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Outline

The topics to be treated in this lecture are:

* Logic
* Logical Operation
* Negation

* Conjunction
* Disjunction
* Implication
* Bi-implication
* Precedence of Logical Operators
e Truth tables
* Bitwise Operations
* Applications
* Propositional Equivalence
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Lecture Learning Outcomes

At the end of the session, you will be able to

explain propositional logic
determine the truth values of propositions
understand the forms of logical operators

construct truth tables based the logical
operators

perform bitwise operations

have knowledge on applications of
propositional logic



Introduction

* The rules of logic give precise meaning to mathematical
statements

 Logic rules are used to distinguish between valid and invalid
mathematical arguments
 Logic has numerous applications to computerscience:
— Design of computer circuits
— Construction of computer programs
— Verification of the comectness of a program
» Twotypes of logic:
— Propositional logic
— Predicate logic

Rosen, K. H. (2012). Discrete mathematics and its applications
(7t Edition). McGraw-Hill.




What is a Proposition?

» A proposition is adeclarative sentence that is either TRUEor
FALSE but not both

« Examples - propositions:

1. Washington, D.C., is the capital of the USA (TRUE) =
2. Kumasi is the capital of Ghana (FALSE) KeS
3. 1+1=2 (TRUE) '
4. 2+2=3 (FALS))

« Examples - not propositions:
1. What time isit ? (Not a Declarative Sentence)
2..Read this carefully (Not a Declarative Sentence) g
3. x+1=2 (Neither TRUEnor FALSE)

4. x+y=z (Neither TRUEnor FALSE)

Rosen, K. H. (2012). Discrete mathematics and its applications
(7t Edition). McGraw-Hill.




Preliminaries on Propositional Logic

» The area of the logic that deals with propositions is
called propositional logic or propositional calculus

* Notation:
- Propositional variables are denoted conventionally

bythe lettersp, q,r s, ...
- If the truthvalue of a proposition is TRUE, it is
denoted by T

- If the truth value of a proposition is FALSE, it is
denoted by F




Compound Propositions

« These are the declarative statements that are
constructed by combining one or more existing
propositions using logical operators.

 The logical operators are:
— Negation (NOT) denoted by the symbol, —
— Conjunction (AND) denoted by the symbol, A
— Disjunction (OR)denoted by the symbol, Vv




Negation

The negation of aproposition p, denoted by —p is the statement

“It is not the casethat p’, and is read as“notp.”

Thetruth value of —p, is the opposite of the truth value of p.

Example:
p =Michael's PC runs Linux
—p =lt is not the casethat Michael's PCruns Linux
or
Michael's PCdoes not run Linux

Negation is applicable to only single proposition

Truth table
P —p
T F

F T




Conjunction

 The conjunction of two propositions p, q, denoted by pAqis
the proposition “pand q".

« Thetruth value of pAqis TRUE only when p, g are both
TRUE and otherwise it is FALSE

« Conjunction is applicable to two or

more propositions

« Example:

p =Kwame can read well
q =Kwame can write well
p Aq =Kwame can read well and Kwame can write well
OR

Kwame can read and write well

-
-




Disjunction
» The disjunction of two propositions p, q, denoted by pvqis
the proposition “por q'’.

* Thetruth value of pvqis FALSE only when p, g are both
FALSE and otherwise it isTRUE

 Disjunction is applicable to two or
more propositions

« Example:

p =Kwame canread well
q = Kwame can write well
p Vq = Kwame can read well or Kwame can write well
OR

Kwame can read or write well




Exclusive OR

The connective "or” in a disjunction commesponds to indusive OR
The exclusive OR of two propositions p, q, denoted by p@q is the

proposition “por q(but not both)”.
Thetruth value of p@® q is TRUEwhen exactly one of p, gis TRUE, §

and is FALSE otherwise

‘Exclusive or’ is applicable to two or more
propositions

Example:

P q = Kwame can read well or Kwame can write well or

P q
T T
p=Kwame canread well g=Kwamecanwritewell | T F
F | T
F | F

M|

Kwame can either read or write well but not both




Implication

Conditional Statement (or Implication):

* The conditional statement p—q is the proposition “if p,
then q’, read as“p implies q".

* For p—q, the truth value is FALSE when pis TRUEand g is
FALSE, otherwise it is TRUE

* Inp—q,
p is called hypothesis or antecedent or premise

and Truth table

for
Implication

P

T | T
T | F
F| T
F | F

q is called the conclusion or consequence

—|—|-n—|z




Implication

 Examples:
1) “If | am elected, then | will lower
taxes” It is only when the politician is
elected but does not lower taxes that voters

can say that the politician has broken the
campaign pledge.

