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Demonstrate the application of Laplace
transform to solve linear Differential
Equations

Session objectives:

By the end of this session, students will be able to :
“s*Describe a linear ordinary differential equation(ODE)
“*Recall Laplace transform properties used in solving linear ODEs
“*Describe procedures followed to solve linear differential equations

“*Solve some examples of Linear Ordinary differential equations



Describe a Linear ordinary differential
equation

“* A wide range of systems In engineering are represented
mathematically by differential equations.

¢ Differential equations generally involve derivatives (or
Integrals) of the dependent variables with respect to the
Independent variable (usually time).

¢ This lecture deals with Linear ODEs only as we will be

modeling LTI systems.



Describe a Linear ordinary differential
equation
< In general, a linear differential equation of n‘"- order is written as:

d™u(t)
m  ggm

d"ly(t) dy(t)
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Pt B2+ a2+ agy(t) = b

dth

_|_

d™ 1yt

du(t)
b1 = + -+ by

Wheren > m,a,,_4,..,a4, agand b,, ,b,_1,.., b1, by are real

constants.



Describe a Linear ordinary differential
equation

¢ In control system theory, the terms u(t) and y(t) , of the equation
presented previously, are known as the input and the output of
the system, respectively.

¢ Thus, the input - output relationship of a SISO LTI system
whose input u(t) and output y(t) is described by nt" order linear

ordinary differential equation as presented on the previous slide.



Describe a Linear ordinary differential
equation

¢ In control system analysis, the output y(t) is obtained by solving
the ODE describing the dynamic behavior of the system in time
domain, but this is difficult and time consuming .

s To simplify these computations, Laplace transform is used to
convert that ODE into its algebraic equivalent equation in the s-
domain

¢ The output of the system is found in s-domain as Y(s) and y(t) is

determined by applying inverse Laplace transform to Y(s).



Recall Laplace transform properties
used in solving linear ODEs

¢ The Laplace Transform can greatly simplify the solution of
linear ordinary differential equations

¢ For this, we will need two main properties of Laplace transform
(Linearity and Differentiation), and the knowledge of inverse
Laplace transform techniques

v'Linearity: L{a,fi(t) + a,f,(t)} = a;F;(s) + a,F,(s)



Recall Laplace transform properties
used in solving linear ODEs

v" Differentiation (cont.):

For first order derivative

LIF'(t)} = sF(s) — f(0)

For second order derivative
L{f"(0)} = s*F(s) —sf(0) — f'(0)
For third order derivative

LU (0} = 53F(s) — s2£(0) — 5£"(0) = £(0)



Recall Laplace transform properties used
In solving linear ODESs

v" Differentiation (cont.):

For fourth order derivative

LB O} = s*F(s) = s*£(0) = s*£7(0) —sf"(0) — £'(0)

For nt® order derivative

L{FM @)} = sMF(s) — sPLF(0) — sEF(0) — - — FAD(0)



Describe procedures followed to solve
linear differential equations

The procedures:

v" The first step is to take the Laplace transform of both sides
of the differential equation in t to convert it into an algebraic
equation in s using Laplace transform table.

v Solve and find Y (s).



Describe procedures followed to solve
linear differential equations

The procedures(cont.):

v Simplify the expression of Y (s) using the method of partial
fractions.

v Recall the inverse Laplace transforms using the linearity

property and Laplace transform table.



Solve some examples of Linear Ordinary
differential equations:Examples

Example 1:

Given the following first order differential equation:
y' +vy = 3e? , where y(0) =4

Find y(t) using Laplace transforms.

