Lecture 18

Learning Objectives

At the end of this class, students should be able to:
— derive and use standard integrals
— evaluate the integral by partial fractions
— solve related problems

Integral of the form [ e*[f(x) + f'(x)]dx
[e*[f(x) + f'(x)]dx = e*f(x) + c, where f(x) is a differentiable function of x.
We have [ e*[f(x) + f'(x)]dx
= [ e*f(x)dx+[ e*f'(x)dx
= [ fO0e*dx+[ f'(x)e*dx
Applying the rule of Integrating by Parts to the integral [ f(x)e*dx, we get
=f(x)e* — [ f'(x)e*dx + [ f'(x)e*dx + ¢
= f(x)e* + ¢
Which is the right-hand side.

[lustration
Evaluate: [(5 + tan x + sec? x)e*dx
Solution
We have, [ e*[(5 + tan x) + sec? x]dx
Let f(x) =5+ tanx then f'(x) = sec?x
Thus, [ e*[(5 + tanx) + sec? x]dx = (5+tanx)e* +¢
[ [ e*[fG) + f'(x)]dx = e*f(x) +c]

Ilustration
Evaluate: [ e *(sin x cos x + cos x)dx
Solution
We have, [ eS"*(sin x cos x + cos x)dx
=[ eS"* cos x (sinx + 1)dx
Let sin x = t then cos x dx = dt
=[et(t+1)dt



Let f(t) =tthenf'(t) =1
Thus, [ef(t + 1)dt = tet + ¢ [ [e*[f(x) + f'(x)]dx = e*f(x) + c]

=sinx eS"* + ¢ [ sinx = t]

Integrals of [ Va? — x2 dx, [ Vx? — a2 dx, [Vx? + a? dx
We can use substitution techniques to evaluate above integrals. However, the method of integration
by parts is comparatively simpler and less time consuming.

2
a) [Var+atdx=>Vxr+a?+In[x+Va?+a?]+c
Let! = [Vx2 + a?dx

= [Vx% +a? (1)dx

=Vatalx - [ o x dx [ LV @) = 22 =
=xm—f\/% dx

=xVx? + a? - f—(x\/%a dx

=xVx? + a? — f\/xzi-l-azdx+a2f\/T
o, I =xVx2+a?—1+a’ln[x+Vx?+a?|+k ['.'f\/ﬁdlen[x+\/xzi+az]+c]
or, 21 =xVx? +a% + a’In[x + Vx? + a?| + k
o =§\/xz—-l-az+az—21n[x+\/xz—+az]+c

2
b) f\/xz—azdx=§\/x2—aZ—a—ln[x+\/x2—a2|+c
f\/az—xzdx— Va —x2+ “sin1% —+c

Integrals of the form [ Vax? + bx + ¢ dx

we express the quadratic expression ax? + bx + ¢ as the sum or difference of two squares.
Besides, we can also evaluate those integrals that can be reduced to this form.

Ilustration
Evaluate: [ V2x2 + 3x + 4 dx
Solution



Here, 2x?> +3x +4 = 2 x2+§x+2)
=2(?+2xixx+2-2+2)
4 16 16

2+ - ()]

Thus,

JV2x2+3x +4dx = ﬁf\/(x+z)2—(@)2 dx

= 2t ) (o) - () D) m{ler D e - (D) e

[ [ VAT =a? dx = EVx? = a? — Sln[x + Vx? = a2 + ]

2

_ «z[g (222) fetems 1, §ln{(x +2) 4 (4 2as 2)}] te

1 23 3 3
_1 2 _ 23 3 243
8(4x+3)\/2x +3x+4 4ﬁln (x+4)+ (x +2x+2) +c
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Integral of the form [(px + q)Vax? + bx + c dx
In this case, we find two constants A and B such that
px+q=A:—x(ax2+bx+c)+B
e, px+q=AQRax+b)+B
Now, by equating coefficients of x and the constants on both sides, we find the values of A and B.
Thus,
[(px + @)Vax? + bx + cdx = A [(2ax + b)Vax? + bx + c dx + B [Vax? + bx + c dx

