Course: Requlation and control

Lecture 3: System representations

Lecturer: Chalachew Werku



Revision on the last lecture

On the last lecture we have seen about

* Reflecting load damping and inertia to the motor shaft through

gearbox.

* How we can use torque-speed curve characteristics like no-load speed

and stall torque to derive motor constants.

* Electro-mechanical analogies to translate physical systems into
electrical circuits, enabling unified analysis and simulation using circuit

theory.



Lecture objective

* Utilize the Laplace Transform to convert differential equations from the
time domain into algebraic equations in the frequency domain,

simplifying their analysis.

* Define and derive Transfer Functions to create a compact, input-output

model of a system's dynamic behavior.



Lecture objective Cont....

* Construct and interpret Block Diagrams to visualize the structure,

subsystems, and signal flow of complex control systems.

* Apply Signal Flow Graphs and Mason's Gain Formula to efficiently

determine input-output relationships 1n intricate networks.

* Understand State-Space Representation as a modern method for
modeling a system's internal state, enabling the analysis of complex,

multi-variable systems.



Laplace Transform L{f(t)}

* The Laplace Transform 1s an integral transtorm that converts a function
of time, f(t)—like a voltage or a displacement—into a function of a

complex variable “s”, which we call F(s).

* Laplace transform converts differential equations calculus—

derivatives and integrals—into simple algebra.

* Problems that were dark and winding in the time domain become well-lit

and straightforward in this new s-domain.



Laplace Transform

S-doman

* The variable s = 0 + jw 1s a

complex frequency.

* The real part o tells us about

exponential growth or decay
(stability),
* while the imaginary part jw

relates to oscillation frequency.

Cont....

Fig 1: S-plane [1]

>0



Laplace Transform Cont....
Properties of Laplace transform

* Linearity: The transform of a sum 1s the sum of the transforms.
Lif(®) £ g(t)} = F(s) £ G(s)

* Differentiation Property: Laplace transform of a derivative,

L | _ F(s) 0
2 (= sF() = f(0)
* Under zero initial conditions, sF(s). A second derivative becomes s?F(s).

* Integration Property: Similarly, the transform of an integral becomes @



Laplace Transform Cont....
Inverse-Laplace transform 1.7 {f2)}

* Inverse Laplace Transform: used to transform s-domain answers into

time domain.

* Partial Fraction Expansion is the crucial technique that makes this
CCS?)

possible. It allows us to break down a complex rational function in

into a sum of simpler terms, each of which has a known inverse

transform.



Laplace Transform Cont....
Basic Laplace transforms of functions

Time domain Laplace domain
u(t) step input 1
s
tu(t) 1
$2
t"u(t) n!
g+
e*u(t) 1
s+a
f f(®)dt F(s)
S
d™f (t) s"H(s)
dt"
f gt F(s)*G(s)

Fig 2: Laplace transforms of basic time domain functions [2]



Transfer Function

* A mathematical representation of the relationship between the input and
output of a Linear Time-Invariant (LTT) system in the Laplace domain.
The Primary Purpose is to characterize the system's dynamics (behavior)

without needing to solve differential equations in the time domain.

. G(s) = % where

G(s) = Transfer Function
Y(s) = Laplace transform ot the output signal

X(s) = Laplace transform of the input signal



Transfer Function cont.. ..

Fundamental Assumptions

* Linear: Superposition applies.
* Time-Invariant (LTI): System parameters do not change over time.

e Zero Initial Conditions: All initial conditions are assumed to be zero.



Transfer Function cont....
Derivation from a Differential Equation

1. Start with an ordinary differential equation (ODE) describing the

system.

Example: f(t) = ma + Bv + kx

Find transfer function velocity (output) to the force (input)

2. Convert/ derive mathematical equation in terms of the required output

variable.

dv(t)
dt

f =m + Bv(t) + k[ v(t)dt



Transfer Function cont....

3. Take the Laplace transform of both 4. Solve for the ratio output to input
sides, assuming zero initial conditions.

F(s) = v(s) (ms + B +§>

L{f(t)} =L {mdi;—(tt) + Bv(t) + k[ v(t)dt}
1
F(S)=m(sv(s)—v(0))+Bv(s)+k@ %:m5+3+§ or

equating initial conditions to zero

gives us @ — S
F(s) ms?+Bs+k

v(s)
F(s) = msv(s) + Bv(s) + kT



Transfer Function

excaniple

Find the transfer function x,/F

.S

X ..o

Fig 3: Two mass-spring-damper system [3]

cont....