Solution:

v" Take Laplace transform of both sides of the equation, by

using Laplace transform properties and table:

sY(s) —y(0) +Y(s) =3 x S_%



Solve some examples of Linear Ordinary
differential equations: Examples

Example 1 (cont.):

v" Substitute y(0)=4 (initial condition); and solve to find Y (s):

sY(s) — 4 + Y(s) =3*S_i2

(s+1)Y(s) = 3 « + 4

s—2

3+4(s—2)
s—2

(s+1)Y(s) =



Solve some examples of Linear Ordinary
differential equations: Examples
Example 1 (cont.):
v" Solve to find Y(s):

3+4(s—2)

(s + DY (s) = ———

3+4s—8

(s + DY () = ——

4s — 5

(s + DY(s) = ——

4s — 5

Vis) = (s—2)(s+1)




Solve some examples of Linear Ordinary
differential equations: Examples

Example 1 (cont.):
v We can apply inverse Laplace transform on Y(s) to get y(t), but

the inverse of Y(s) can not be found from Laplace transform
table directly. Hence, we have to perform partial fraction to

expand Y(s):
v" Perform partial fractions to expand Y (s):

4s—-5

G—DGiD) Y (s) has real and simple poles: 2 and -1

Y(s) =



Solve some examples of Linear Ordinary
differential equations: Examples

Example 1 (cont.):

v" Hence, it can be expanded as follows:

Y(s) = 4s — 5 I N B

> (s=2)(s+1) s—-2 s+1
With:
a - 4s — 5 _45—5 _4*2—5_3
=4 29@5———29(S+1)S=2_(s+1)5=2_ 2+1 3

A=1



Solve some examples of Linear Ordinary

differential equations: Examples
Example 1 (cont.):

v' Hence, it can be expanded as follows:

Y(s) = 4s — 5 I N B
y (5=2)(s+1) s—-2 s+1
And,
B 4s — 5 _45—5
E ;(5—2)@9—+—195=_1 (s—=2)| __,
_4*(—1)—5_—9_3
- -1-2 -3

B =3



Solve some examples of Linear Ordinary
differential equations: Examples

Example 1 (cont.):

v" So, the expanded form of Y(s) is:

1 N 3
s—2 s+1
v Now, y(t):solution of the given differential equation; can be

Y(s) =

obtained from Y(s) by applying inverse Laplace transform,

linearity property and use of Laplace transform table:

VYO = LY} = LT+ )



Solve some examples of Linear Ordinary
differential equations: Examples

Example 1 (cont.):

Vy(@®) = LTHY ()} = L7 1{ T L7 L=

s+1

v y(t) = e*t + 3et



Solve some examples of Linear Ordinary
differential equations:Examples

Example 2:
Given the following second order differential equation:
y'" +y' =5 cos(2t) , where y(0) = 0; y'(0)=0
Find y(t) using Laplace transforms.
Solution:
v" Take Laplace transform of both sides of the equation, by

using Laplace transform properties and table:

S
s2+4

s?Y(s) —sy(0) —y'(0) + sY(s) —y(0) =5



Solve some examples of Linear Ordinary
differential equations:Examples

Example 2:
v" Substitute y(0) = 0; y'(0)=0: initial conditions; and solve to
find Y (s):

s?’Y(s)—0—0+sY(s)—0=5

sz+4

s?Y(s) +sY(s) =5

2+4

(s’+s)Y(s) =5

sz+4



Solve some examples of Linear Ordinary
differential equations: Examples

Example 2(cont.):
v" Solve to find Y(s):

Y(s) =5

(s2+5)(s% + 4)

5s

Y(s) = s(s+1)(s%2+4)

5
(s+1)(s2+4)

Y(s) =



Solve some examples of Linear Ordinary
differential equations:Examples

Example 2 (cont.):

v" Perform partial fractions to expand Y(s):

Y(s) =

GrD(2+4) Y (s) has simple pole: -1 and pure

Imaginary conjugate poles: -j2 and +j2
v Hence, it can be expanded as follows:

5 . Ao Ai1s+A4y

Y(s) = (s+1)(s2+4)  s+1 s2+4




Solve some examples of Linear Ordinary
differential equations:Examples

Example 2 (cont.):

v' Putting on common denominator:

_ 5 _ Ag(s%+4)+(A15+A42)(s+1)
Y(s) = (s+1)(s2+4) (s+1)(s2+4)
_ 5 _ Ags?+44¢+Aqst+A s+AystA;
Y(s) = (s+1)(s2+4) (s+1)(s2+4)
Y(s) = 5 _ (Ap+A1)s?+(A1+A2)s+4A0+A;2

