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IIR Wiener Filters: Introduction

 The problem formulation for FIR and IIR Wiener filter is basically similar

 However, there is a significant difference between FIR and IIR Wiener filters which 

results in different solutions

 In FIR Wiener filters the filters coefficient to be determined are finite while we have 

infinite filter coefficients to be determined in the IIR Wiener filter

 Hence, in IIR Wiener filter we need to find            for all of

 In many applications, an IIR (recursive) filter is preferred over an FIR filter for 

performing linear operations since the design of IIR filter has fewer parameters [1]

 In this session, we will consider two classes of IIR Winer filter:

 Non-Causal IIR Wiener Filters

 Causal IIR Wiener Filters

( )h n n



Non-Causal IIR Wiener Filters
 For non-causal or unconstrained IIR filter, the goal is to find the unit sample response,          , 

of the IIR filter:
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Figure 1: Illustration of linear estimation using 
non causal IIR filter



Non-Causal IIR Wiener Filters

 The filter should minimize the following mean square error:

 The estimation error          is given by:

 2( )E e n  (2)
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 Differentiating       with respect to             similar to what we did for FIR 

Wiener filter to find the optimum filter parameter:
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Non-Causal IIR Wiener Filters

 Substituting eq(3) for          in eq(4) and rearranging the terms:

(5)
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 Writing eq(5) in terms of autocorrelation and cross correlation functions:

( ) ( ) ( ) ;    x dx
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 Eq(6) is Wiener-Hopf Equations for IIR Wiener filter, the difference is the 

limit of the summation and the range of values for the equation compared 

to the FIR Wiener-Hopf Equations

 Eq(6) represents an infinite set of linear equations with infinite number of 

unknowns



Non-Causal IIR Wiener Filters

 However, eq(6) can be solved easily by writing  the left side of the equation as 

convolution between          and            as:

(7)

 Writing eq(7) in frequency domain, we will have:

(8)

 Finding the frequency response,               , of the non-causal IIR wiener filter 

from eq(8):
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Non-Causal IIR Wiener Filters

 Hence, the system function,             , of the non-causal IIR wiener can be 

written as 

( )H z

)

(
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(

)

x

dxP z
H z

P z
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 Once we found the system function of the filter, the mean 

square error,         , can be found following similar steps we 

have done for the case of FIR Wiener filter 
min



Non-Causal IIR Wiener Filters: Mean Square Error

 Following similar steps,          , can be given by:min
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 Note: eq(11) differ from the mean square error of FIR Wiener filter only by 

the limit of the summation

 Applying Parseval’s theorem,          , can be written using frequency domain 

as: 
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 Writing the autocorrelation function as the inverse DTFT of power spectral 

density:
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Non-Causal IIR Wiener Filters: Mean Square Error

 Substituting eq(13) for            in eq(12), we have:

 Similarly the          can also be expressed using z domain as:
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 Writing the autocorrelation function as the inverse z transform  of power spectral density:
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Non-Causal IIR Wiener Filters: Mean Square Error

 Using eq(15 & 16)             can be written as follows:

 The contour       in eq(17) can bet taken as a unit circle since we are 

considering a stable system and the region of convergence includes the unit 

circle
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The IIR Weiner Smoothing Filter 

 One of the problem which can be addressed by Wiener filtering framework is Smoothing

Smoothing

 This is similar to the filtering problem except that the filter is allowed 

to be non-causal 

 The Weiner smoothing filter may be designed to estimate  the 

desired signal from all available data of  the noisy observation

 Therefore, the goal of the IIR Weiner smoothing filter is for producing minimum 

mean-square estimate of  the desired signal           from the noisy observation           

for all     , where           is given by: 
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( )x n n ( )x n
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Where: 
( )v n Is a zero mean noise uncorrelated with ( )d n

(18)



The Weiner Smoothing Filter 

 To find the optimal Wiener smoothing filter transfer function,               , what we required is 

finding                  and                  since                                                      according to eq(9)

 The autocorrelation of            is given as: 
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 Then                  becomes: ( )j
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The IIR Weiner Smoothing Filter 
 Similarly, the cross correlation              is given by: ( )dxr k

 *( ) ( ) ( )dxr k E d n x n k 

( )dr k (21)
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 Hence, from eq(21), we can have: 
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 Using eq(9, 20, and 22), The IIR Wiener smoothing filter becomes: 
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The IIR Weiner Smoothing Filter: Mean Square Error 
 Similarly, using eq (14, 20, and 22) the minimum mean square error 

becomes: 

 Since power spectrum is real and non negative,                  

(24)
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The IIR Weiner Smoothing Filter: Mean Square Error 

(25)

 Alternatively expressing in z domain, we will have:
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Causal IIR Wiener Filters
 So far we have seen unconstrained type of IIR Wiener filter

 Now, we will put a constraint on the IIR Winer filter to be casual

 Hence, the unit sample response,         , of the filter is equal to zero for 

 In case of causal IIR Wiener filter, the estimate of the desired signal can be written as:

 Similar to what we have seen for non-causal IIR Wiener filter case, the causal 

IIR Wiener filter should also minimize:
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Causal IIR Wiener Filters
 Taking the partial derivative of      with respect to              for              to obtain the optimal 

filter parameter, we will get the following equation:  

*( )h k 0k 

(30)
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( ) ( ) ( ) 0   ;  x dx
l

h l r k l r k k



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Wiener-Hopf Equations for  Causal IIR Winer Filter

 In eq (30), the constraint we put on    , I.e.            , will hinder us to write             

in terms of the convolution of            and 

 Therefore, solving eq(30) is not straight forward in contrary to what we have 

seen for the case non causal IIR filter  

 To solve eq(30), let’s consider a special case that the input of the Wiener 

filter is a unit variance white noise,           [2] 

