Lecture 33

Learning Objectives

At the end of this class, students should be able to:
— familiar with scalar product of four vectors
— familiar with vector product of four vectors
— familiar with reciprocal system of vectors
— solve related problems

Scalar Product of Four Vectors
Let d, b, ¢, d be any four vectors then (@ x E). (¢ x d) is a scalar quantity called the scalar product
of four vectors d, b, ¢ and d.

Expression for (@ x b). (¢ x d)
Let (& x b) = . Then
(@xb).(éxd) =m(éxd)
= (M x &).d
=[(@xb) x¢é.d

-

=—[¢x (@xb)].d

= —[(@.b)d — (¢.d)b].d

= [(¢.@)b — (¢.b)d].d

= (d.8)(b.d) — (b.€)(d.d)
Writing above result in the determinant form, we get

(@xb).(E@xd) =

d
d
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Vector Product of Four Vectors
Let d, b, ¢ d be any four vectors then the vector product of (@ x I;) and (¢ x d) is given by
(@ xb)x (&xd).

The product (d x 1_5) X (¢ x d) is a vector perpendicular to both (@ x 5) and (¢ x d). Since the
product is perpendicular to a x b, so it lies in the plane of d and b. Again, the product is
perpendicular to ¢ x d, so it lies in the plane of ¢ and d. The two planes intersect in a line and
therefore, (d x 5) x (& x d) is a vector parallel to the line of intersection of two planes, one



containing d and b and the other containing ¢ and d.
Expression for (@ x b) x (¢ x d)

(i) Letd x b = . Then
(Gxb)x (Exd) =mx(@xd)

=labdl¢-[abe]d (i)

(ii) Let ¢ x d = 7. Then
(Gxb)x (Exd) =(dxb)xi
= —[ix (@ xb)]
= —[(7.b)d — (A.d)b|

= (A.d)b — (.b)d

= (@.7)b — (b.R)d
=[a.@xd)|b—[b.(¢x d)]d
=[acd]b—[bcd]a (ii)

Reciprocal System of Vectors
Let d, b, ¢ be a set of non-coplanar vectors so that [@ b ¢]# 0and let d,b’, ¢’ be any other set of
vectors.
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are perpendicular to the planes containing b and ¢, ¢ and da and d and b respectively; are called
reciprocal system of the vectors a, b, C.

Properties of Reciprocal System of Vectors

1. If a,b’,c’ are reciprocal system of vectors d, b, ¢. Then =b.b'=c.c =1.
» =7 __ - bx¢ d.(bx ) ibé
Here, d.a’ = d.—< = & ﬁf [iﬁi]zl
[@bc] [abé] [@bc]



—

Similarly, b.b’ = 1 and & =1

2. If a',b', ¢ are reciprocal system of vectors @, b,c. Thend.b' = b.c' =c.a’' =b.a’' = a.c'
¢.b' = 0.
We know that, b’ = ——=
[@bc]
L 77 d(éxa) _ [déal o
a. @bl -~ lape] f@ne]” 0

Similarly, other results can be proved.

IHlustration

- - - - i

If @, b, ¢ are non-coplanar, then show that b x ¢, ¢ x d and @ x b are also non-coplanar.

Solution
Suppose d, b, ¢ are non-coplanar then [d@ b &] # 0
Now, [bx¢& éxd dxb|=(bx¢&).[(éxad)x(dxb)] (i)
Here, (¢ xd) x (dxb) =[¢dbld—[¢dadlb
=[¢dbla
=[db ¢

Since [b x & &x d dx b] # 0, therefore the vectors b x ¢, ¢ x d and @ X b are non-coplanar.

Illustration
Show that (@ x b) x (¢x d) + (@x &) x (dxb)+ (@ xd)x (bx¢)=2[bd&d

Solution

Here, (dxb)x (éxd)= :533]5— »EiEE’]J
(@x &) x (dxb)=|ach|d—[acd|b
(@xd)x(bx¢)=[dde|b-[adb|e

Adding all, we get
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=2[abd|¢-2[d@b¢
—ZHabdk—[&Efﬁ} [aaﬂz
=2{(axb)x (¢xd)}-2[acd|b

=2{(éxd)x (bxd)}-2|acd
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=—2|db¢|d
=2|bd ¢|d
Ilustration
Show that (b x &).(d x d) + (x d).(bxd) + (@ xb).(¢xd) =0
Solution
We know that
(bxe).(axd) =[hd bd
c.a c.d
=(b.d)(e.d) — (Z.a)(b.d)
Similarly,
(@xd).(bxd)  =(éb)(d.d)—- (db)(d) and
(@xb).(¢xd)  =(@.&(b.d)— (b.&)(d.d)
Now,

(bx¢é).(@dxd)+@xa).(bxd)+(d@xb).(¢xd)
=(b.d)(¢.d) — (¢.@)(b.d) + (¢.b)(d.d) — (d.b)(2.d) + (@.&)(b.d) — (b.)(d.d)
=0



Exercise for Reader

1. Ifd,b,¢ are coplanar, then show that b x & & x d and @ X b are also coplanar.
2. Showthat (@ xb) x (€xd)+(bx&)x (dxd)+(@xd)x(bxd)=-2[db¢c|d

3. Showthat {(@+b+&) x (b+¢)}é=d.(bx¢é
A B La Lb I¢
4. Showthat[lmn]labcl=|m.a mbp m.c
. . lia #Abp nc o
5 If a,b,¢ and a’,b’,c" are reciprocal system of vectors, show that @ xa’+ b x b' +
gxc =0.



