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Motion of multiple Particles 1

2 

3

Constrained Motion of Particles

Relative motion with moving frames

Solve problem based on the concepts 

By the end of this lecture, you are able to: 



4.1 Understand Motion of multiple
Particles 

In the previous section, we studied the motion of a single particle or a body idealized as a particle. In thi

s section, we extend our focus to the motion of several particles, or two or more bodies idealized as part

icles, studied at the same time.

Here, we will analyze their relative motion and understand how they influence each other.

The motion of several particles in engineering mechanics is studied by analyzing either independent mo

tion, dependent (constrained) motion.

Independent motion : Each particle moves freely, without connection (e.g., two planes on different path)

Dependent (constrained) motion : The motion of one particle is directly tied to another by a rope, pulley,

or rigid link (e.g., two blocks connected by a rope).



Cont’d…

As shown in Figure 1, the motion of the two planes is independent as they move freely. In contrast, in Fig

ure 2, the movement of block A affects the motion of block B because they are connected by a rope [1].

A

B

𝑠𝐴

𝑠𝐵

Figure 2. Dependent (constrained) motion 

𝜃

Figure 1. Independent motion 

Constraint equations and relative motion principles are key tools for solving probl

ems involving interconnected particles.



In the preceding sections on kinematics, displacements, velocities and accelerations have all been absol

ute. That is, they have been measured from a stationary reference [1].

It is not always possible or convenient to use a fixed set of axes for the observation of motion.

There are many engineering problems for which the analysis of motion is simplified by using

measurements made with respect to a moving reference system.

It is often useful to consider the motion of one point relative to another point that has a different motion.

In this section translating inertial frames of reference will be considered for the analysis.

an inertial reference frame is a non-accelerating frame [1].

Relative – independent motion



Type equation here.

Relative cont’d…. 

X

Y

x’

y’

𝑟𝐴 𝑟𝐵

𝑟𝐵/𝐴

𝒓𝑩 = 𝒓𝑨 + 𝒓𝑩/𝑨

A B

O



V= 
𝒅𝒓

𝒅𝒕

𝑽𝑩= 𝑽𝑨 + 𝑽𝑩/𝑨 (m/s)

𝒅𝒓𝑩

𝒅𝒕
=

𝒅𝒓𝑨

𝒅𝒕
+

𝒅𝒓𝑩/𝑨

𝒅𝒕

Velocity
Relative cont’d…. 



𝑎 =
𝒅𝒗

𝒅𝒕
𝒂𝑩= 𝒂𝑨 + 𝒂𝑩/𝑨 ( Τ𝑚

𝑠2)

Here 𝒂𝑩/𝑨 is the acceleration of B as seen by the observer located at A 

and translating with the x ', y', Z’  reference frame. 

𝒂(𝑩)𝒕 + 𝒂 𝑩 𝒏 = 𝒂𝑨 + 𝒂𝑩/𝑨 ( Τ𝑚
𝑠2)

Relative cont’d…. 

A

B



SOLVING PROBLEMS of relative motion

𝑉𝐵 = 𝑉𝐴 + 𝑉𝐵/𝐴𝑣𝐴

𝜃

−𝑣𝐵 sin 𝜃 𝑖 − 𝑣𝐵 cos 𝜃 j= 𝑉𝐴𝑗 + 𝑉𝐵/𝐴

−𝑎𝐵 sin 𝜃 𝑖 − 𝑎𝐵 cos 𝜃 j= 𝑎𝐴𝑗 + 𝑉𝐵/𝐴

𝑎𝐵 = 𝑎𝐴 + 𝑎𝐵/𝐴

Relative cont’d…. 



𝑣𝐴

𝜃
A

B

C
𝛼

𝛽 𝜃

Law of Sines:
𝐴

𝑆𝑖𝑛𝜃
=

𝐵

𝑠𝑖𝑛𝛼
=

𝐶

𝑠𝑖𝑛𝛽

Law of Cosines:

C= 𝐴2 + 𝐵2 − 2𝐴𝐵𝑐𝑜𝑠𝛽

B= 𝐴2 + 𝐶2 − 2𝐴𝐶𝑐𝑜𝑠𝛼

A= 𝐶2 + 𝐵2 − 2𝐵𝐶𝑐𝑜𝑠𝜃

o

Relative cont’d…. 



1Understanding & Solving problem

it is

first necessary to specify the particle A that is the origin for the

translating x’, y’, z’ axes. Usually this point has a known velocity or

acceleration

.

Relative cont’d…. 



In some types of problems the motion of one particle will depend on the corresponding motion of another  

particle [3]. 

This dependency commonly occurs if the particles, here represented by blocks, are interconnected by       

inextensible cords which are wrapped around pulleys.

For example, the position of block B in Fig. 8 depends upon the position of block A.

