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1

2 

3 Define and explain Kinetic energy

Explain work-energy equation for Rigid Bodies 

Understand conservation of energy for for Rigid Bodies 

By the end of this lecture, you are able to: 

5

Understand the work energy principle for Rigid Bodies 

Understand the various ways a force and couple do work. 



Understand the work energy
principle for Rigid Bodies

In the study of kinetics of particles, we learned that the work done by external forces acting on a particle

equals the change in its kinetic energy [1].

This principle provided a powerful way to determine velocities or displacements without directly computi

ng acceleration and time.

A rigid body consists of a large number of particles whose distances remain fixed relative to each other.

When the body moves, each particle moves such that the body may Translate, Rotate about a fixed axis,

or Undergo general plane motion [1].

𝑇1 + σ𝑈1 2= 𝑇2



scope Cont’d…

To extend the particle work–energy principle, we must include both the translational motion of the body’s

mass center and the rotational motion about that center.

When we extend this concept to rigid bodies, we must also include rotation, Thus, the total kinetic energy

of a rigid body has two parts:

• Translational kinetic energy of its mass center

• Rotational kinetic energy about its mass center

• But first it will be necessary to develop a means of obtaining the body’s work and kinetic energy when

the body is subjected to translation, rotation about a fixed axis, or general plane motion



When a force F acts on a point of a body and the point moves through a small displacement dr, the differ

ential work is [2]:

where α is the angle between the force direction and displacement.

If the force varies with position, integrate:

Several types of forces are often encountered in planar kinetics problems involving a rigid body.

The work of each of these forces has been presented in next slides and listed as a summary.

Definition of Work for Rigid Bodies

𝑈1 1׬=2
2
( 𝐹𝑐𝑜𝑠 𝜃 )𝑑𝑠



Work of a constant Applied Force

Common Types of Work
Work Cont’d…

𝑈𝐹𝑐 න( 𝐹𝑐𝑐𝑜𝑠 𝜃 )𝑑𝑠=

𝐹𝑐𝑐𝑜𝑠 𝜃 𝑠=𝑈𝐹𝑐

Figure 1. work of constant applied force  



Work of Force of  Wight

Common Types of Work
work Cont’d…

Figure 2. Work of force of gravity

= −𝑤∆𝑦𝑈𝑤

Likewise, if the displacement is downward(∆𝑦)  the work becomes positive. In both cases t

he elevation change is considered to be small so that W, which is caused by gravitation, is 

constant.



Work of a Spring Force 

Common Types of Work
scope Cont’d…

𝑈𝑠 =
1

2
(−𝑘)(𝑠2

2- 𝑠1
2)

Figure 3. Work of force of spring



Forces That Do No Work

Work Cont’d…

Figure 4. zero work forces



The Work of a Couple Moment
scope Cont’d…

𝑈 = න
𝜃1

𝜃2

𝑀𝑑𝜃

✓ Positive work: moment and rotation same sense.

✓ Negative work: moment resists motion.

𝑈 = 𝑀(𝜃2 − 𝜃1)

F

F

𝑑𝜃
o

Figure 5. Couple



Example 
scope Cont’d…

Weight W. Since the weight 10(9.81) N = 98.1 N is displaced downwar

d 1.5 m, the work is

𝑈𝑊 = 9.81 1.5 = 147.2𝑁
P=80N

M

𝜃 = 900

𝜃 = 00

𝑠

Spring Force Fs. When 𝜃 = 00 the spring is stretched (0.75 m - 0.5 m) = 0.25 

m and when 𝜃 = 900 , the stretch is (2 m + 0.75 m)- 0.5 m= 2.25 m. Thus,

𝑈𝑠 =
1

2
(−30)(2.252- 0.252) = −75𝑁

Figure 6. Example



Example 
Solution Cont’d…

P=80NM

𝜃 = 900

𝜃 = 00

𝑠

Force P. As the bar moves downward, the force is displaced through a distance of, S=( Τ𝜋 2) (3 m) = 4.712 m.  

𝑈𝑃 = 80(4.712) = 377.2𝑁

Couple Moment M. The couple moment rotates through an angle of 𝜃= Τ𝜋 2 𝑟𝑎𝑑. Hence:

𝑈𝑀 = 50 ( ൗ𝜋 2) = 78.5𝑁

Pin Reactions. Forces A x and Ay do no work since they are not displaced.

Total Work. The work of all the forces when the bar is displaced is thus:

U =147.2 J + 78.5 J - 75.0 J + 377.0 J=528 J



Kinetic Energy of rigid bodies

We now use the familiar expression for the kinetic energy of a particle to develop expressions for the kin

etic energy of a rigid body for each of the three classes of rigid-body plane motion [3].