The mathematical equations become
—B1vy — k1x1 — B1v1, = myay

F = moda, +Blzv12 + kzXz

Since we are asked for position

d?x, dx dx
152 +Bl — —+ Bz diz +kqix,=
dzxz dx12
F = my dtz + B12 dt + kz 2



Transfer Function cont....

excaniple

* Taking Laplace transfer
mqs%x; + Bysxy + Byp sx15 +hkyx,=0
F=m,s%x, + B1ySx10 + kyxy

X1p = X1 — X, @mass 1 and x1, = X, — x; @ mass?2

* Substitute value of x,,
mq,s%x; + Bysxy + By s(xy—x3) +kyx,=0

F=m,s%x, + Bips(xy — x1) + ko



Transfer Function cont....

excample

* Expand and collect similar terms
m152x1 + Blsxl + B12 le — BlZ sz +k1x1=0

(mys? + Bys + By s + k{)x;= By, sx;

* Write X, in terms of X4

m1$2+315+3125+k1
xz — x1
Blzs

F = (mys? + Byps + ky)x, — Byp5x;



Transfer Function cont....

excample

Substituting the values of x,

mq.s% + Bys + Byys + ky
Blzs

F = (mys? + Byps + k5) ( )xl — By,5x4

2
mys“ + Bys + By,s + k
F= (mZSZ +Blzs+k2)( 1 - 12 1_ 125).96'1

B15s



Transfer Function cont.. ..
excanple

Re-arranging the equations and solve for x1/F

F 2
— = (mzs + Blzs + kz)

<m152 + Bys + Byys + kg )
- Blzs
X1

Blzs

F 2
— - (mzs + B]_zS + kz)

X1

m152 + B]_S + Blzs + kl
— B45s
Blzs

X1 _ Blzs
F (m,s2 + Byps +ky) (M52 + Bys + B,s + ky) — (B1,5)?)




Block Diagram

A block diagram is a pictorial representation of a system where each

component is represented by a block.
/ Forward path

—
. » Gy(s)
Takeoff point
\
R(s) o) » Gofs) (O > C(s)
Summing point { Gi(s) I|

/ \ Feedback path
Block

Fig 4: Basic elements of block diagram [4]



Block diagram reduction cont.. ..

Block diagram Transfer function %
G(s)
ro ——E o
G(s)G,(s) Series blocks
v N G oo
m G(s)EG,(s) Parallel blocks
l
C(s)
G(s) feedback

i[ "CO  TFH@G)G(s)

Fig 5: Rules for reducing basic blocks [5]



Block diugrum reduction movine Takeorr PoINT

G3 \ - G3/Gl1 —I

—_— Gl — G2 > > _— G1 . G2 >

3

Fig 6: Rules for moving takeoft point [0]



Block diugrum reduction movine summinG poiNT

G3 \ - G3/G2 —I
> > e (1 > >

G2 r—

il

Fig 7: Rules for moving summing point [7]



BLOCK DIAGRAM REDUCTION exampret

Fig 8: Block diagram for example 1 [8]



BLOCK DIAGRAM REDUCTION excamplel cont. . .

Multiply sertes blocks G2G3
Summing parallel blocks G2G3 + G6

R(s)




BLOCK DIAGRAM REDUCTION exampret

Moving takeott to the left jumping G2G3 + GO6

R(s) —

KB

) 4
<
A

cont. ..

— Cy)



excamplel cont. ..

Summing parallel blocks G1+G5/(G2G3 + GO)
Multiply series blocks (G2G3 + G6)G4

- B
>

v

R(s) C(s)




excamplel cont. ..

Use feedback formula for H1 and (G2G3 + G6)G4 make 1t series with

G1+(G5/(G2G3 + G6))

o ((G2G3 + G6)G4)
R(s) G1 +(m) 1 — H1((G2G3 + G6)G4)

C()

Multiply series blocks

(G1(G2G3 + G6)+G5) G4

R(s) C(s)

1 — H1G4(G2G3 + G6)




BLOCK DIAGRAM REDUCTION exampre2

-

— L)

Fig 9: Block diagram for example 2 [9]



excampleZ cont. ..

Summing G3 and G5

parallel, multiplying by J

G2, and sum with G6
R(s) % w

Applying tfeedback block

reduction principle

(G6 + G2(G3 + G5))G4

RE —n 1 — H1(G6+ G2(G3+G5))G4 €

— C(s)



excampleZ cont. ..

Multiplying by the series block

G1(G6 + G2(G3 + G5))G4
RO 1 — H1(G6+ G2(G3+G5))G4 )

Re-arranging and simplifying

G1G4(G6 + G2G3 + G2G5)

R(s) C(s)

1 — H1G4(G6+ G2G3+G2G5)




Signal Flow Graph

* An SFG 1s a network of directed branches connecting nodes. It was

developed to provide a direct, formulaic method for system analysis.

 Signal flow graph reduction

d= kc

2@ b »c c=ab

k=-ef +ab + hg

 b.d  c=ab

d= c(ef + ab + hg)
e=dc=dab



SIGNAL FLOW GRAPH

Node: a point where a path start ot stop (.e. ¢ Touching loop: loops having common node

1,2,3...) * Non-touching loop: loops without common
Path gain: value on arrow (1.e. a, b, c...) node.
Loop: start and sink on same node. * Dummy node: a path with gain equal to 1.

Self loop:- start and sink on same node

without intermediate nodes
! @
:b 3&:(: E] 5 :C Q} ;;
k m

m

— e

Fig 10: Signal flow graph basic elements [10]



SFG
Masons Gain Formula(MGF)

n

C(S) - i:z:lpiAi Where

T)=——= P.-gain of the i™" forward path
(5) A

Y

n- total number of forward paths
A=1-Y loop gains +
Y product of non-touching-loop gains taken two at a time -

Y product of non-touching-loop gains taken three at a time...