When this is the case, only the magnitudes of the velocity and acceleration of the particles will change,

not their line of direction

Dependent /constrained motion 
analysis



motion expression –case 1

𝑆𝐴 + 𝑆𝐵 + 𝐿𝐶𝐷 = 𝐿𝑇

𝑠𝐴 𝑠𝐵

𝑙𝑐𝑑
C D

2.measured along each inclined plane in the direction of motion 

of each block A and B.

1.measured from a fixed point or fixed datum line.

3. Has a positive sense from C to A and D to B

Here 𝐿𝐶𝐷 is the length of the cord passing over arc CD



𝑑(𝑆𝐴)

𝑑𝑡
+

𝑑(𝑆𝐵)

𝑑𝑡
+

𝑑(𝐿𝐶𝐷)

𝑑𝑡
= 

𝑑(𝐿𝑇)

𝑑𝑡

𝑉𝐴 = −𝑉𝐵

𝑎𝐴 = −𝑎𝐵

𝑑(𝑆𝐴)

𝑑𝑡
+

𝑑(𝑆𝐵)

𝑑𝑡
= 0o𝑟

.

Dependent cont’d…..



motion expression –case 2

𝑆𝐴 + 2𝑆𝐵 + ℎ = 𝐿𝑇

2𝑉𝐵 = −𝑉𝐴 2𝑎𝐵 = −𝑎𝐴

Hence, when B moves downward (+SB), A moves to the left (-SA) with twice 
the motion

Then the position coordinates can be related by the equation

Datum

Datum

𝑠𝐴

𝑠𝐵

h



The pervious  example can also be worked by defining the position of block B from the center of the bottom pull
ey (a fixed point), Fig. 11. In this case:

Time differentiation yields.

𝑆𝐴 + ℎ + 2(ℎ − 𝑆𝐵) = 𝐿𝑇

2𝑉𝐵 = 𝑉𝐴 2𝑎𝐵 = 𝑎𝐴

Datum

Datum

𝑠𝐴

𝑠𝐵

h



Here we have another  case were we drive the kinematics relationship of the blocks using Pythagoras 

equation [3].

motion expression –case 3

𝑥𝐴

𝑦𝐵

h

𝐿𝑇 = 2 ℎ − 𝑦𝐴 + 𝑙

𝐿𝑇 = 2 ℎ − 𝑦𝐵 + ℎ2 + 𝑥𝐴
2

Differentiation with time yields:

0= −2 ሶ𝑦𝐵 +
𝑥𝐴 ሶ𝑥𝐴

ℎ2+𝑥𝐴
2

Substituting ሶ𝑥𝐴= 𝑉𝐴 and ሶ𝑦𝐴 = 𝑉𝐵 gives:

𝑉𝐵 =
1

2

𝑥𝐴𝑉𝐴

ℎ2 + 𝑥𝐴
2

From the pulley geometry the total length of the rope 𝐿𝑇 will be: 

Where 𝑙 = ℎ2 + 𝑥𝐴
2

Datum



1Understanding & Solving problem



1Understanding & Solving problem

it is

first necessary to specify the particle A that is the origin for the

translating x’, y’, z’ axes. Usually this point has a known velocity or

acceleration

.

Time Derivatives



System of particles motion analysis 

𝑉𝐵 = 𝑉𝐴 + 𝑉𝐵/𝐴

𝑎𝐵 = 𝑎𝐴 + 𝑎𝐵/𝐴



Given

Required

Two planes A and B are traveling with the constant velocities shown. Determine the magnitude and

direction of the velocity of plane B relative to plane A [1].

𝑉𝐴 = 650𝐾𝑀/ℎ
𝑉𝐵 = 800𝐾𝑚/ℎ
𝜃= (600)

a) 𝑉𝐵/𝐴 =?

b) 𝜃𝐵/𝐴 =?

Solution

Using vector analysis
The 𝑉𝐵/𝐴 obtained from the relation

𝑉𝐵 = 𝑉𝐴 + 𝑉𝐵/𝐴

y

x
o

𝑉𝐴

𝑉𝐵

600

= 𝑉𝐴𝑖 + 𝑉𝐵/𝐴−𝑉𝐵 cos 𝜃𝑖 −𝑉𝐵 sin 𝜃𝑗

− 800cos 60 𝑖 − 800 sin 60𝑗 = 650𝑖 + 𝑉𝐵/𝐴

𝑉𝐵/𝐴 = −1050𝑖 − 692.8𝑗

𝑉𝐵/𝐴 = (−1450)2+(−800)2= 1257.93𝑘𝑚/ℎ

𝜃𝐵/𝐴 = tan−1(
692.8

1050
) = 33.40 ans



Given

𝒂) 𝑽(𝑩/𝑨) =?

