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Prerequisites from Matrix Algebra

In this chapter we review some basic results from matrix algebra.
Real m x n matrices will be written as:

M= {'fn-jj) € Rmxn

1<i<m,1%7<n

Diagonal matrices are written as A = diag(Ay,...,A,) € R™*". A Matrix U € R™™" is
called orthogonal if :
vul =v'u=1,

where I, is the n x n identity matrix. @(n) denotes the set of orthogonal n x n matrices.

Theorem 2.1 (Singular Value Decomposition, SVD). Given M € R™*", there exists
U e O(m) and V € O(n) and some £ € R™*" with non-negative entries in its diagonal
and zeros otherwise such that:

M =UxV’,

The diagonal elements of ¥ are called singular values. The columns of U and V are called
left and right singular vectors of M.

Remark 1. If m < n, say, SVD may be written as :

JU € ™" UUT = 1,3V € O(n); 38 € R diagonal, such that: M = UV,
Theorem 2.2 (Spectral Decomposition). Given M € R™*" symmetric, there exists V €
O(n), V =[vy,...,v,] and A = diag(\y,..., \,) such that:

M =VAVT = Z Avivl
i=1

v; s are eigenvectors of M with the eigenvalues A;.

e If for the symmetric matrix M, A; > 0,7 =1,....n, then M is called positive definite
(p.d.) and writes as M > 0.
If for the symmetric matrix M, A\; > 0, i = 1,...,n, then M is called non-negative

definite (n.n.d.) and writes as M = (.

e If M is non-negative definite, then it has a Cholesky decomposition
M = VA:(VAZ)T,

1 1
where AZ = diag(\Z, ..., A\2).
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e M-0 «— x'Mx>0 VYxeR"

e M>0 < x'Mx>0 ¥xeR", x#0.
Definition 2.3. (a) Given M = (m;;) € R™, tr(M) = ) _I_, mi; is called the trace of M.
(b) Given M € R™", |[M|[p = /3, ,m;; = v/tr(MTM) is called the Frobenius norm.

(¢) Given M € R™" M symmetric, |M]|g = max |Ai| is called the spectral norm.
1<i<

e It holds that tr(AB) = tr(BA), A € R™*", B € R"*™.
o tr(M) =3 1, Ai(M), det(M) = [[;; Ai(M).

A simple proof of this statement uses the spectral decomposition of M, for symmetric
M. First using the invariance property of trace under matrix commutation, we have

tr(M) = tr(VAVT)

= Z Ai(M),
i=1

where (a) follows from the fact that V is an orthogonal matrix. Similarly, the
spectral decomposition of symmetric matrix M can be used to prove the respective
statement for the determinant.

det(M) = det(VAVT)

= det(A) det(VT) det(V)
© det(A) = f‘[ Xi(M
=1

where (b) follows from the fact that the determinant of an orthogonal matrix is either
+1 or —1.

Theorem 2.4 (Ky Fan, 1950 ([Fan50])). Let M € R™™™ be a symmetric matriz with
eigenvalues A\; (M) = --+- = A, (M) and let k < n. We have:

k

ma tr(VIMV) =Y " A (M).
Vek“xkflﬁ"v=lk ( ) ; ( )

arnd

min VTMV Z An—it1(M
VER" =k ‘VTV=IR

=1
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Proof. First of all, see that V = [vy ... vi] where {vy,...,v;} are orthonormal vectors. If
the span of orthonormal vectors {w1,...,w,} is same as the span of {v;,...,v.}, then for
W = [w;...wy], there is a unitary matrix A € RF>¥k which is a basis changing matrix,

such that V = WA. We have:
tr(VIMV) = tr(ATWITMWA) = tr( W MWAAT) = tr( W/ MW).

