STOCHASTIC SIMULATION OPTIMIZATION OF WATER RESOURCES & MANAGEMENT

CHANCE CONSTRAINED LP -11

INTRODUCTION

In the previous lecture, we explained the basic concepts of Chance Constrained Linear
Programming and the various types. In this lecture we will address the application of CCLP
in reservoir operation.

In reservoir planning and operation problems, the future inflow, Q,, is a random variable and
is not known with certainty. Its probability distribution, however, may be estimated from the
historical sequence of inflows. The storage S; and release R;, being functions of inflow, O,
are also random variables. In a constraint containing two random variables, if the probability
distribution of one is known, the probabilistic behavior of the second can be expressed as a
measure of chance in terms of the probability of the first variable. If a constraint contains
more than two random variables, we get into computational complications, and we need to
understand the specific problem clearly to reformulate the problem, if necessary, and avoid

those complications.

CHANCE CONSTRAINT

The constraint, relating the release, R, (random) and demand, D;, (deterministic), is expressed
as a chance constraint, P [R; = D;] = au; It means that the probability of release equaling or
exceeding the known demand is at least equal to o, which is referred to as the reliability
level. The interpretation of this chance constraint is simply that the reliability of meeting the
demand in period 7 is at least ¢,. Similarly, chance constraints for the maximum release and

the maximum and minimum storage can be written as

P [Rr SR;HG}.’] Z ag
P[S;=K] >3
P [Sf 2 Smm] 2 Oy

To use the above chance constraints in an optimization algorithm, we must first determine the
probability distribution of R, and S; from the known probability distribution of Q,. However,
because S;, O: and R; are all interdependent through the continuity equation, it is, in general,

not possible to derive the probability distributions of both S; and R; simultaneously. To
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overcome this difficulty and to enable the use of linear programming in the solution, a linear

decision rule is appropriately defined.

LINEAR DECISION RULE

The linear decision rule (LDR) relates the release, R,, from the reservoir as a linear function
of the water available in period ¢. The simplest form of such an LDR is

R,=8,+ Q- b,
where b; is a deterministic parameter called the decision parameter.
In this LDR, the entire amount, Q;, is taken into account while making the release decision.
Depending on the proportion of inflow, O;, used in the linear decision rule, a number of such
LDRs may be formulated. A general form of this LDR may be written as

R, =S;+ f O:- b, 0<p<1
S = 0 yields a relatively conservative release policy with release decisions related only to the
storage, S; S = 1 yields an optimistic policy where the entire amount of water available (S; +
0»), is used in the LDR. Consider the LDR

Ri=8:+ O:- b
Storage continuity equation is

Si+1=8+ 0:i- R,
Using above two equations

Sis1=1b;
Thus, the random variable, S,.;, is set equal to a deterministic parameter 5, Thus, the role of
the LDR in this case is to treat S;, as deterministic in formulation. A main advantage of doing
this is to do away with one of the random variables, S, so that the distribution of the other
random variable, R;, may be expressed in terms of the known distribution of O, This implies
that the variance of O is entirely transferred to the variance of R.
Assuming that the evaporation loss E, is a linear function of the average storage volume, e, +
e; (Si+ Si+1)/2, where ey, is the fixed evaporation volume loss and e; is the evaporation volume
loss per unit average storage volume in period #, then the linear decision rule can be written

er er
as, R, =0, —¢, + [1 - 5be—1 B [1 ’ Ejbr .

LECTURE 07



STOCHASTIC SIMULATION OPTIMIZATION OF WATER RESOURCES & MANAGEMENT

Deterministic Equivalent of Chance Constraint

Knowing the probability distribution of inflow, Q; , it is possible to obtain the deterministic
equivalents of the chance constraints using the LDR, as follows:
P[R; =D/ =0
P[S:+Oi-b,=2D;| >y
P[bi;+Oi-b;>D] >
P[O:=Di+bi-big] >0
P[O:<Di+bi-bri] <1-014
The term D, + b, — b, ;, is deterministic with b, and b, ; being decision variables and D, being a
known quantity for the period 7.

