a) Is NOTNOT best for AA given B NOTB NOT? No. 
(b) Is NOTNOT best for BB given A NOTA NOT? No. 
…(NOT, NOT)(NOT, NOT) is not a Nash Equilibrium. 
Therefore, (CONF, CONF)(CONF, CONF) is a Nash Equilibrium, and the only one Nash 
Equilibrium in the Prisoner’s Dilemma game. Note that in the Prisoner’s Dilemma game, the 
Equilibrium in Dominant Strategies is also a Nash Equilibrium.




Advertising Game 
In this advertising game, two computer software firms (Microsoft and Apple) decide whether to advertise or not. The outcomes depend on their own selected strategy and the strategy of the rival firm, as shown in Figure 2
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Figure 2: Advertising: Two Software Firms. Outcomes in million USD. 
Advertising: Dominant Strategy 
(1) If APP AD, MICAPP AD, MIC should AD (20>5)AD (20>5) 
(2) If APP NOT, MICAPP NOT, MIC should NOT (14>10)NOT (14>10) 
…different strategies, so no dominant strategy for Microsoft. 
(3) If MIC AD, APPMIC AD, APP should AD (20>5)AD (20>5) 
(4) If MIC NOT, APPMIC NOT, APP should NOT (14>10)NOT (14>10) 
…different strategies, so no dominant strategy for Apple. 
Thus, there are no dominant strategies, and no equilibrium in dominant strategies for this game. 
Advertising: Nash Equilibria 
(1) Outcome = (AD, AD)= (AD, AD)
(a) Is ADAD best for MICMIC given APP ADAPP AD? Yes. 
(b) Is ADAD best for \(\text{APP\) given MIC ADMIC AD? Yes. 
…(AD, AD)(AD, AD) is a Nash Equilibrium. 
(2) Outcome = (AD, NOT)= (AD, NOT) 
(a) Is ADAD best for MICMIC given APP NOTAPP NOT? No. 
(b) Is NOTNOT best for APPAPP given MIC ADMIC AD? No. 
…(AD, NOT)(AD, NOT) is not a Nash Equilibrium. 
(3) Outcome = (NOT, AD)= (NOT, AD) 
(a) Is NOTNOT best for MICMIC given APP ADAPP AD? No. 
(b) Is ADAD best for APPAPP given MIC NOTMIC NOT? No. 
…(NOT, AD)(NOT, AD) is not a Nash Equilibrium. 
(4) Outcome = (NOT, NOT)= (NOT, NOT) 
(a) Is NOTNOT best for MICMIC given APP NOTAPP NOT? Yes. 
(b) Is NOTNOT best for APPAPP given MIC NOTMIC NOT? Yes. 
…(NOT, NOT)(NOT, NOT) is a Nash Equilibrium. 
There are two Nash Equilibria in the Advertising game: (AD, AD)(AD, AD) and (NOT, 
NOT)(NOT, NOT). Therefore, in the Advertising game, there are two Nash Equilibria, and no 
Equilibrium in Dominant Strategies.
It can be proven that in game theory, every Equilibrium in Dominant Strategies is a Nash 
Equilibrium. However, a Nash Equilibrium may or may not be an Equilibrium in Dominant 
Strategies. 
2. Maximin Strategy (Safety First; Secure Strategy) 
A strategy that allows players to avoid the largest losses is the Maximin Strategy. 
Maximin Strategy = A strategy that maximizes the minimum payoff for one player. 
The maximin, or safety first, strategy can be found by identifying the worst possible outcome for 
each strategy. Then, choose the strategy where the lowest payoff is the highest. 
(1) Player AA 
(a) If CONFCONF, worst payoff =8=8 years. 
(b) If NOTNOT, worst payoff =15=15 years. 
…AA’s Maximin Strategy is CONF (8<15)CONF (8<15). 
(2) Player BB 
(a) If CONFCONF, worst payoff =8=8 years. 
(b) If NOTNOT, worst payoff =15=15 years. 
…BB’s Maximin Strategy is CONF (8<15)CONF (8<15). 
Therefore, the Maximin Equilibrium for the Prisoner’s Dilemma is (CONF, CONF)(CONF, 
CONF). This outcome is also an Equilibrium in Dominant Strategies, and a Nash Equilibrium
Advertising Game: Maximum Strategy (Safety First) 
(1) MICROSOFTMICROSOFT 
(a) If ADAD, worst payoff =10=10. 
(b) If NOTNOT, worst payoff =5=5. 
…MICROSOFT’s Maximin Strategy is AD (5<10)AD (5<10). 
(2) APPLEAPPLE 
(a) If ADAD, worst payoff =10=10. 
(b) If NOTNOT, worst payoff =5=5. 
…APPLEAPPLE’s Maximin Strategy is AD (5<10)AD (5<10). 
Therefore, the Maximin Equilibrium in the Advertising game is (AD, AD)(AD, AD). Recall that 
this outcome is one of two Nash Equilibria in the advertising game: (AD, AD)(AD, 
AD) and (NOT, NOT)(NOT, NOT). If both players choose Maximin, there is only one 
equilibrium: (AD, AD)(AD, AD). 
1. The relationships between the game theory strategies can be summarized: 
2. An Equilibrium in Dominant Strategies is always a Maximin Equilibrium. 
3. A Maximin Equilibrium is NOT always Equilibrium in Dominant Strategies. 
4.  An Equilibrium in Dominant Strategies is always a Nash Equilibrium. A Nash 
Equilibrium is NOT always Equilibrium in Dominant Strategies
5. O APPLICATIONS OF GAME THEORY
1. Economics: Game theory has revolutionized economic analysis by providing insights into market behavior, pricing strategies, and competition dynamics. It underpins auction theory, enabling efficient allocation of resources and optimal bidding strategies.
2. Political Science: The study of international relations, conflict resolution, and voting mechanisms benefits from game theory. It models negotiation strategies, arms races, and alliances, shedding light on diplomatic interactions.
3. Biology and Evolution: Game theory offers a framework to analyze interactions in biological systems, such as predator-prey relationships, cooperation among species, and the evolution of behavior. The famous Prisoner’s Dilemma illustrates the challenges of cooperation and defection.
4. Social Sciences: Game theory informs social dynamics, including the “Tragedy of the Commons” scenario where individual rationality leads to collective inefficiency. It also contributes to understanding social norms, cooperation in communities, and the spread of information.
5. Computer Science: Algorithm design and optimization strategies benefit from game theory. It influences the development of efficient routing protocols, resource allocation, and automated negotiation systems.
6. Environmental Management: Game theory aids in analyzing environmental issues like pollution control and resource management, where multiple stakeholders with conflicting interests must find sustainable solutions.

