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Lecture 31 

 

 

Learning Objectives 

At the end of this class, students should be able to: 

− understand the concept of vector equation of plane 

− identify the equation of plane passing through a given point 

− identify the equation of plane passing through three given points 

− solve related problems 

 

 

 

Plane 

Let 𝑛⃗  be a vector and P(𝑥1, 𝑦1, 𝑧1) be the given point. 

Then the set of all points Q(𝑥, 𝑦, 𝑧) such that PQ⃗⃗⃗⃗  ⃗ is 

perpendicular to 𝑛⃗  forms a plane. We say that 𝑛⃗  is 

a normal vector, or perpendicular to the plane. 

Remember, the dot product of orthogonal vectors is 

zero. This fact generates the vector equation of a 

plane: 𝑛⃗ . PQ⃗⃗⃗⃗  ⃗ = 0.  

Thus, given a point P and vector 𝑛⃗ , the set of all points Q satisfying the equation 𝑛⃗ . PQ⃗⃗⃗⃗  ⃗ = 0 

forms a plane.  

Vector Equation of a Plane 

If 𝑛̂ is a unit vector perpendicular to a plane, and p is the length of 

perpendicular from the origin on the plane, then the vector equation of 

plane is 𝑟 . 𝑛̂ = 𝑝 

Proof: Let O be the origin and let ON be the perpendicular drawn from 

the origin to the plane. Let 𝑛̂ be the unit vector along the direction of 

ON. Let 𝑟  be the position vector of any point P in the plane. Joining 

OP and NP.  

Now,  𝑟 . 𝑛̂   = |𝑟 |. |𝑛̂| cos 𝜃 

          = |𝑟 | cos𝜃  [⸪ |𝑛̂| = 1] 

          = ON     [⸪ cos 𝜃 =
ON

|𝑟 |
]  

⸫ 𝑟 . 𝑛̂ = 𝑝 

Since P is any point on the plane, so 𝑟 . 𝑛̂ = 𝑝 represents a vector equation of the plane. 

 

 

 

𝑛̂ 



2 

 

Illustration 

The perpendicular distance of a plane from the origin is 3 units and the vector 2𝑖 + 2𝑗 − 𝑘⃗  is a 

normal to the plane. Find the equation of the plane.   

Solution 

Let 𝑣 = 2𝑖 + 2𝑗 − 𝑘⃗  and p = 3.  

Let 𝑛̂ be the unit normal vector perpendicular to the plane along 𝑣 . Then 

 𝑛̂ =
𝑣⃗ 

|𝑣⃗ |
=

2𝑖 +2𝑗 −𝑘⃗ 
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Let P(𝑥, 𝑦, 𝑧) be any point on the plane whose position vector is 𝑟 . Then the equation of the plane 

is  𝑟 . 𝑛̂ = 𝑝 

or, (𝑥𝑖 + 𝑦𝑗 + 𝑧𝑘⃗ ). 
1

3
(2𝑖 + 2𝑗 − 𝑘⃗ ) = 3 

or, 2𝑥 + 2𝑦 − 2𝑧 = 9 

Which is the required equation of plane.  

 

Plane Through a Given Point 

Let O be the origin and A be the given point on the plane 

whose position vector is 𝑎 . Let P be any point on the 

plane whose position vector is 𝑟 . Let 𝑛⃗  be any vector 

perpendicular to the plane.  

Since AP lies in the plane, so 𝐴𝑃⃗⃗⃗⃗  ⃗ is perpendicular to 𝑛⃗ . 
Therefore, 

 𝐴𝑃⃗⃗⃗⃗  ⃗. 𝑛⃗⃗ = 0  

i.e., (𝑂𝑃⃗⃗⃗⃗  ⃗ − 𝑂𝐴⃗⃗⃗⃗  ⃗). 𝑛⃗ = 0  

or, (𝑟 − 𝑎⃗ ). 𝑛⃗ = 0 

Since P is any point on the plane, so (𝑟 − 𝑎⃗ ). 𝑛⃗ = 0 represents the equation of plane normal to 𝑛⃗  
and passing through the point A. 

 

Illustration 

Find the equation of the plane passing through the point 𝑖 + 𝑗 + 𝑘⃗  and perpendicular to the vector 

2𝑖 + 3𝑗 − 4𝑘⃗ . 

Solution 

Let P(𝑥, 𝑦, 𝑧) be any point on the plane whose position vector is 𝑟 . Let 𝑎 = 𝑖 + 𝑗 + 𝑘⃗  and 𝑛⃗ =

2𝑖 + 3𝑗 − 4𝑘⃗ . Then the equation of the plane that passes through 𝑎  and perpendicular to 𝑛⃗  is 

 (𝑟 − 𝑎⃗ ). 𝑛⃗ = 0 

i.e.,  {(𝑥𝑖 + 𝑦𝑗 + 𝑧𝑘⃗ ) − (𝑖 + 𝑗 + 𝑘⃗ )}. (2𝑖 + 3𝑗 − 4𝑘⃗ ) = 0 
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or,  (𝑥 − 1) × 2 + (𝑦 − 1) × 3 + (𝑧 − 1) × (−4) = 0 

or,  2𝑥 + 3𝑦 − 4𝑧 = 1 

Which is the required equation of plane.  