Fo,(D;+b;—b))<1 -0y

(D:+ b —br) S Foi' (1 - 01)
F Q{" (1 - o) is the flow, ¢;, at which the CDF value is (1 - o;). Similarly, deterministic
equivalent of chance constraint

PR, <R > is

R"™+ b, —b,; > Fp ' (a1)
Since the storage, S;.;, is set equal to the deterministic parameter, b;, the chance constraints
containing only the storage random variable are written as deterministic constraints (without

using the probability distribution of inflows).

CHANCE CONSTRAINED L.P

Complete deterministic equivalent of the CCLP is thus written as

Min K
Subject to
(D;+ b;—b.) SFQ(_I(I - o) for all 7
R+ b= b1 > Fo, (02) for all ¢
b= K forall 7
b2 Sum for all ¢
b;=> 0 for all 7
K>0 for all ¢

While solving this model, for a problem with 12 periods (months) in a year, we also set b, =

b;, for a steady state solution. Further, depending on the nature of LDR used, the decision
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parameters, b;, may be unrestricted in sign. For example, if we use the LDR, R; = S; - b;, the
decision parameter, b;, may be allowed to take negative values. CCLP can also be applied for

reliability based reservoir sizing.

Example Problem:

For the following chance constrained optimization problem, formulate the equivalent
deterministic optimization problem using the LDR, R, = S;— &,. Storage continuity should be
maintained. Neglect losses. Following table gives the F~ ! () values for the inflows and Ry,
and R,,;; values for different periods.

Minimize K

P[Snin<S:<K]>08 V¢

P[R, <R/ =>0.85 V¢

P[R,=D;]=0.75 Vit

t | F70.0)| F'©0.2) | F'0.25) | F'(0.75) | F'(0.8) | F'(0.85) | Ruex | Ronine | Sonin

1 |o 12 33 60 90 93 90 [24 |2

2 |o 3 20 48 60 80 84 [20 |2

3 |o 6 21 36 72 85 84 [20 |2
Solution

Deterministic equivalent of P [S,; <S;<K]=>0.8 V.
This can be divided into two constraints as P [ Sy, <S:] >0.8 and P[ S;<K] = 0.8.

Linear decision rule is given as R; = S;— b;.
Then, continuity equation can be written as
Ster =S+ O:—R
=8+ O—Si+ by
=0, + b,
Hence, S; = Q,; + b,
Deterministic equivalent of P [S,,;; <S5;]1>0.8
P [Spin < Q1+ b:4]>0.8
PO =Swn-5:.4]1=0.8
P[Ow1< Spin-br1] <(1- 0.8)
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PO 1< 2—b4]< 0.2
For;(2-5b,,)<0.2

(2— b)) < Fpry ' (0.2)
Therefore,

(2—b3)<6 t=1
(2—-b6,)<12 =2

(2—b>) <3 t=3
Deterministic equivalent of P [ S; < K] = 0.8.
P[S;=K]>=0.8
P[Q.;+b,<K]|>0.8

PO ;= K-b,,]=0.8
K-b.;>Fp.;"7(0.8)

Therefore,

K—b;=>72 t=1

K—b;>90 t=2

K—b,=60 t=3
Deterministic equivalent of P [R, <R/™™] >0.85
P[S;-b; <R/ >0.85

PO ;+b,,;-b; <R ]1=0.85
P[O.;< R"™-b,;+b;]>0.385
R"™ - b, +b, > Fg, ;' (0.85)

84—b;+bg > 93 r=2
84*5}24‘63 =80 r=23

Deterministic equivalent of P[R,>D,]1>0.75
P[S;-b; =D;] =0.75

P[Qw;+bry-b; =2D;] =0.75

P[Qi1= D;- by +b;] =0.75

D,-b.; +b, <Fg.;"(0.25)

24—53 +b; E,_?j t =1
20—b; +bg <33 r=2
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