6.0 OPEN PROBLEMS IN GAME THEORY
Despite its extensive applications and successes, game theory presents several open problems that continue to intrigue researchers:

1. Computational Complexity: Determining the existence and computation of Nash equilibria in large and complex games remains a challenge. Developing efficient algorithms for finding equilibria in various game settings is an ongoing area of research.
2. Dynamic Games: Extending game theory to analyze dynamic and continuous-time interactions, where players adjust their strategies over time, presents theoretical and practical challenges.
3. Incomplete and Imperfect Information: Incorporating situations where players have limited or asymmetric information, or where information is revealed over time, requires refining existing solution concepts.
4. Evolutionary Game Theory: Enhancing our understanding of how strategies evolve over time and under different selection pressures, especially in large populations, is an active research topic.
5. Fair Division and Allocation: Developing fair and efficient mechanisms for resource allocation, particularly when dealing with indivisible goods, remains an open problem with applications in various fields.
6. Behavioral Game Theory: Bridging the gap between traditional rational-choice models and observed human behavior, accounting for cognitive biases and bounded rationality, poses intriguing challenges.

7.0 SUMMARY
Game theory, a branch of mathematics and economics, offers a comprehensive framework for analyzing interactions and decisions in strategic situations. Developed to model decision-making within competitive and cooperative environments, game theory has transcended its origins and found applications in diverse fields. 
Game theory serves as a powerful tool for analyzing strategic interactions across diverse fields, providing insights into decision-making, cooperation, and conflict resolution. Its applications continue to expand, while unresolved problems drive further research, pushing the boundaries of our understanding of complex social, economic, and biological interactions. As interdisciplinary collaboration flourishes, game theory’s potential to shape our understanding of strategic behavior and inform rational decision-making remains as promising as ever.
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