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Engineering Mechanics II - Dynamics

Relative Motion of Rigid Bodies1

2 

4

Relative Motion of Rigid using Translating axis 

Relative Motion of Rigid using rotating reference frames

By the end of this lecture, you are able to: 

3 Instantaneous center method



Relative Motion analysis 
of Rigid Bodies

Relative motion analysis provides a systematic way to determine the velocity and acceleration of any po

int on a rigid body when the motion of another point on the same body is known.

Relative motion analysis for a particle only considers translation, while for a rigid body, it must also acco

unt for rotation through angular velocity and angular acceleration.

In dynamics, the motion of a rigid body can often be described in terms of the motion of one of its points

and the rotation of the body about that point.

When analyzing rigid-body motion, we commonly separate the motion into translation and rotation comp

onents.

To accurately describe such combined motion, we use relative motion analysis. Depending on how the

reference frame moves with the body, we apply one of two approaches [1].

1) Relative Motion Analysis Using a Translating Axis

2) Relative Motion Analysis Using a Rotating Axis



Cont’d…

Figure 1. Application area of relative motion using translating axis

Relative Motion Analysis Using a Translating Axis : This method is used when the reference axes

move in pure translation with the body (they do not rotate).

It is suitable when the body mainly translates and has small or negligible rotation, such as in sliding link

ages.

Graphical approach's such us The instantaneous center of zero velocity (ICZV) and velocity polygon

methods can also be applied under this approach.

This graphical method simplifies velocity analysis by locating a point on the body that has zero velocity

at that instant, allowing all other velocities to be determined through pure rotation about that point.

Pin joint



Relative Motion Analysis Using a Rotating Axis –This method is applied when the reference axes are

attached to the body and hence rotate with it.

It is essential when analyzing motion where rotation and translation occur together, such as in rotating ar

ms or mechanisms with angular motion [1].

Figure 2 . Application area of relative motion using rotating axis



The general plane motion of a rigid body is a combination of translation and rotation.

To study these two motion components separately, we use relative motion analysis.

This analysis involves two sets of coordinate axes:

Relative-Motion Analysis using 

translating axis 



Consider  the body on figure 3 Having two points A and B.

The base point A usually has a known motion.

The moving axes translate with respect to the fixed frame but do not rotate with the body.

This setup allows us to express the motion of any point B on the body (e.g., a bar) relative to point A.

Relative-Motion Analysis using 

translating axis 

B

A

𝜃

𝑆

Translation of point A

Rotation + Translation of point B

B

A x’

y’ Translating  axis

Figure 3. bar 



Type equation here.

Relative cont’d…. 

𝒓𝑩 = 𝒓𝑨 + 𝒓𝑩/𝑨

B

A

𝜃

Translation of point A

Rotation + Translation of point B

B

x’

y’ Translating  axis

𝑑𝑟𝐵

𝑑𝑟𝐵/𝐴𝑑𝑟𝐴

𝑑𝑟𝐴
A



Type equation here.

Relative cont’d…. 

𝒅𝒓𝑩 = 𝒅𝒓𝑨 + 𝒅𝒓𝑩/𝑨

𝑑𝑟𝐵

𝑑𝑟𝐵/𝐴

𝑑𝑟𝐴

y

xo



V= 
𝒅𝒓

𝒅𝒕

𝑽𝑩= 𝑽𝑨 + 𝑽𝑩/𝑨 (m/s)

𝒅𝒓𝑩

𝒅𝒕
=

𝒅𝒓𝑨

𝒅𝒕
+

𝒅𝒓𝑩/𝑨

𝒅𝒕

Velocity
Relative cont’d…. 

𝑽𝑩/𝑨 = 𝝎 × 𝑟𝐵/𝐴

✓ Its Direction: Perpendicular to 𝑟𝐵/𝐴

Final Velocity Equation

𝑽𝑩= 𝑽𝑨 + 𝝎 × 𝑟𝐵/𝐴

The directions of 𝑽𝑨 and 𝑽𝑩 are always tangent to their paths of motion. 



Procedure: For Solving using Relative

Motion

Relative cont’d…. 



Relative cont’d…. 

y

xo

y’

x’



Relative cont’d…. 

y

xo

y’

x’

𝑽𝑩

𝑽𝑨
𝜔

𝒓𝑩/𝑨 =−1.5 cos(30°) I +1.5sin(30°) j



Relative cont’d…. 