Also note that since tr(VIMV) = Zk viMv;:

=1
k k
ZV?MVT; = Zw?sz-.
=1 =1
The proof follows an iterative procedure. Suppose that uy, ..., u, are eigenvectors of M
corresponding to A; (M) > --- > A, (M) and U = [uy,...,u,]. For k =1, every vector v

can be written as v = aju; + - - - + a,u,, = Ua, where a = [a; ... a,|T. We have:

™
max v IMv= max a U'MUa= max Z Ai(M)as.
14
=1

veRn vTy=1 ackn aTa=1 achn alTa= r

Therefore for k =1, max v Mv = A;(M).

veR" vTv=1
For k = 2, see that for each orthonormal vector {v;,va}, one can find two orthonormal
vectors {v],v3} with the same span so that vj is inside the span of uy,... u,. First of

all, it can be seen that:

2 2
Z viMv; = Z(VE)TMVE.
i=1 i=1
Since v3 is inside the span of us,..., u,, it can be written as v* = asus + - -+ + a,uy,,
where a = [az...ay]T. Tt can be seen that:

(v3)"Mv; =) Ai(M)af < Ao(M).
=2

Moreover from the previous step (vi)TMv? < A;(M). Hence:

2
3 viMv; < A(M) + Ao (M).
=1
The upper bound is achievable by choosing v = u; and vs = us. The procedure goes
on iteratively. For a given k, the space spanned by vq,...,v; has a (k — 1)-dimensional
subspace in intersection with the span of us,...,u,. Find an orthonormal basis for this
subspace v3,...,v; and extend it with another v{ to an orthonormal basis for the space
spanned by vq,..., vi. Then the sum Y r_,(v)TMv? is at most Ag(M) + - - 4+ Ax(M)

and viTMv? < A\;(M). Therefore:

I
> vIMv < M (M) + -+ A(M),

=1
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where the upper bound is achievable using v; = u; fori =1,... k.
O
The special case of above statements for k = 1 writes as:
max  vIMV = Apax(M)
|vll=1,veR"
min v/ Mv = Amin(M).
|lv]|=1,veR"
Note that: .
vi Mv
max v/ Mv = max —-
lv|=1.veRn vDeR" viv
Theorem 2.5. Given A, B € R"™™ ", symmetric with eigenvalues \y = --- > A, and

1 = - Z jin, respectively. Then

mn mn
Z Aiftn—i+1 < tr(AB) < Z A
i=1 i=1

Let AT = max{\, 0} denote the positive part of A € R.

Theorem 2.6. Given M € R™™™ symmetric with spectral decomposition
M = Vdiag(A1,...,A\) VT, A > - > A\, Then

M-A
A=Ork(A)<k | I

is attumed at A* = Vdiag(Af,..., A7, 0,...,0)VT with optimum value Y% (A — A7)2 +
z—k-i—l ‘)‘2
Proof.

M — A|J* = [[M]|* — 2tr(MA) + ||A||*

mn mn n
2D N -2) Npit+) i

=1 =1 =1
= (- m)?
1:1 i
= Z{‘)“i — )’ + Z (A = 0)°
=1 i=k+1
> Z{A —Ah)? Z A2,
1=1 i=k+1

Lower bound is attained if A = Vdiag(A{,..., A:, 0,....00vT, O
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Definition 2.7. (Lowner semi-ordering) Given V, W = (. Define V < W if and only if
W — V > (. It can be shown that the relation “<” imposes a semi-ordering on the set of
non-negative definite matrices, i.e., it satisfies the following properties

e (reflexive) V<V
e (anti-symmetric) VA Wand W<V — V=W
e (transitive) U<V and V=W — U=<W.

Theorem 2.8. Let V and W be two n x n non-negative definite matrices, such that
V = (vij) = W = (w;j), with the eignevalues as:

e M(V) > > A(V),

. )‘I(W) = 2 )‘n{w)

(a) Ai(V) < XNi(W), fori=1,...,n

(b) Vi E wii. ﬁ'}'f' i= ].._. -
(c) vii + vjj — 2vij < wii + wjj — 2wij
(d) tr(V) < tr(W)

(e) det(V) < det(W)

Proof. Exercise. O

Projection and Isometry

Definition 2.9. The matrix Q € R™*" is called a projection matrix, or idempotent, if
Q? = Q. It is additionally called an orthogonal projection if additionally Q” = Q.