(s+1)(s2+4) (s+1)(s%+4)



Solve some examples of Linear Ordinary
differential equations:Examples

Example 2 (cont.):
v Thus: 5 = (Ag + A1)s* + (A1 + Ay)s + 44, +A,
v The unknowns A,, A;and A, are found by equating

coefficients of powers of s in the above equation:
(Ag+ A4, =0 eql
=1 A1 +4, =0 eq?2
\4140 +A2 = 5 eq3




Solve some examples of Linear Ordinary
differential equations:Examples

Example 2 (cont.):
v'From eql: A; = —A, and substituting into eq2, we have:

5140 — 5 . A0:1
Az=Ao; A=l
Al — —Ao, A1:'1

v" S0, the expanded form of Y(s) is : Y(s) = 511 T ;::



Solve some examples of Linear Ordinary
differential equations:Examples

Example 2 (cont.):

1 S 1

v Which isthe same as: Y(s) = —~ — 5 -+ 5

v Now, apply inverse Laplace transform, linearity property and
use of Laplace transform table to find y(t) which is the solution

of the given differential equation:

_ _ 1 1
Vy®) = LYY} = L - gt a)




Solve some examples of Linear Ordinary
differential equations:Examples

Example 2 (cont.):

_ 1 _ _ 1
Vy) = LY - LT G LT )

— 1 _ 1 ._ 2
Vy® =L - LT LT )

v y(t) = et — cos(2t) + %sin(Zt)



Solve some examples of Linear Ordinary
differential equations:Examples

Example 3 : Consider a system represented by the differential
equation y"'(t) + 4y'(t)+3y(t)=2 r(t) ; where the initial
conditions are y(0)=1, y'(0)=0, and r(t)=1, t =0

Find y(t) using Laplace transforms.



Solve some examples of Linear Ordinary
differential equations:Examples

Example 3 (cont.): Solution:
v" Take Laplace transform of both sides of the equation, by using

Laplace transform properties and table:

2
s2Y(s) — sy(0) — ¥'(0) + 4[s¥ (s) — y (HH+3Y ()=~

v' Substitute y(0)=1, y'(0)=0: initial conditions; and solve to find
Y(s):

v s%Y(s) — s + 4[sY(s) — 1]+3Y(s)=%



Solve some examples of Linear Ordinary
differential equations:Examples

Example 3 (cont.): Solution:
v" Solve to find Y(s):

v S2Y(s) — s +4sY(s) — 4H3Y(s)=~
s%+4s+2

S

v (SP+4sH)Y()== + s+ 4 =

2 2
v _ s“+4s+2 _ s“+4s+2
Y(s) s(s2+4s+3)  s(s+1)(s+3)



Solve some examples of Linear Ordinary
differential equations:Examples

Example 3 (cont.): Solution:

v" Perform partial fractions to expand Y(s):

2
s“+4s+2 A B C
Y(s) = ==+ —+—
( ) s(s+1)(s+3) s s+1 s+3
A= s 5 s?+4s+2 _ s%+4s+2 __0+0+2 2
T s g DGR, (0+1)(0+43) 3
2 2
s“+4s+2 s“+4s+2 1-4+2 1
B=f+1)« = = ==
sts+1H(s+3) s=—1 s(s+3) s=—1 (-1)(-1+3) 2




Solve some examples of Linear Ordinary
differential equations:Examples

Example 3 (cont.): Solution:

v" Perform partial fractions to expand Y(s):

s?+4s+2 s2+4s+2 9-12+2 -1
C= +3)* Gews ea SGHD | __,  (-B)(3+D 6

v" S0, the expanded form of Y(s) is :

_2/3 1/2 -1/6 Z
Y(S) s +s+1+ s+3 _3>|<

1
S

1
+ — %
2




Solve some examples of Linear Ordinary
differential equations:Examples

Example 3 (cont.): Solution:
v Now, apply inverse Laplace transform, linearity property and
use of Laplace transform table to find y(t) which is the solution

of the given differential equation

y®) = £ ¥()] = £ 1 2 L L

s+1

(t)_z 1 1
y 37T2¢ ~6€ t=2
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