𝑽𝑩= 𝑽𝑨 + 𝝎𝒂𝒃𝒌 × 𝒓𝑩/𝑨

−𝑽𝑩𝒋= 𝟑 𝒊 + 𝝎𝒂𝒃𝒌 × (−𝟏. 𝟓𝒄𝒐𝒔 𝟑𝟎 𝒊 + 𝟏. 𝟓𝒔𝒊𝒏 𝟑𝟎𝒋)

𝒊 𝒕𝒆𝒓𝒎: 𝟎 = 𝟑 − 𝝎𝒂𝒃(𝟏. 𝟓𝒔𝒊𝒏 𝟑𝟎)

j 𝒕𝒆𝒓𝒎: −𝑽𝑩= 𝟑 − 𝝎𝒂𝒃(𝟏. 𝟓𝒄𝒐𝒔 𝟑𝟎)

y

xo

y’

x’

𝑽𝑩

𝑽𝑨
𝜔



Velocity using Graphical approach

The instantaneous center of velocity method (ICZV)

𝑽𝑩= 𝑽𝑨 + 𝝎𝒂𝒃𝒌 × 𝒓𝑩/𝑨 𝒊𝒇 𝑽𝑨 = 𝟎 𝑽𝑩= 𝝎 × 𝒓𝑩/𝑨



Cont’d

𝑽𝑩= 𝝎𝒓𝑩/𝑰𝑪

𝑽𝑩 and 𝒓𝑩/𝑰𝑪 are perpendicular to each other

𝜔

𝑟𝐵/𝐼𝐶 = ൗ𝑉𝐵
𝜔

BB

IC



Locating the Instantaneous Center

𝜔 =
𝑉𝐴

𝑟𝐴/𝐼𝑐

which, of course, is also the angular velocity of every line in the body.

Therefore, the velocity of B is 𝑉𝐵 = 𝜔 𝑟𝐵/𝐼𝑐.

B

A

IC

𝑟𝐵/𝐼𝐶

𝑟𝐴/𝐼𝐶



Locating the Instantaneous Center

Examples are shown in Fig. 12 and 13. In both cases 𝑟𝐴/𝐼𝐶 = 
𝑉𝐴

𝜔
and 𝑟𝐵/𝐼𝐶 = 

𝑉𝐵

𝜔
, If d is a known distance 

between points A and B, then in 

Fig.12,

and in 

Fig.13 , 

B

A

IC

𝜔

𝑟𝐴/𝐼𝐶

𝑟𝐵/𝐼𝐶

𝑑

B

𝑽𝑨A

IC

𝜔

𝑟𝐴/𝐼𝐶

𝑟𝐵/𝐼𝐶

𝑑

𝑟𝐴/𝐼𝐶 + 𝑟𝐵/𝐼𝐶 = d

𝑟𝐵/𝐼𝐶 - 𝑟𝐴/𝐼𝐶 = d



Procedure 

Step 2: Identify the Direction of Motion of Velocities

𝑉𝐴

Example : For the configuration shown in Figure 14, link AB is considered as the 

body undergoing general plane motion, where point A moves horizontally, and 

point B moves vertically downward.

Figure 14: Rod



Procedure 

𝑉𝐴

C

Example : Drawing the perpendicular to 𝑉𝐴 through A and the perpendicular 

to 𝑉𝐴 through B (Fig. 15), we obtain the instantaneous center C.

Figure 15. locating IC

At the instant considered, the velocities of all the particles of the rod are thus 

the same as if the rod rotated about C.

𝑟𝐴/𝐼𝐶

𝑟𝐵/𝐼𝐶



Procedure 

Step 4: Find the unknown

𝑉𝐴

C

Figure 16. locating IC

Example : Now, if we know the magnitude 𝑉𝐴 of the velocity of A, we 

can obtain the magnitude v of the angular velocity of the rod from:

𝑟𝐴/𝐼𝐶

𝑟𝐵/𝐼𝐶

𝜔 =
𝑉𝐴

𝑟𝐴/𝐼𝐶
=

𝑉𝐴

𝐴𝐵 cos 𝛽

Then we obtain the magnitude of the velocity of B as:

𝑉𝐵 = 𝑟𝐵/𝐼𝐶 𝜔

Note that we used only absolute velocities in the computation.



A

B

C
𝛼

𝛽 𝜃

Law of Sines:
𝐴

𝑆𝑖𝑛𝜃
=

𝐵

𝑠𝑖𝑛𝛼
=

𝐶

𝑠𝑖𝑛𝛽

Law of Cosines:

C= 𝐴2 + 𝐵2 − 2𝐴𝐵𝑐𝑜𝑠𝛽

B= 𝐴2 + 𝐶2 − 2𝐴𝐶𝑐𝑜𝑠𝛼

A= 𝐶2 + 𝐵2 − 2𝐵𝐶𝑐𝑜𝑠𝜃

Relative cont’d…. 