(a) Translation

𝑇𝑖 =
1

2
𝑚𝑖𝑉

2

𝑇 = σ(
1

2
𝑚𝑖𝑉

2)=𝑉2σ(
1

2
𝑚𝑖) 𝑇 =

1

2
𝑚 𝑉2

Figure 7. Translation



Kinetic Energy of rigid bodies

(b) Fixed-axis rotation

𝑇𝑖 =
1

2
𝑚𝑖(𝑟𝑖 . 𝜔)

2

𝑇 = σ(
1

2
𝑚𝑖(𝑟𝑖 . 𝜔)

2)=
1

2
𝜔2σ(𝑚𝑖𝑟𝑖

2)

𝑇 =
1

2
𝐼0𝜔

2

Figure 8. Rotation



Kinetic Energy of rigid bodies

General Plane Motion.

𝑇 =
1

2
𝑚 𝑉𝐺

2+
1

2
𝐼𝐺𝜔

2

Figure 9. General plane motion



𝑇 =
1

2
𝐼𝐼𝑐𝜔

2

Alternative Expression Using Instantaneous Center



System of Connected Rigid Bodies

𝑇𝑇𝑜𝑡𝑎𝑙 =෍(
1

2
𝑚 𝑉𝐺

2+
1

2
𝐼𝐺𝜔

2)



Principle of Work and Energy

By applying the principle of work and energy developed to each of the particles of a rigid body and adding

the results algebraically, since energy is a scalar, the principle of work and energy for a rigid body becom

es[4] :

𝑇1 + σ𝑈1 2= 𝑇2

✓ They occur in equal but opposite collinear pairs, so that when the body

moves, the work of one force cancels that of its counterpart.

✓ since the body is rigid, no relative movement between these forces occur

s, so that no internal work is done.



✓ They occur in equal but opposite collinear pairs, so that when the body moves, the work of one force

cancels that of its counterpart.

✓ since the body is rigid, no relative movement between these forces occurs, so that no internal work is

done.



Summary of work energy equation

it is

first necessary to specify the particle A that is the origin for the

translating x’, y’, z’ axes. Usually this point has a known velocity or

acceleration

.

𝑇1 + σ𝑈1 2= 𝑇2



1Understanding & Solving problem

it is

first necessary to specify the particle A that is the origin for the

translating x’, y’, z’ axes. Usually this point has a known velocity or

acceleration

.



1Understanding & Solving problem

it is

first necessary to specify the particle A that is the origin for the

translating x’, y’, z’ axes. Usually this point has a known velocity or

acceleration

.



1Understanding & Solving problem

it is

first necessary to specie particle A that is the origin for the

translating x’, y’, z’ axes. Usually this point has a known velocity or

acceleration

. ෍𝑈1 −2

𝑈1 1׬=2
2
( 𝐹𝑐𝑜𝑠 𝜃 )𝑑𝑠

𝑈 = 𝑀(𝜃2 − 𝜃1)



1Understanding & Solving problem

it is

first necessary to specie particle A that is the origin for the

translating x’, y’, z’ axes. Usually this point has a known velocity or

acceleration

.

𝑇 =
1

2
𝑚 𝑉𝐺

2+
1

2
𝐼𝐺𝜔

2

𝑇1 + σ𝑈1 2= 𝑇2



Conservation of Energy for  Rigid Bodies

The principle of conservation of energy states that if only conservative forces (forces that store or release

energy, such as gravity and springs) act on a rigid body, then the total mechanical energy of the body rem

ains constant.

𝑇1+ 𝑉1= 𝑇2+ 𝑉2

where

T = kinetic energy

V = potential energy

Subscripts 1 and 2 represent two different positions of the body

=
1

2
𝑚 𝑉𝐺

2+
1

2
𝐼𝐺𝜔

2

= mgℎ𝑔 +
1

2
k 𝑆2



Figure 10. Potential energies



1Understanding & Solving problem

it is

first necessary to specify the particle A that is the origin for the

translating x’, y’, z’ axes. Usually this point has a known velocity or

acceleration

.

If some of the forces are not conservative, for example, if

friction is involve, you must use the general equation



Summary

𝑇1 +෍𝑈1−2 = 𝑇2

𝑇1 + 𝑉1= 𝑇2+ 𝑉2

𝑇 =
1

2
𝑚 𝑉𝐺

2+
1

2
𝐼𝐺𝜔

2

𝑈1 2 1׬=
2
( 𝐹𝑐𝑜𝑠 𝜃 )𝑑𝑠

𝑈 = 𝑀(𝜃2 − 𝜃1)
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Introduction to Kinetics of Rigid bodies→ work energy method
1

2 

3

Work and its types 

Kinetic energy for rigid bodies 

Work energy equation for rigid bodies 

conservation of energy rigid bodies  5

In This Lecture We Covered:
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