 

Illustration 

Find the equation of the plane passing through the point (1,−1, 3) and parallel to the plane 3𝑥 +
𝑦 + 𝑧 = 7. 

Solution 

The equation of the given plane is 3𝑥 + 𝑦 + 𝑧 = 7 which can be written as  

 𝑟 . (3𝑖 + 𝑗 + 𝑘⃗ ) = 7 which is of the form 𝑟 . 𝑛⃗ = 𝐷 

Thus, the normal vector to the given plane is 𝑛⃗ = 3𝑖 + 𝑗 + 𝑘⃗ . 

Since, another plane is parallel to the given plane, so this vector 𝑛⃗  will be normal to the required 

plane also.  

The equation of plane passing through (𝑥1, 𝑦1, 𝑧1) and having normal 𝑛⃗  is: 

 (𝑟 − 𝑎⃗ ). 𝑛⃗ = 0 

i.e.,  {(𝑥 − 𝑥1)𝑖 + (𝑦 − 𝑦1)𝑗 + (𝑧 − 𝑧1)𝑘⃗ }. 𝑛⃗⃗ = 0 

or,  {(𝑥 − 1)𝑖 + (𝑦 + 1)𝑗 + (𝑧 − 3)𝑘⃗ }. (3𝑖 + 𝑗 + 𝑘⃗ ) = 0 [⸪ (𝑥1, 𝑦1
, 𝑧1) = (1, −1, 3)] 

or,  (𝑥 − 1) × 1 + (𝑦 + 1) × (−1) + (𝑧 − 3) × 3 = 0 

or,  3𝑥 + 𝑦 + 𝑧 − 5 = 0 
 

Plane through Three Given Points 

Let O be the origin and let the plane pass through the 

points A, B, and C whose position vectors are 𝑎 , 𝑏⃗ , and 

𝑐  respectively. Let P(𝑥, 𝑦, 𝑧) be any point on the plane 

whose position vector is 𝑟 . Then the points P, A, B, C all 

lie on the same plane. Now, 𝐴𝐵⃗⃗⃗⃗  ⃗ × 𝐴𝐶⃗⃗⃗⃗  ⃗ is a vector which is 

perpendicular to the plane and 𝐴𝑃⃗⃗⃗⃗  ⃗ lies on the plane. So, 

 

𝐴𝑃⃗⃗⃗⃗  ⃗. (𝐴𝐵⃗⃗⃗⃗  ⃗ × 𝐴𝐶⃗⃗⃗⃗  ⃗) = 0 

i.e., (𝑟 − 𝑎 ). 𝑛⃗ = 0  where 𝑛⃗ = 𝐴𝐵⃗⃗⃗⃗  ⃗ × 𝐴𝐶⃗⃗⃗⃗  ⃗ 

Since 𝑛⃗ = 𝐴𝐵⃗⃗⃗⃗  ⃗ × 𝐴𝐶⃗⃗⃗⃗  ⃗ = (𝑏⃗ − 𝑎 ) × (𝑐 − 𝑎 ), so the above equation becomes 

 (𝑟 − 𝑎 ). [(𝑏⃗ − 𝑎 ) × (𝑐 − 𝑎 )] = 0 

Which is the required equation of the plane.  
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Illustration 

Find the equation of the plane passing through the points (2, 4, 5), (1, 5, 7), and (-1, 6, 8). 

Solution 

Let the points be A(2, 4, 5), B(1, 5, 7), and C(-1, 6, 8). Let 𝑂𝐴⃗⃗ ⃗⃗  ⃗, 𝑂𝐵⃗⃗ ⃗⃗  ⃗, 𝑂𝐶⃗⃗⃗⃗  ⃗ be the position vectors 

of the points A, B, C so that 𝑂𝐴⃗⃗ ⃗⃗  ⃗ = 2𝑖 + 4𝑗 + 5𝑘⃗ , 𝑂𝐵⃗⃗ ⃗⃗  ⃗ = 𝑖 + 5𝑗 + 7𝑘⃗ , and 𝑂𝐶⃗⃗⃗⃗  ⃗ = −𝑖 + 6𝑗 + 8𝑘⃗ . 