Relative cont’d…. 

𝑉𝐴

𝑉𝐴



𝒂𝑩= 𝒂𝑨 + 𝒂𝑩/𝑨 ( Τ𝑚
𝑠2)

𝒂𝑩/𝑨 = 𝒂(𝑩/𝑨)𝒕 + 𝒂 𝑩/𝑨 𝒏 ( Τ𝑚
𝑠2)

Relative cont’d…. 

𝒂 𝑩/𝑨 𝒕 = 𝜶 × 𝒓𝑩/𝑨

𝒂𝑩 = 𝒂𝑨 + 𝒂(𝑩/𝑨)𝒕 + 𝒂 𝑩/𝑨 𝒏 ( Τ𝑚
𝑠2)

𝒂 𝑩/𝑨 𝒕 = −𝝎𝟐 𝒓𝑩/𝑨

𝑽𝑩= 𝑽𝑨 + 𝑽𝑩/𝑨



Relative cont’d…. 

𝒂𝑩 = 𝒂𝑨 + 𝒂(𝑩/𝑨)𝒕 + 𝒂 𝑩/𝑨 𝒏 ( Τ𝑚
𝑠2)

𝑎𝐴

𝑎𝐴

= +

General plane motion Translation Rotation about A

𝑎𝐵

𝑎𝐴



Procedure: For Solving using Relative

Motion

Relative cont’d…. 

𝛼, 𝜔



Relative cont’d…. 

y

xo

y’

x’

𝛼, 𝜔



Relative cont’d…. 

y

xo

y’

x’

𝒂𝑩 = 𝒂𝑨 + 𝒂(𝑩/𝑨)𝒕 + 𝒂 𝑩/𝑨 𝒏

𝛼, 𝜔

𝒂𝑩𝒊 = −𝒂𝑨𝒋 + (𝜶𝒌 × 𝒓𝑩/𝑨) + (- 𝝎𝟐 𝒓𝑩/𝑨)

Example, for the case shown on figure 23 , the unknow point be 

acceleration can be expressed as: 

In Cartesian vector form: 

𝒂𝑩



Relative Motion Using Rotating Axes Relative cont’d…. 



Position 

.

Relative cont’d…. 

𝑟𝐵/𝐴 will be measured with respect to the rotating  x, y frame of referen

ce and expressed as:  

𝑟𝐵 = 𝑟𝐴 + 𝑟𝐵/𝐴

𝑟𝐵/𝐴 = 𝑥𝐵/𝐴𝑖 + 𝑦𝐵/𝐴𝑗

y

xo

y’

x’

𝑟𝐵

𝑟𝐴

𝑟𝐵/𝐴

A

B

Fixed coordinate

Rotating  

coordinate



The velocity of point B is determined by taking the time derivative of position , which yields [3].

The last term in this equation is evaluated as follows: 

Velocity

𝑉𝐵 = 𝑉𝐴

𝑑𝑟𝐵/𝐴

𝑑𝑡
=

𝑑

𝑑𝑡
(𝑥𝐵/𝐴𝑖+ 𝑦𝐵/𝐴𝑗)

= (
𝑑

𝑑𝑡
(𝑥𝐵/𝐴)𝑖+ 

𝑑

𝑑𝑡
(𝑦𝐵/𝐴)𝑗)

The two terms in the first set of parentheses represent the components of velocity of point B as measured 

by an observer attached to the moving x, y, z coordinate system and will be denoted by vector

+ (
𝑑𝑖

𝑑𝑡
(𝑥𝐵/𝐴)+ 

𝑑𝑗

𝑑𝑡
(𝑦𝐵/𝐴))

In the second set of parentheses the instantaneous time rate of change 

of the unit vectors i and j is measured by an observer located in the fixed 

X, Y, Z coordinate system. 

𝑉(𝐵/𝐴)𝑥,𝑦,𝑧
Ω × 𝑟𝐵/𝐴

𝑑𝑟𝐵/𝐴

𝑑𝑡

+
𝑑𝑟𝐵/𝐴

𝑑𝑡



The velocity substituting the values  , yields[3].