Truth table

2) “If you get 100%, then you will get an for
A’ Itis only when you get 100%, but the T o

professor does not give you an A, you feel the
statement is FALSE

—

Mm|M{H| 4|0
M
—I—I'I'I—IE

-




Implication

 Exercise (What did you observe?):
1) “If Ama has a smartphone, then 2 +3 =5"
2) “If Ama has a smartphone, then 2 +3 = 6"

* The ifthen construct used in programming
is relatively different from the one used in
propositional logic

Truth table

for

Implication

n|m|(4|4|v
—|—|-n—|z

mn|—|m|-




Implication Variants

* Givenaconditional statement p—>g, we canform three
new conditional statements,namely

* Thecomverseof p—>q, denoted by g->p
* The contrapositive of p—>q, denoted by —g—>—p
* Theinverseof p—>q, denoted by —p >—q

* Thecontrapositive will have the sametruth valueasp - g

* The converse and inverse will have same truth values




Implication variants: Equivalence

“When two compound propositions always have the same truth
value we call them equivalent”

So, p—qgand —q ——p are equivalent and
g—p and —p ——q are equivalent

e Example: “The home team wins whenever it israining”
(hint: Identify the Hypothesis and conclusion)

Contrapositive : “If the home team does not win, then it is not raining”

Converse . “If the home team wins, then it is raining”

Inverse : “If it is not raining, then the home team does notwin.”




Bi-implication

Biconditional Statement (Bi-implication):

 The biconditional statement , denoted by p < qisthe

proposition “ pifandonly if ¢ (p iff 9).

* p <> qis TRUEwhen p and q have the same truth values, and is§

FALSE otherwise.
* p < @qhasexactly the same truth value

as(p—q)A(@—p)

Bi-implication

pP—q

« Example:
P P
-
p =" Youcan take the flight” T
q =" Youbuy aticket” =
F

q
-
F
-
F

—|m|m|4

p < q="You can take the flight if and only if you buy aticket”




Exercise

Construct a truth table for thecompound proposition

(pV—q)— (P AQ)
Truth table for (p vV—q) — (p AQ)
P q —q | PVvq | PAQ | (pVv9)—(pAqQ)
T T F T T T
T F T T F F
F T F F F T
F F T T F F




Precedence of Logical Operators

In the absence of proper

parenthesization,

compound propositions

are evaluated according
to the precedence of the
operators

e TipAgissameas(Tp) Ag
epAgVrissameas(pAqg)Vr
epVg->rissameas(pVvqg)—>r

Operator | Precedence
— 1
A 2
v 3
— 4
<« 5




Bit operations

Computers represent information using Bits
Bit means Binary Digit, which is either O or 1.

Bits can be used to represent truth values with 1 for TRUEand
0 for FALSE

Boolean variable is a variable having a value of either TRUE or
FALSE, and hence can be represented using a bit

aar

Truth value Bit




Exercise on Bit Operations

« Computer bit operations corresponding to the following logical operators:
— (NOT)

A (AND)
v (OR)

x| —y| xvy | xAy (x® y
1

_\_\oox

= 1O =0

oo_x_x_'
ol &

_ - =] O

[ O|O| O

0
1
0




Bit strings and Operations

A bit string is a sequence of zero and/or one bits
The length of a string is the number of bits in it
— e.g.: 101010011 is a bit string of length nine

Computers manipulate the information by performing
operations on the bit strings

The symbols v,Aand @ represent the bitwise OR,
bitwise AND, and bitwise XOR operations, respectively

Example: For the strings 01 1011 0110 and 11 0001 1101
bitwise ORgives 11 1011 1111
bitwise AND gives 01 0001 0100
bitwise XOR gives 10 1010 1011




Applications

Translating English sentences:

* Helps in removing ambiguity, analysing and determiningthe
truth values and manipulating them using rules of inference

 BExamples: .
1) English sentence: “You can access the Internet from campus only ' /

C —f

you are a computer science major or you are not a freshman”.
Logical expression: (c v—f) —a

2) English sentence: “You cannot ride the rgller coaster ifyou are
underr 4 feet tall and not older thgn 16 years old.”

Logical expression: (r A—8)——q




System Specification:

Applications

System and software engineers create clear, concise specifications §
that can serve as the foundation for system development by taking
requirements expressed in common language.

1) Specification : “The autogwated reply cannot be sent when the file 15y - Q

systemis full”
Logical expression. g — —p



Applications

* Boolean Searches:

* Search over large collections of information, for example Web
search, employ techniques from propositional logic and hence
called Boolean searches

* The connective AND is used to match records that contain both
search terms, the connective OR is used to match one or both
search terms, and the connective NOT is used to exclude a
particular searchterm

* Examples:

* Search for web pages matching NEW AND MEXICO AND
UNIVERSITIES Search for web pages matching (NEW AND MEXICO
ORARIZONA) AND UNNERSITIES.




