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Multivariate Distributions and Moments

The term Probability is used in our everyday life. In an experiment of tossing a fair coin
for example, the probability it lands on head is 0.5. What does that mean? One expla-
nation known as the Bayesian interpretation, it represents the probability as a measure
of uncertainty about something [Murl2]. In other words, it is related to our information
regarding the considered experiment. Different concepts and mathematical explanations
regarding probabilities are presented in this chapter.

Random Vectors

Let X1,...,X,,n € N be random variables on the same probability space (02, F,P):
X (QFP)=(RR), i=1,....,p
where R is the Borel g-algebra generated by the open sets of R.
e The vector X = (X;,... .,XP}T is called a random vector.
e Analogously, the matrix X = {X‘;j)i?lg{p., composed of the random variables X;; as
<j<n

its elements, is called a random matrix.

e The joint distribution of a random vector is uniquely described by its multivariate
distribution function:

F(ay,...,2p) =P(X; <x1,...,Xp <1p), where (;r:l,...,:sp]T € RP,
and x; is a realization of X;, withi=1,...,p.

e A random vector X = (X,... ,XP]T is called absolutely continuous if there exists

an integrable function f(xq,...,z,) = 0 such that:
Ip L]
F(zy,..., Tp) = flzy,. .., rp)dxy .. .dx,
O —00 o —00

where f is the probability density function (pdf) and F is the cumulative distribution
function (edf).

Example. (Multivariate normal distribution) The multivariate normal (or Gaussian) dis-
tribution of the random vector X € R has the following pdf:

fx)= W EXP{—%(X—H)TE_I(J{ —p,)} ,
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where x = (1, ... ,;r:p)T € RP, and the parameters: pu € RP, ¥ € RP*P, where X = (.

This pdf can be denoted by X = (X, ... ,XP)T ~ Np(p, ). Note that 3 must have full

rank. There exists an n—dimensional Gaussian random variable, if rk(X) < p, however it

has no density function with respect to p— dimensional Lebesgue measure AP,
Expectation and Covariance

Definition 3.1. Given a random variable X = (X;,..., X

(a) The expectation (vector) of X, E(X), is defined by:

E(X) = (E(X1)...., E(X,))".

(b) The covariance matrix of X, Cov(X), is defined by:

Cov(X) =E (X - E(X))(X - E(X))") .

The expectation vector E(X) is constructed component-wise of E(X;), where i =1,...,p.
Furthermore, the covariance matrix has the covariance value Cov(X;, X;) as its (4, j)-th
element given by

(Cov(X))i; = Cov(X;, X;) = E((Xi — E(X:))(X; — E(Xj))).

Theorem 3.2. Given the random vectors X = (Xy,... ,XP)T_. and Y = (Y1,.. .,};,)T,
the following statements hold:

(a) E(AX +b) = AE(X) +b

(b) E(X+Y)=EX)+E(Y)

(¢c) Cov(AX +b) = ACov(X)AT

(d) Cov(X +Y) = Cov(X) + Cov(Y), if X and Y are stochastically independent.

(e) Cov(X) = 0, i.e., the covariance matriz is non-negative definite.

Proof. Prove (a)-(d) as exercise. Regarding e) assume that a € R? be a vector, then

aTCm'(X)a © Cov(a’X) = Var(a’X) > 0.

Show as an exercise that if X ~ N,(ge, X), then

E(X)=p, and Cov(X)=X.
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Theorem 3.3 (Steiner’s rule). Given a random vector X = (X1,...,X,)T, it holds that

E((X-b)(X-b)") =Cov(X)+ (b-EX))(b-E(X))?, VbeR~

Proof. Let p = E(X). Note that

E(X-p)b-p)") =EX-p)(b-pn'" =0,
and E(a) = a,Va € RP, then

E(X—p+p—b)X-—p+p-b)")=E(X-p)(X-p)")+E((n-b)r-b)")
+E((X—p)(pe— b)) E((p—b)(X—-p))
=E(X-p)(X-p)") +E((n—b)(p-b)")

= Cov(X) + (b — E(X))(b - E(X))",
where we used the linearity of expectation to show that

E((X-p)(p-b)") = (EX)-p)(n-b)")=0.

Theorem 3.4. Let X be a random vector with E(X) = p and Cov(X) = V. Then
P(Xelm(V)+pu)=1.

Proof. Let ker(V) = {x € RP | Vx = (0} be the kernel (or null space) of V. Assume a
basis as ker(V) = (ay,...,a,). Fori =1,...,r, it holds that

alVa; = Var(uTV) = 0.

Hence, aTX should be almost surely equal to its expectation, namely, ]E(ai X)= a wn. In
other words,

P(al X =alfp) =1, ie., Plal (X —p)=0) =1,
and
P(X—peca;)=1.

Given the fact that for an arbitrary random variable Z and two closed sets A and B, the
following expression is valid

P(ZcA)=P(ZeB)=1 = P(Z€ ANB) =1, (3.1)

it holds that

P(X—-p)carN---Na;) = 1.
However, given that Im(V) = ker(V)* =< ai,...,a, > =aj N---Naf. Therefore,
P((X — p) € Im(V)) =1.