Velocity

𝑉𝐵 = + 𝑉(𝐵/𝐴)𝑥,𝑦,𝑧
Ω × 𝑟𝐵/𝐴

Comparing equation for translating axis , it can be seen that the only difference between these two equation 

is represented by the term, 𝑉(𝐵/𝐴)𝑥,𝑦,𝑧

𝑉𝐴+



Acceleration

=
𝑑𝑉𝐴

𝑑𝑡

𝑑

𝑑𝑡
(Ω × 𝑟𝐵/𝐴) 𝑑

𝑑𝑡
(𝑉(𝐵/𝐴)𝑥,𝑦,𝑧

)

(Ω × 𝑟𝐵/𝐴 + 𝑉(𝐵/𝐴)𝑥,𝑦,𝑧
) 𝑎(𝐵/𝐴)𝑥,𝑦,𝑧

+ Ω × 𝑉(𝐵/𝐴)𝑥,𝑦,𝑧

𝑑𝑉𝐵

𝑑𝑡

𝑎𝐵 𝑎𝐴

++

𝑎𝐵 = 𝑎𝐴+ ሶΩ × 𝑟𝐵/𝐴 + (Ω × 𝑟𝐵/𝐴) +2Ω × 𝑉(𝐵/𝐴)𝑥,𝑦,𝑧
+ 𝑎(𝐵/𝐴)𝑥,𝑦,𝑧

Substituting this and rearranging terms, we get:

𝑎𝐵 = acceleration of B, measured from the X, Y, Z reference

𝑎𝐴 = acceleration of A, measured from the X, Y, Z reference

(𝑎(𝐵/𝐴)𝑥,𝑦,𝑧
), (𝑉(𝐵/𝐴)𝑥,𝑦,𝑧

) =acceleration and velocity of B with respect to A, 

as measured by an observer attached to the rotating x,y, z reference

ሶΩ, Ω = angular acceleration and angular velocity of the x, y, z reference, 

measured from the X, Y, Z reference

( ሶΩ × 𝑟𝐵/𝐴)



Acceleration

𝑎𝐵 = 𝑎𝐴+ ሶΩ × 𝑟𝐵/𝐴 + (Ω × 𝑟𝐵/𝐴) +2Ω × 𝑉(𝐵/𝐴)𝑥,𝑦,𝑧
+ 𝑎(𝐵/𝐴)𝑥,𝑦,𝑧

= acceleration of B, measured from the X, Y, Z reference

= acceleration of A, measured from the X, Y, Z reference

=acceleration and velocity of B with respect to A, 

as measured by an observer attached to the rotating x,y, z reference

ሶ= angular acceleration and angular velocity of the x, y, z  reference, 

measured from the X, Y, Z reference

y

xo

y’

x’

𝑟𝐵

𝑟𝐵/𝐴

A

B

Rotating  

coordinate

𝑟𝐴

𝑎𝐵

𝑎𝐴

(𝑎(𝐵/𝐴)𝑥,𝑦,𝑧
), (𝑉(𝐵/𝐴)𝑥,𝑦,𝑧

)

ሶΩ, Ω

2Ω × 𝑉(𝐵/𝐴)𝑥,𝑦,𝑧 :is known as the Coriolis acceleration.



Summary on Relative motion 

𝒂𝑩 = 𝒂𝑨 + 𝒂(𝑩/𝑨)𝒕 + 𝒂 𝑩/𝑨 𝒏 ( Τ𝑚
𝑠2)

𝑽𝑩= 𝑽𝑨 + 𝝎𝒂𝒃𝒌 × 𝒓𝑩/𝑨

𝑎𝐵 = 𝑎𝐴+ ሶΩ × 𝑟𝐵/𝐴 + (Ω × 𝑟𝐵/𝐴) +2Ω × 𝑉(𝐵/𝐴)𝑥,𝑦,𝑧
+ 𝑎(𝐵/𝐴)𝑥,𝑦,𝑧

𝑉𝐵 = 𝑉𝐴 + + 𝑉(𝐵/𝐴)𝑥,𝑦,𝑧
Ω × 𝑟𝐵/𝐴



Given

• 𝜔𝐴𝐵 = 5 Τ𝑟𝑎𝑑
𝑆 (ccw)

• 𝛼𝐴𝐵 = 3 ൗ𝑟𝑎𝑑
𝑠2

• 𝜃𝐴𝐵 = 450

• 𝜃𝐵𝑐 = 600

𝑉𝐶=?
𝑎𝐶=?