Applications

Logic Circuits:

* Propositional logic can be applied to the design of computer
hardware (logic circuits or digital circuits)

 Alogic circuit (or digital circuit) receives input signals
P1, P2, - - -, Pn, €ach bit [either O (OFF)or 1 (ON)], and
produces output signals s;, s,, . . ., S, each bit
respectively.

» Complicated digital circuits are constructed from the three
basic circuits, called gates

3 \ [> Py /’—W p—p PAq
g—W q—W

Inverter OR gate AND gate




Exercise

Determine the output of the following digital circuit when
p=1,g=0andr=1

p I
q%/iﬁ\ .

p 'D’ —»__/

Answer: (pA—q)v—r=1




Exercise

« Construct adigital circuit that results in the output
(o v—r) A(—p V(g V) when given input bits p, g, and r

Answer.

/) /) vV I
—

=) | '
>

/)—>>C
q :::> : -pV (qgV -
q ¢ =T
—1[‘




Propositional Equivalence

* Tautology:

« A compound proposition that is always TRUE, no matter what the
truth values of the propositional variables that occur in it, is called a
tautology.

Contradiction:

» A compound proposition that is always FALSE,no matter what the truth gE&s®
values of the propositional variables that occur in it, is called a ¢
contradiction. :

* Contingency:

« A ocompound proposition that is neither a tautology nor a
contradiction is called a contingency.




Propositional Equivalence

Logical equivalence:

» Compound propositions that have the same truth values in all
possible cases are called logically equivalent.

or in other words,

« The compound propositions p and q are called logically
equivalent if p < q is atautology.
» The notation p =q (or sometimes p & q) is used to denote

that
p and q are logically equivalent.




Propositional Equivalence

Logical equivalence:

» The equivalence of two compound statements can be
determined by constructing a truthtable and checking whether
the columns giving their truthvalues are same

» Example: Prove that the output from —(p v q) is logically equivalent

to—p A—q
Truth Tables for =(p v ¢) and =p A —gq.
p q Pvq =(pVvyq) -p —q —“pA—q
T T T F F F F
T F T F F T F
F T T F T F F
F F F T T T T

 Note: —(p vq) =—p A—qis one of the two De Morgan’s Laws



Propositional Equivalence

 Exercise: Proofthat p — q is logically equivalentto —p vq

Truth Tables for —=p v¢g and p — q.

p q =p “PVvVq Pp—q
T T F T T
T F F F F
F T & T T
F F i { § &




Propositional Equivalence

» Exercise: Showthat pv(qgAr) =(pvq) A(p Vvr)

A Demonstration That p v (¢ Ar) and (p Vv q) A (p V r) Are Logically Equivalent.
P q r qAr PVI(qATr) pVvq pvr (pvag)A(pVr)
T ) i T i i T T
j i T F F T & ) i §
T F T F T | T i i
T F F F T ) j )
F T i T i i T T
F T F F F  § F F
F F ! F F F T F
F F F F F F F F




Propositional Equivalence

De Morgan’s laws can be extended to any number of
propositions
For example,

(P VPVt VP) S(TIPIATIRA T ATTIPY)

Equivalence Name

pAT=p Identity laws
pvF=p

pvT=T Domination laws
pAF=F

pvp=p Idempotent laws
PApw=p

~(—=p)=p Double negation law
pvgmqgvp Commutative laws
PANq=qAp

(pvgq)vr=pvigvVvr)
(pAg)Ar=pna(@qAr)

Associative laws

pv@Aar)=(pvag)An(pvVvr)
pA(@Vvr)sm(pAq)V(pAT)

Distributive laws

~(PpAqG)==-pV—q
~(pVvVg)=—-pA—gq

De Morgan's laws

pv(pAq)=p
pA(pvqg)=p

Absorption laws

pv=-p=T
pAa-p=F

Negation laws




Propositional Equivalence

Logical Equivalences
Involving Conditional Statements.

P—>q=—-pVq
Pp—>q=-q—>—p
pvVqg=—p—q
PAG=—(p—>—q)
~p=>q)=pAr—q
P=2>g9N(p—=>r)=p—=>(@qAr)
p—=>r)A(gq—>r)=(pVvg)—r
p—=>q)v(p—=>r)=p—>(@Vr)

(p—=>r)vig—=>r)=(pAg)—r
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Logical
Equivalences Involving
Biconditional Statements.

peqgq=((p—=>qg)AN(q— p)
peqg=-po g
Ppeq=(pAq)V(mpA—q)

—(peq)=p e g




Summary

Proposition is either true or false
Logic operations
* Negation
* Conjunction
* Disjunction
* Implication
e Bi-implication
Construction of truth tables
Bit string operations

Propositional equivalence
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Rosen, K. H. (2012). Discrete mathematics and its
applications (7t Edition). McGraw-Hill.
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