The linear transformation Q maps onto Im(Q), a k—dimensional subspace of R™. Let
x € R", and y = Qx € Im(Q). Since Q is the projection matrix, Qy = y. For an
orthogonal projection, x — Qx is orthogonal to all vectors y in Im(Q) for every x € R™.
To see this, note that there is a vector z € R" such that y = Qz. Then we have:

y'(x—Qx) =2"Q" (x - Qx).

Since for an orthogonal projection Q7 = Q then:

z'Q"(x - Qx) =2 Q(x — Qx) =2z (Qx - Q’x) = z' (Qx — Qx) = 0.

Therefore y* (x — Qx) = 0 and x — Qx is orthogonal to y.
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Figure 2.1: Orthogonal Projection

Lemma 2.10. Let M = VAVT be the spectral decomposition of M € R™™ and sym-
k

metric. For k < n, the mairic QQ = vaé—r is an orthogonal projection onto Im(Q) =

i=1
(Vi,..., V).
Proof. For x € R", we have:
k k k
T T
Qx = th'vi £r= Z("’f X)vi = Z"ri\-’i € Im(Q).
=1 =1 =1
Moreover:
k k k
2 T T T
Q = (Z ViV; )(va"’i ) = Z"'i"i =Q.
1=1 i=1 =1
Finally Q is symmetric and therefore it is an orthogonal projection. O

e Let Q be an orthogonal projection on Im(Q), Then I—Qis an orthonormal projection
onto ker(Q).
ker(Q) denotes the kernel of Q, and Im(Q) denotes the image of Q. First we verify
the condition for a matrix to be a projection matrix:

I-Q°=1-Q(1-Q=I-2Q+Q*=I-Q.
Therefore I — Q is a projection matrix. Since Q is symmetric, so is I — Q and hence
an orthogonal projection. For the next par, let y € ker(Q), i.e., Qy = 0. Then:

I-Qy=y-Qy=yeclm(I-Q).

Therefore ker(Q) € Im(I — Q). On the other hand, suppose that y € Im(I — Q).
There is x € R"™ such that y = (I — Q)x. We have:

Qy=Q(I-Q)x=Qx-Q°x=Qx-Qx =0,
So y € ker(Q) and therefore Im(I — Q) C ker(Q). So Im(I — Q) = ker(Q).
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15

Figure 2.2: Orthogonal Projection of Es

e Define E,, as follows:

Then B, is an orthogonal projection onto 1;- = {x € B" : 11x = 0} where 1,, is
all-one-vector in R™.
See that for all x € R™:

1
1"E.x =171, - ~Loxn)x = 17 —11x =o.

Therefore each vector in Im(E,,) is orthogonal to 1,,.

Note that %an X %lnxﬂ_ = :—llﬂ_m and :—llﬂ_m is symmetric. Therefore it is an
orthogonal projection. Moreover its image is a one dimensional subspace spanned
by 1,. From the previous item, I,, — %lnm is also an orthogonal projection onto
the kernel of :-Elﬂ_xn which is 1.

Theorem 2.11 (Inverse and determinant of partitioned matrix). Let M = ];} g} be
a symmetric, invertible (reqular) and A is also invertible (regular). Then:
(a) The inverse matriz of M is given by:

1 [AT'+FE'FT —FE-!
M = _E—lFT E—l

where E is the Schur complement given by E = C —BTA™'B and F = A~'B.
(b) The determinant of M is given by:

det(M) = det(A) det(C — BTA™'B).
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. . . A B
There is also an extension of this theorem for general case where M = [C Dj| (see

[Murl2l p.118]).

Definition 2.12 (Isometry). A linear transformation M : R™ — R"™ is called an isometry
if x'x = (Mx)”(Mx) for all x € R™.

Some properties of isometries are as follows:
e If U and V are isometries, then the product UV is also an isometry.
e If U is an isometry, |det(U)| = 1.

e If U is an isometry, then |A(U)| = 1 for all eigenvalues of U.





