Lecture 16

Learning Objectives

At the end of this class, students should be able to:
— derive and use standard integrals
— solve related problems

Trigonometric substitutions
o Ifthe integrand involves vVa? — x?2, then we can put x = acost or y =asint.
 Ifthe integrand involves va? + x2 or a? + x?2, then we can put x = atant.

« Ifthe integrand involves Vx?2 — a?, then we can put x = a sect.

The idea behind these substitutions is to get rid of the square root sign by using trigonometric
identities: 1 — cos?t = sin®t, 1 + tan®t = sec?® t and sec’ t — 1 = tan?t.
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d) f\/mdx—ln[x+\/x +a%] + ¢ = sinh (a)+c
Let us try to apply these standard results in the following illustrations.

Ilustration

d
Evaluate: [ ——

Solution

Here, 5+4x — x> = —(x?—-4x-5)
=—(x?-2%x2xx+4-9)
=—[(x-2)2-3%] =32—-(x—-2)

dx _ dx

S = e
= sin~t (X2
= Sin ( 3 ) +c

[llustration

i dx
Evaluate: [ TSI
Solution

Here, 2x2 + 3x + 4 = z(x 42 x+2)

Z(x +2X- ><x+%—%+2)

=2(e+2) - ()]
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Thus, f\/2x2+3x+4 B Ef 2

IHlustration

2cosx

X
V4-sin? x

Evaluate: [
Solution
Let sin x = ¢t then cos x dx = dt

2cosx _ dt
Thus, [ =——=dx =2[==

=2sin~! G) +c

=2sin7?! (%) +c

Integrals of the form [ ——2——dx and [ 21 —dx
vax2+bx+c ax?+bx+c

Here, the numerator is a linear polynomial and denominator is a quadratics polynomial. In this
case, we express the numerator in the form [A:—x(denominator) + B] where A and B are
constants.

ie., px+q=A:—x(ax2+bx+c)+B
or, px+q=A2ax+Db)+B
Now, by equating coefficients of x and the constants on both sides, we find the values of A and B.

px+q _ 2ax+b 1
Thes, [ o = A om0 + B o

and [P _gx =4[22 x4+ B[ —2

ax?+bx+c ax2+bx+c ax2+bx+c

Let us try to understand from the following illustration.

Ilustration

2x+5

Evaluate: f m X



Solution
Let2x +5=A~(2x? +2x +5) + B

ie,2x+5=A4x+2)+B
Equating coefficients of x and the constants on both sides, we get

44 = 2 =>A=1/2
and24+B =5 =>B=4
2X+5 _1 4x+2 4
Thes, | s = s P Y s

Substitute 2x% + 2x + 5 = t in the first integral. Then (4x + 2)dx = dt
lpa 1 4
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= V2xZ+2x + 5+ 2V2In (x+%)+ fx2+x+§ +c
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Integral of the form [ ——dx

In this case, we express the numerator in the form [A(denominator) + B:—x(denominator)]
where A and B are constants. Let us try to understand from the following illustration.

Ilustration

3e¥+7
4eX+5

Evaluate: [ dx

Solution

Let  3e* +7 = A(4e* +5) + B (4e* +5)
or, 3e* +7 = A(4e* +5) + B(4e¥)

Now, by equating coefficients of e* and the constants on both sides, we find A =7/5 and B = -
13/20.



3e*+7 7 r4e*+5 13 4e*
Thus, [=— =-[——dx—-=[—
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Integral of the form [ &3nx*bcos

csinx+d cosx

In this case, we express the numerator in the form [A(denominator) + B:—x(denominator)]
where A and B are constants. Let us try to understand from the following illustration.

IHlustration

3sinx+4
Evaluate: [ —————~

4 sin x+cos x

Solution
Let 3sinx+4cosx = A(4sinx + cosx) + B:—x(4sinx + cos x)

or, 3sinx + 4cosx = A(4sinx + cosx) + B(4cosx —sinx)

Now, by equating coefficients of sin x and cos x on both sides, we find
4A—B=3and A+ 4B =4

Solving above equations, we get A = 16/17 and B = 13/17.

Thus, [

3sinx+4cosx _ 16 (4sinx+cosx 13 4 cosx—sinx
4 sin x+cosx 17 ¥ 4sinx+cosx 17 ¥ 4sinx+cosx
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4 cos x—sinx
4 sin x+cos x

x+§ln(4sinx+cosx) +c

px+qx+r
ax2+bx+c

Integral of the form |

In this case, we express the numerator in the form [A (denominator) + B ;—x (denominator) + C]
where A, B and C are constants. Let us try to understand from the following illustration.

Ilustration

2x243x+4

Evaluate: fm

Solution

Let 2x2+3x+4=A(x2+6x+10)+B:—x(x2+6x+10)+C



or, 2x2 +3x+4=A(x*+6x+10) +B(2x+6)+ C

Now, by equating coefficients of x2,x and constant terms on both sides, we get
A=2, 6A+2B=3and10A+6B+C =4

Solving above equations, we get A=2,B =-9/2and C = 11.
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ThUS, fZJZC +3x+4 dx — fo2+6x+10 __f 2x+6 d + 11f dx
x“+6x+10 x“+6x+10 x2+6x+10 x2+6x+10
2x+6
—Zfdx——fx voxrio O +11f 3)2+1 dx

=2x —Eln(xz +6x+10)+11tan ' (x +3) + ¢

Exercise for Reader
Evaluate the following integrals.
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2 fT«xz—_

3 f cosx
' Vi-4sin? x

4. f6e +5 dx

4e*+7

5 f3sinx+2 cos x
' 2sinx+3cos x

6 f 3x242x45
' x2+4x+7