0k k ( )dxr k

( )h k ( )x k

( )n



Causal IIR Wiener Filters

( )G z( )n
ˆ( )d n

( )e n

( )d n

Figure 2: Unit variance white noise input to the 
Winer filter

2 1 



Causal IIR Wiener Filters
 Representing the coefficient of the causal IIR Wiener filter by           , the Wiener-Hopf

equation when the in put is           becomes:  
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 Using eq(32), we will obtain the following from eq(31):  

( ) ( ) 0  ;   dg k r k k   (33)

 Since                    for             , eq(31) can be written in the following form ( ) 0g k  0k 
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Causal IIR Wiener Filters
 Taking the z transform of eq(34), we have :  

(35)
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 However, It is unlikely that the input of the Causal IIR Wiener filters be 

a white noise  

 Therefore, let’s assume           is a random process with rational power 

spectrum that has no poles or zeros on the unit circle

( )x n



Causal IIR Wiener Filters
 Then, the power spectrum,              , can be written as follows using spectral factorization :  ( )xP z
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( )Q z is minimum phase monic polynomial and given by

 In eq(37),            and           , are minimum phase monic polynomials

 If            is filtered by a filter  having a system function,          , the output 

signal will be  
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Causal IIR Wiener Filters

( )x n ( )n
0

1
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Figure 3: Whitening Filter

 The power spectrum of the out put signal can be calculated as:
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 The filter           changes          to unity variance white noise and the  

filter is called a Whitening Filter [2]
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Causal IIR Wiener Filters
 It is also noted that             can be recovered by filtering            using a filter  having a system 

function of               

(40)

 The power spectrum of the output signal can be calculated

1( )F z

( )x n ( )n

( )x n( )n 1
0( ) ( )F z Q z 

Figure 4: Recovering           by filtering        
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 It is noted that the result of eq(40) is similar to eq(36)
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Causal IIR Wiener Filters
 Now let’s find the optimum casual IIR winer filter,            , which  estimates            from 

the observation

 Let             is filtered by three cascaded filters having system function of           ,              , 

and             as shown in the figure below

( )x n
( )H z ( )d n

( )x n ( )F z 1( )F z

( )H z

( )x n ( )n
( )F z

( )x n
ˆ( )d n

1( )F z
( )H z

( )G zFigure 5: the three cascaded filters

Where: 
1( ) ( ) ( )G z F z H z (41)



Causal IIR Wiener Filters
 From eq(35), we have already proved that, when the input of the causal IIR filter having 

unit sample response of           is          , the system function of the filter           becomes:  ( )g n ( )G z( )n
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Causal IIR Wiener Filters
 Using eq(44), we will have  
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Causal IIR Wiener Filters
 Then we can find                by taking the z transform of  eq(46):

 Then from (42 & 47), the causal IIR Wiener filter estimating           from            becomes 
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 Then from (41 & 48), we have:
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Causal IIR Wiener Filters: Mean Square Error

 can be written as follows:

 Or equivalently,
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Causal Linear Prediction
 So far we have seen linear estimation problem using causal IIR Wiener filter, Now we 

will proceed to the causal linear prediction analysis

ˆ( 1)x n ( )x n ( )h n

Figure 6: Linear prediction using causal IIR wiener filter

 The output of the causal linear predictor is given by:

0

ˆ( 1) ( ) ( )  ;  
k

x n h k x n k k n




    (52)

 By setting                             , the cross correlation,            , can be:     ( ) ( 1)d n x n  ( )dxr k

   * *( ) ( ) ( ) )( 1) ( ) ( 1d xxr k E d n x n k E x rn x k kn      (53)



Causal Linear Prediction
 Taking the z transform of eq(51)                can be found as:

 Using eq(49 & 54), the causal linear predictor is given by:

(55)

 Recalling                                                , eq(55) will be simplified to:   2 * *
0( ) ( ) (1 )xP z Q z Q z

(54)

( )dxP z

   ( ) ( ) ( 1)z zdx dx xP z r k r k  

( )xzP z
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  
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   
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1 1
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dx xH
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z

z

z zP

 

   
    
   
   

(56)



Causal Linear Prediction
 Recalling that             is a monic polynomial having the form:

 Then the term                    in eq(56) simplified to:

(58)

 Hence, from eq(56 & 58), we have:   

( )Q z

(57)

(59)

1 2 3( ) 1 (1) (2) (3) ...Q z q z q z q z      
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Causal Linear Prediction: Mean square Error
 For the minimum mean square error,          , we have had:min

* * 11
( ) ( ) (1 )

2min d dx
C

P z H z P z z dz
j




    
 But it is noted that                             and                               , eq(60) simplified to:  ( ) ( )d xP z P z ( ) ( )dx xP z zP z

(60)

1 * * 11
( ) ( ) (1 )

2min x x
C

P z H z z P z z dz
j




     
 Using the symmetry property of power spectrum,                                 :  * *( ) (1 )x xP z P z

(61)

1 11
( ) 1 ( )

2min  x
C

P z H z z z dz
j




      (62)



Summary
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 IIR Wiener Filter:

 The filter’s coefficient to be determined are infinite 

 The design of IIR filter has fewer parameters compared to FIR filters

 Non Causal IIR Weiner Filter

 No constraint imposed on the filter

 Application: smoothing using Wiener smoothing filter

 Causal IIR Weiner Filter

 Constraint imposed on the filter to be causal

 Applications: Linear Causal Prediction and Estimation/Filtering
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