Solution

• 𝑽𝑨 = 𝟏𝟓𝒎/𝒔
• 𝑽𝑩 = 𝟏𝟎𝒎/𝒔
• 𝒔𝒄 = −𝟔𝒎

Required ans

𝑉𝐴=10m/s

𝑉𝐵/𝐴

300

Using trigonometric relation

𝑉𝐵/𝐴 = 𝑉𝐴
2 + 𝑉𝐵

2 − 2𝑉𝐴𝑉𝐵𝑐𝑜𝑠𝜃

𝑉𝐵/𝐴 = 8.07𝑚/𝑠

Using graphical approach



Given

𝑣𝐴 = 10 𝑚/𝑠
𝑣𝐵 = 18.5 𝑚/𝑠
𝑎(𝐴)𝑡 = 5 m/𝑠2

𝑎𝑡𝐵 = 2 m/𝑠2

𝜌 = 100𝑚
𝜃 = 450

• a) 𝑣𝐴/𝐵=?

• 𝑏) 𝑎𝐴/𝐵 =?

Required

a) velocity A relative to B

b) Acceleration of A relative to B 

ans

ans

Solution

𝑉𝐴

𝑉𝐵

450
Using trigonometric relation

𝑉𝐴/𝐵 = 𝑉𝐴
2 + 𝑉𝐵

2 − 2𝑉𝐴𝑉𝐵𝑐𝑜𝑠𝜃

y

xo
𝑎 𝐴 𝑛 =

𝑉𝐵
2

𝑟
=

18.52

100
= 1 Τ𝑚

𝑠2

𝑎(𝐴)𝑡
𝑎 𝐴 𝑛

𝑎(𝐴)𝑡
𝑎 𝐴 𝑛

𝑎 𝐵 𝑡 = 𝑎 𝐵

𝑎 𝐵 𝑡 = 𝑎 𝐵

Using vector approach 𝑎𝐴 = 𝑎𝐵 + 𝑎𝐴/𝐵

450

𝑎(𝐴)𝑡 + 𝑎 𝐴 𝑛 = 𝑎(𝐵)𝑡 + 𝑎(𝐴/𝐵)

= 𝑎(𝐵)𝑖 + 𝑎(𝐴/𝐵)

𝑎(𝐴/𝐵) = [0.828𝑖 − 4.244𝑗] m/𝑠2

𝑎(𝐴)𝑡𝑐𝑜𝑠45𝑖 − 𝑎 𝐴 𝑡𝑠𝑖𝑛45 𝑗 −𝑎 𝐴 𝑛𝑐𝑜𝑠45𝑖 − 𝑎 𝐴 𝑛𝑠𝑖𝑛45𝑗

𝑉𝐴/𝐵 =13.4 m/s

𝑎𝐴/𝐵 = 0.8282 + (−4.244)2

or



Given

Required

If block A is moving downward with a speed of 4 ft/s while C is moving up at 2 ft/s, determine the speed of

block B [1].

𝑉𝐴 = 4 𝑓𝑡/𝑠

𝑉𝑐 = 2 𝑓𝑡/𝑠

a) 𝑉𝐵 =?

Solution

Datum

𝑆𝐴

𝑆𝐵
𝑆𝐶

Position: 𝐿𝑇 = 𝑆𝐴 + 2𝑆𝐵 + 𝑆𝐶

Velocity
0= 𝑉𝐴 + 2𝑉𝐵 + 𝑉𝐶

0= −4 + 2𝑉𝐵 + 2

𝑉𝐵 =
2

2
= 1𝑓𝑡/𝑠



Given

Required

Determine the speed of B if A is moving downwards with a speed of 𝑉𝐴 = 4 m/s at the instant shown [1].

𝑉𝐴 = 4 𝑚/𝑠

𝑉𝐵 =?

Solution

Datum

𝑆𝐵

𝑆𝐴

𝑆𝐶

𝐿𝑇1
= 𝑆𝐴 + 2𝑆𝑐

𝐿𝑇2
= 𝑆𝐵 + (𝑆𝐵−𝑆𝑐)

−𝑉𝐴= 2𝑉𝑐

𝑉𝐶 = −2𝑉𝐵

Position

Velocity

𝑉𝐵=1m/s







3. The man pulls the boy up to the tree limb C by walking backward. If he starts from rest when 𝑥𝐴 = 0
And moves backward with a constant acceleration 𝑎𝐴 = 0.2 Τ𝑚

𝑠2, determine the speed of the boy at the

instant 𝑦𝐵 = 4 m. Neglect the size of the limb. When 𝑥𝐴 = 0, 𝑦𝐵 = 8 m , so that A and B are coincident, i.e.,

the rope is 16 m long [1].



Engineering Mechanics II - Dynamics

4

Introduction to Kinematics of  system Particles
1

2 

3

Independent motion –relative motion of Particles→ rectilinear or curvilinear

Dependent  Motion of particles → rectilinear

Steps to Solve problems → description 

Solved Problems 5

In This Lecture We Covered:
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