Prove (3.1) as an exercise. O
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Conditional Distribution

Let X = (X;,..., XP}T be a random vector such that X = (Y1, Y2)? where Y, = (X1,..., Xx)

and Yo = (Xpy1, ..., Xp). Suppose that X is absolutely continuous with density fx. Then

the conditional density of Y, given Y5 = y» is denoted by

_ thYz{yleyE}
Ty v.(y1 | y2) = Feoye)

where y; € R* is a realization of Y. Furthermore, it also holds that

P(Y1€ B|Ys=1ys) = [fmyztyl |y2)dy1, VB e RE.
B

Theorem 3.5 ([Murl2l Theorem 4.3.1]). Suppose that (Y1,Ys) ~ N,(p,X) where

= | E:F‘” E”} and A=E_1=[A” A“}
# L‘E]-' T By’ Azr A’

Then

(a) The distribution of Y1 and Yo are given by Y1 ~ Ni(py, X11) and Yo ~ Np_p(pto, Xa9),
respectively.

(b) The conditional density fy,y,(¥1 | ¥2) is given by the multivariate normal distribution
Fyi v, (¥1 | ¥2) ~ Ni(py)2, Byj2). The parameters puy, and Eypo are defined as

By = Hy + 1285, (Y2 — Ha)
=y — A Ara(y2 — 1)
= Zqp(Anpy — A(yz — 1)),

and
2 = B — T1255, Tor = A

Note that 33,5 is the Schur complement, introduced in the previous chapter.

Maximum Likelihood Estimation

Suppose x = (x1,...,2,) is a random sample from a pdf f(z;9), where ¥ is a parameter
vector. The function L(x:?) is referred to as the likelihood function, and defined as

L(x;9) = [ [ f(zi:9). (3.2)

=1
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Furthermore, the function #(x; 1) represents the log-likelihood function, and is defined as
U(x;9) = log L(x;9) = Z log f(x::99). (3.3)
i=1

For a given sample x = (X1, ...,X;), one can notice that both functions in and
depend on the parameters in . Therefore, 9 is needed to be determined such that it fits
the data in x through L(x:19), or equivalently £(x:99). The estimate of 19, denoted by 9,
is obtained as

9 = arg max f(x: 1)
and called the maximum likelihood estimate (MLE) of .

Theorem 3.6. Let xp,..., X,,n € N, be i.i.d samples obtained from the distribution

X ~ Np(p,X). The MLEs of p and X are given by

T

1 . 1
*=_§: =K d z=5n=_§: %) (x; - %)L
= ?:_lx,I X, an - (x; — X)(x; — X)

i=1

Proof. In order to prove this theorem, Steiner’s Lemma is required at this point along
with the following fundamentals of matrix differentiation. For arbitrary matrices V, A
and vector y, the following statements, which to be proved as exercise, are considered
afterwards for simplification purposes.

o v logdet V = (V1T if V is invertible.
o otr(VA) = AT,

. H(IT;}’) _ [:A—I-—AT)}"

Starting with the log-likelihood function

1 1 1 _
(X1, X 1, B) = Y (102; Gy log TS 5 (i — )BT (x - ﬂ)) ,

i=1

in order to be maximized, the additive constants can be dropped, hence the log-likelihood
function is defined by

"

e 3) = Blog | =7 | = 23 xi - )T xi — ) (3.4)

i=1

By utilizing the previously presented fundamentals, and choosing 7! = A, (3.4) can be
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reformulated as

T

. n 1
C(pA) = Slog Al = 5 (% — )T Alx: — o)

i=1

. T T
= Elog|A| Ztr A(xi p)(x; — p) )

- glog |A| - %tr (A > (= p)(xi - MT) : (3:5)

i=1
Based on Steiner’s rule, the summation term in (3.5) can be rewritten as

T

3 )% = ) = 3% = ) = R + (K = 40)(% = 40)T
i=1 i=1
=nS, +n(X — p)(x—pn)7, (3.6)
hence £*(p, A) is given by
(1. A) = D log Al = Gtr (A(S, + (% — )& - w)")

_ 1 = = T ‘
—5 log |A| — §tr (AS,,) — Str (AX-—p)(x—p)). (3.7)

Based on (3.6)), note that nS,, < > I, (x; — p)(x; — )T, with equality when X = . Thus,
=X, and (j3.7)) is formulated as

F(A) = ;10g| Al- %tr(ASnj . (3.8)

Moreover, in order to find f\, the derivative of log-likelihood function in (3.8) with respect
to A is calculated to find its zeros, as

) o g

oA 2 35n =0,

hence Al =3 =8,,.
Another way to obtain similar results is by taking the partial derivative of £*(g.A) with
respect to p and subsequently with respect to A to find the function’s zeros, as follows

d )= __1 Ty _ — _ AT _ _ n =
@fm..n)— SA+A)E-—p)=-ARX-p)=0 = A=X
d ny1_n 1 = T _ Al s
Mf(ﬁ pA) = A =38 —sX-p)E-p) =0 = AT =X=S5,