A= value of A after eliminating all the loops that touch its forward path.



Block diagram to signal flow graph
example 3

Convert into SFG and find gain using MGF

v S & = -

Fig 11: Block diagram for example 3 [11]




Block diagram to signal flow graph cont.. ..
example 3

1. Mark takeoff and summing points

— C(s)

a ) 4




Block diagram to signal flow graph cont.. ..
example 4

* Complete the paths following the marked takeoff and summing points
as nodes
* DPut path gains for each path and mark the input and output

* Add dummy node to connect input and output if necessary

H1
G6

Gl

R(s) O > C(s)

Fig 12: Signal flow graph for example 4 [12]



Block diagram to signal flow graph cont.. ..

example 4
C(s) YP; A Forward paths Loops
from MGF, =
R(s) A P1: G1G2G3G4 [ 1. G2GAGAHT
P2: G1G2G5G4
1.2: G2GG5G4H1
P3: G1G6G4
L.3: G6G4H1
H1
/ G6
R(s) oL, : ﬁ : G3 G4 . Cs
a b C d e



Block diagram to signal flow graph cont.. ..

examples
H1
/ G6
R(S) > Gl > :ﬁ > G3 > G4 > > C(S)
a b C d e
G5
* We do not have non-touching loops C(s) G1G2G3G4*1+ G1G2G5G4 + 1+ G1G6G4 * 1

R(s)  1-(G2G3G4H1 + G2G5G4H1 + G6G4H1)
* All the loops touch every forward paths

DA =N, A,=1
C(s)  G1G4(G2G3 + G2G5 + G6)
A=1-(L;+L,+Ls) R(s) 11— GAHL(G2G3 + G2G5 + G6)




Signal Flow Graph vs Block diagram

Block Diagram Signal Flow Graph (SFG)

Primary Use Intuitive visualization of Systematic analysis, especially
system structure and using Mason's Gain Formula.
subsystems.

Basic Elements Blocks, summing junctions, Nodes (representing signals) and branches
takeoff points. (representing transfers).

Connection Rules Can become complex with Strict rules: signals flow along branches in
many crossing lines. one direction only.

Simplification Method Step-by-step reduction usinga ~ Mason's Gain Rule - provides a direct
set of rules (series, parallel, formula for the transfer function.
feedback).

Best For Understanding system Quickly finding transfer functions of complex
architecture and control logic. systems with multiple loops and paths.

Fig 13: Comparison between block diagram and signal flow graph representation. [13]



State-Space

* State-space representation describes a system using first-order
differential equations. Instead of just relating input to output like a

transfer function, it models the internal state of the system.

* A state-space model consists of two sets of equations:

State Equation:
X’ (H)=Ax(0)+Bu(t)
Output Equation:

y(t)=Cx(t)+Du(t)



State-Space cont.. ..

Here is a breakdown of the vectors and matrices in these equations:

* x(t) is the state vector, a column vector containing the minimum

number of variables needed to describe the system's state at any time t.

* u(t) is the input vector, representing external inputs or forces applied

to the system.

* y(t) is the output vector, representing the measurable outputs of the

system



State-Space cont.. ..

A is the state matrix, defining how the current state variables interact with and

influence each other.
B is the input matrix, defining how the external inputs affect the state variables.

C is the output matrix, defining how the state variables contribute to the system's

output

D is the feedforward matrix, representing any direct influence of the inputs on

the outputs. For many systems, D 1s a zero matrix



State space cont.. ..

excaniple

Express the system below with state-space : :
P Y b The mathematical equations become

equations

]

B k
f

f =ma +Bv + kx

f =mX+ Bx + kx

Define state variables

Fig 14: Spring-mass-damper system for example 5 [14]



State space cont....

excample

Express dertvative as first order equations

.X:]_:XZ
L. k b.+1 B k b +1
Xy = X = mx mx mf— mx1 mxz mf

Write the matrix representation

State equation

k b

1
[x3 xz]zlo 1 o —E][M x| + |0 E]f(t)

Output equation
y =1 0][x; x]



Comparisons of transfer function vs state space

Aspect Transfer Function State-Space
LTI li time-
System Type Only for LTT systems T , nonnean, HHe
varying
Internal View No internal dynamics Shows internal states
MIMO Systems Diftficult to handle Naturally handles MIMO
Initial Conditions Cannot incorporate easily  Easily incorporates
Computer Implementation  Difficult Very suitable

Fig 15: Comparison of transfer function and state-space representation [15]



Summary

* We use Laplace Transform, to convert complex time-domain differential

equations into manageable s-domain algebra.

* We define Transfer Functions to describe a system's input-output

behavior.

* Then learned to visualize systems using Block Diagrams and Signal Flow

Graphs.

* Finally, we advanced to State-Space Representation, which allows us to

model not only input and out put but also internal state of a system.



Next class

* .On the next lecture we will begin Time Domain Analysis to assess system
performance by analyzing step response, transient behavior, and steady-

state errotr.
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