Now,  𝐴𝐵⃗⃗⃗⃗  ⃗ = 𝑂𝐵⃗⃗ ⃗⃗  ⃗ −  𝑂𝐴⃗⃗ ⃗⃗  ⃗ =  𝑖 + 5𝑗 + 7𝑘⃗ − (2𝑖 + 4𝑗 + 5𝑘⃗ ) = −𝑖 + 𝑗 + 2𝑘⃗  

 𝐴𝐶⃗⃗⃗⃗  ⃗ = 𝑂𝐶⃗⃗⃗⃗  ⃗ −  𝑂𝐴⃗⃗ ⃗⃗  ⃗ = −𝑖 + 6𝑗 + 8𝑘⃗ − (2𝑖 + 4𝑗 + 5𝑘⃗ ) = −3𝑖 + 2𝑗 + 3𝑘⃗  

Since 𝐴𝐵⃗⃗⃗⃗  ⃗ and 𝐴𝐶⃗⃗⃗⃗  ⃗ lie on the same plane, so 𝐴𝐵⃗⃗⃗⃗  ⃗ × 𝐴𝐶⃗⃗⃗⃗  ⃗ is normal to the plane.  

 𝑛⃗ = 𝐴𝐵⃗⃗⃗⃗  ⃗ × 𝐴𝐶⃗⃗⃗⃗  ⃗ =   |
𝑖 𝑗 𝑘⃗ 

−1 1 2
−3 2 3

| = −𝑖 − 3𝑗 + 𝑘⃗  

Let P(𝑥, 𝑦, 𝑧) be any point on the plane, such that, 𝑂𝑃⃗⃗⃗⃗  ⃗ = 𝑥𝑖 + 𝑦𝑗 + 𝑧𝑘⃗ . 

Now,   𝐴𝑃⃗⃗⃗⃗  ⃗ = 𝑂𝑃⃗⃗⃗⃗  ⃗ − 𝑂𝐴⃗⃗ ⃗⃗  ⃗ = (𝑥 − 2)𝑖 + (𝑦 − 4)𝑗 + (𝑧 − 5)𝑘⃗  

𝐴𝑃⃗⃗⃗⃗  ⃗ lies on a plane and 𝑛⃗  is normal to the plane, thus, the required equation of the plane is  

 𝐴𝑃⃗⃗⃗⃗  ⃗. 𝑛⃗ = 0  

i.e., [(𝑥 − 2)𝑖 + (𝑦 − 4)𝑗 + (𝑧 − 5)𝑘⃗ ]. (−𝑖 − 3𝑗 + 𝑘⃗ ) = 0 

or, −𝑥 − 3𝑦 + 𝑧 + 9 = 0 

Which is the required equation of the plane.  

 

Illustration 

Find the equation of the plane passing through the point (2, 4, 5) and perpendicular to the line 
𝑥−5

1
=

𝑦−1

3
=

𝑧

4
. 

Solution 

Here,  
𝑥 − 5

1
=

𝑦 − 1

3
=

𝑧

4
= 𝜆 

 𝑥 − 5 = 𝜆, 𝑦 − 1 = 3𝜆, 𝑧 = 4𝜆 

 (𝑥 − 5)𝑖 + (𝑦 − 1)𝑗 + 𝑧𝑘⃗ = 𝜆(𝑖 + 3𝑗 + 4𝑘⃗ ) 

 (𝑥 − 5)𝑖 + (𝑦 − 1)𝑗 + 𝑧𝑘⃗ = 𝜆𝑛⃗  

This line is parallel to the vector 𝑛⃗ = 𝑖 + 3𝑗 + 4𝑘⃗ . 
Now, the equation of plane through (2, 4, 5) and perpendicular to 𝑛⃗  is (𝑟 − 𝑎⃗ ). 𝑛⃗ = 0 

i.e.,  {(𝑥𝑖 + 𝑦𝑗 + 𝑧𝑘⃗ ) − (2𝑖 + 4𝑗 + 5𝑘⃗ )}. (𝑖 + 3𝑗 + 4𝑘⃗ ) = 0 

or, {(𝑥 − 2)𝑖 + (𝑦 − 4)𝑗 + (𝑧 − 5)𝑘⃗ }. (𝑖 + 3𝑗 + 4𝑘⃗ ) = 0 

or, 𝑥 + 3𝑦 + 4𝑧 = 34 
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Which is the required equation of the plane.  

 

 

 

Exercise for Reader 

1. Find the equation of the plane passing through the point A(0, 2,−1) and normal to the 

vector 𝑛⃗ = 3𝑖 − 2𝑗 − 𝑘⃗ . 
2. Find the equation of the plane passing through the point (2,−3, 5) and parallel to the plane 

𝑥 + 2𝑦 − 𝑧 = 5. 

3. Find the equation of the plane passing through the points (0, 0, 1), (2, 0, 0), and (0, 3, 0). 

4. Find the equation of the plane passing through the points (4, 1, 3) and perpendicular to the 

line 
𝑥−1

3
=

𝑦−2

4
=

𝑧

5
. 

 