Ilustration
Evaluate: [(x — 1)V5 — 4x — x% dx
Solution

Let x—1=A+(5—4x—2?) +B

ie,x—1=A(-4-2x)+B

Equating coefficients of x and the constants on both sides, we get
—24=1 = A=-1/2

and—4A+B=-1 =B=-3



Thus, [(x — 1)V5 — 4x — x2 dx :—éf(—4—2x)\/5—4x—x2dx—3f\/5—4x—x2dx
Substitute 5 — 4x — x? = t in the first integral. Then (—4x — 2x)dx = dt
= —~[tadt =3 [/37 — (x + 2)? dx
[+ 5—4x—x?=—-(x?+4x-5)=-(x*+2x2xx+4-9) = —{(x +2)* - 3%}]
1 2.3 (x+2) 32 . _q (x+2

_EXEtZ_S[T 32—(x+2)2+7sm1(7)]+c

[+ [V dx = VAT =7 + Ssin 24 (]

3

—§(5—4x—x2)5—§(x+2)\/5—4x—x2—%sin‘l(xgi)+c

Integration by Partial Fractions
A group of fractions connected by the signs addition and subtraction is reduced to a simpler form,
i.e., a single fraction whose denominator is L. C. M. of the given fractions. For example,
11 (x+2)—-(x+1) _ 1
x+1 x+2 (D) (x+2)  (x+1)(x+2)

The reverse process of separating a fraction into group of simple fractions is known as partial
fractions. Let us talk about various cases.

Case |

When the numerator is of lower degree than the denominator. Here two cases arise the linear
factors in the denominator may be a) repeated and b) non-repeated. When we have non-repeated
linear factors in the denominator, we write the given fraction in the following form and find the
values of A and B.

p(x) B A B
(ax + b)(cx +d)  (ax + b) + (cx+d)

7x

(x=1)(x-2)

7x

5 can be written as:
X“—3x+2

For example, the expression

which is equivalent to

7x

_x _ A, B
(x-1)(x-2) x-1  x-2
or, 7x = A(x —2) + B(x — 1).
To find A, put x = 1, we get,
7x(1)=A(1-2)+B(1-1), ie, A=-T.
Similarly, to find B, put x = 2, we get,
7x(2) =A(2-2) +B(2-1), i.e., B=14.



7x =7 14
(x-1)(x-2)  (x-1) (x-2)

When some linear factors of the denominator of the given fraction are repeated, then

p(x) _ A B C
(ax+b)(cx+d)? ~ (ax+b) = (cx+d) = (cx+d)?

Case Il
When one of the factors in the denominator is quadratic, then

p(x) _ A Bx+C
(ax+b)(cx%+dx+e)  (ax+b) (cx2+dx+e)

Case 111
When the quadratic factor in the denominator is repeated, then

p(x) _ A Bx+C Dx+E
(ax+b)(cx2+dx+e)?  (ax+b)  (cx2+dx+e) = (cx2+dx+e)?

Illustration
3x
Evaluate [ ————dx
Solution
Here, Denominator = x2 + 5x + 6 = (x + 2)(x + 3)
3x 3x

X245x+6  (x+2)(x+3)

3x A B
et ees w2 e
or 3x _ A(x+3)+B(x+2)
(x+2)(x+5)  (x+2)(x+3)

Equating both sides, we get

3x =A(x+3)+B(x +2)
Putting x =-3, we get-9 = -B, or B=09.
Again, putting x = -2, we get A = -6.

3x -6 9

(x+2)(x+5) T x+2  x+3

Now, [ 2 —dx =[ (- =+ ) dx = —6In(x +2) + 9In(x +3) + ¢

xX2+5x+6 x+2  x+3



Exercise for Reader

Evaluate the following integrals.
1. [e*(sinx + cosx)dx
2. [e*(cotx + In(sinx))dx

3. f % [Hint: multiply numerator and denominator by vx + 1 .

4. [V2x?+2x+5 dx

5 [V3xZ+4x+1 dx

6. [(x+3)V5—4x—x2% dx
7. [t

(x2+1)(x%2+3) X

8. | !

x[6(In x)2+7In x+2]