Required

Velocity  : Using  Relative  motion equation

Link BC

j 𝑡𝑒𝑟𝑚:

Figure 27.problem 1

Solution

Step 1. Identify the Type of Motion

Link Ab- Pure rotation about A and link BC is exhibiting 

general plane motion (point c translate and point b rotates ) 

y

xo

y’

x’

𝑉𝐵= 𝜔𝐴𝐵K × 𝑟𝐴𝐵 = 5K × (2𝐶𝑂𝑆 45 𝑖 + 2 sin 45 𝑗)

𝑉𝐵= −7.07 𝑖+ 7.07 j [𝑉𝐵] =10m/s

𝑉𝐶= 𝑉𝐵 + 𝜔𝑏𝑐𝑘 × 𝑟𝐶/𝐵

Equating the i and j components gives:
𝜔𝑏𝑐 =5.6 rad/s 

i 𝑡𝑒𝑟𝑚: 𝑉𝑐 =5.18 m/s 

𝑉𝐶𝑖 = (−7.07 𝑖+ 7.07 j ) +𝜔𝑏𝑐𝑘 × (−2.5 cos 60°i − 2.5 sin 60°j)

Link AB

Expressing in Cartesian coordinate and  substituting the values



Given

• 𝜔𝐴𝐵 = 5 Τ𝑟𝑎𝑑
𝑆 (ccw)

• 𝛼𝐴𝐵 = 3 ൗ𝑟𝑎𝑑
𝑠2

• 𝜃𝐴𝐵 = 450

• 𝜃𝐵𝑐 = 600

𝑉𝐶=?
𝑎𝐶=?

Required

Velocity : Using  Instantaneous center

Radius to instantaneous center (IC)

Figure 27.problem 1

Solution

Link Ab- Pure rotation about A and link BC is exhibiting general plane motion (point c 

translate and point b rotates ) 

y

xo

y’

x’

𝑉𝐵= 𝜔𝐴𝐵 𝑟𝐴𝐵=10 m/s

𝑉𝐶

𝑟𝐵/𝐼𝐶

𝑟𝐶/𝐼𝐶 30°

IC

15°

𝑟𝐵/𝐼𝐶

sin 300 =
2.5

sin 1350

𝑟𝐵/𝐼𝐶 = 1.7678𝑓𝑡

𝜔 =
𝑉𝐵

𝑟𝐵/𝐼𝐶
= 5.
66𝑟𝑎𝑑

𝑉𝐶 = 𝜔 𝑟𝐶/𝐼𝐶

𝑉𝐶 = 5.18 𝑚/𝑠

𝑟𝐶/𝐼𝐶

sin 150 =
2.5

sin 1350

𝑟𝐵/𝐼𝐶 = 0.915𝑓𝑡

Angular velocity of BC and velocity of C



Solution

Given

• 𝜔𝐴𝐵 = 5 Τ𝑟𝑎𝑑
𝑆 (ccw)

• 𝛼𝐴𝐵 = 3 ൗ𝑟𝑎𝑑
𝑠2

• 𝜃𝐴𝐵 = 450

• 𝜃𝐵𝑐 = 600

𝑉𝐶=?
𝑎𝐶=?

Required

Acceleration: using relative motion equation

Link BC

Figure 27.problem 1

Link AB

y

xo

y’

x’

𝑎𝐵= 𝑎 𝐵 𝑛+ 𝑎 𝐵 𝑡

𝑎𝐶

𝑎𝐶 = 66.5 𝑚/𝑠2

45°

45°𝑎𝐵 = (−50 cos 45 𝑖 − 50 sin 45 𝑗) −6 cos 45 𝑖 + 6 sin 45 𝑗)

𝒂𝑪 = 𝒂𝑩 + (𝜶𝒌 × 𝒓𝑪/𝑩) + (- 𝝎𝟐 𝒓𝑪/𝑩)

+(𝛼𝐵𝐶𝑘 × (−2.5 cos 60°i − 2.5 sin 60°j)𝑎𝐶𝑖 = (−50 cos 45 𝑖 − 50 sin 45 𝑗)−6 cos 45 𝑖 + 6 sin 45 𝑗)

+ (- 5.66)2 × (−2.5 cos 60°i − 2.5 sin 60°j)

Equating the i and j components gives:

Expressing in Cartesian coordinate and  substituting the values

𝛼𝐵𝐶 = 30.5 𝑟𝑎𝑑/𝑠2

𝜔𝐵𝐶 , 𝛼𝐵𝐶



Engineering Mechanics II - Dynamics

4

Introduction to relative motion for rigid bodies 
1

2 

3

Relative motion using translating axis 

Relative motion using Rotating axis 

Steps to Solve problems → description 

In This Lecture We Covered:
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