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Lecture 16 

 

Learning Objectives 

At the end of this class, students should be able to: 

− derive and use standard integrals 

− solve related problems 

 

Trigonometric substitutions 

• If the integrand involves √𝑎2 − 𝑥2, then we can put 𝑥 = 𝑎 cos 𝑡 or 𝑦 = 𝑎 sin 𝑡. 

• If the integrand involves √𝑎2 + 𝑥2 or 𝑎2 + 𝑥2, then we can put 𝑥 = 𝑎 tan 𝑡. 

• If the integrand involves √𝑥2 − 𝑎2, then we can put 𝑥 = 𝑎 sec 𝑡. 

The idea behind these substitutions is to get rid of the square root sign by using trigonometric 

identities: 1 − cos2 𝑡 = sin2 𝑡, 1 + tan2 𝑡 = sec2 𝑡 and sec2 𝑡 − 1 = tan2 𝑡.  

 

a) ∫
𝟏

√𝒂𝟐−𝒙𝟐
𝒅𝒙 = 𝐬𝐢𝐧−𝟏 (

𝒙

𝒂
) + 𝒄 

Let 𝑥 = 𝑎 sin 𝑡 then 𝑑𝑥 = 𝑎 cos 𝑡  𝑑𝑡 

Thus, ∫
1

√𝑎2−𝑥2
𝑑𝑥 = ∫

1

√𝑎2−𝑎2 sin2 𝑡
× 𝑎 cos 𝑡  𝑑𝑡 

   = ∫
𝑎 cos 𝑡

𝑎 cos 𝑡
𝑑𝑡 

   = ∫ 𝑑𝑡 

   = 𝑡 + 𝑐 

   = sin−1 (
𝑥

𝑎
) + 𝑐   [⸪ 𝑥 = 𝑎 sin 𝑡] 

 

b) ∫
𝟏

𝒙√𝒙𝟐−𝒂𝟐
𝒅𝒙 =

𝟏

𝒂
𝐬𝐞𝐜−𝟏 (

𝒙

𝒂
) + 𝒄 

Let 𝑥 = 𝑎 sec 𝑡  then 𝑑𝑥 = 𝑎 sec 𝑡 tan 𝑡 𝑑𝑡 

Thus, ∫
1

𝑥√𝑥2−𝑎2
𝑑𝑥 = ∫

1

𝑎 sec 𝑡 √𝑎2 sec2 𝑡−𝑎2
× 𝑎 sec 𝑡 tan 𝑡 𝑑𝑡 

   = 
1

𝑎
∫ 𝑑𝑡 

   = 
1

𝑎
𝑡 + 𝑐 

   = 
1

𝑎
sec−1 (

𝑥

𝑎
) + 𝑐 
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c) ∫
𝟏

√𝒙𝟐−𝒂𝟐
𝒅𝒙 = 𝐥𝐧|𝒙 + √𝒙𝟐 − 𝒂𝟐| + 𝒄 = 𝐜𝐨𝐬𝐡−𝟏 (

𝒙

𝒂
) + 𝒄 

Let 𝑥 = 𝑎 sec 𝑡  then 𝑑𝑥 = 𝑎 sec 𝑡 tan 𝑡 𝑑𝑡 

Thus, ∫
1

√𝑥2−𝑎2
𝑑𝑥 = ∫

1

√𝑎2 sec2 𝑡−𝑎2
× 𝑎 sec 𝑡 tan 𝑡 𝑑𝑡 

   = ∫ sec 𝑡 𝑑𝑡 

   = ln|sec 𝑡 + tan 𝑡| + 𝑘 

   = ln |
𝑥

𝑎
+

√𝑥2−𝑎2

𝑎
| + 𝑘 

   = ln|𝑥 + √𝑥2 − 𝑎2| − ln 𝑎 + 𝑘 

   = ln|𝑥 + √𝑥2 − 𝑎2| + 𝑐 

 

d) ∫
𝟏

√𝒙𝟐+𝒂𝟐
𝒅𝒙 = 𝐥𝐧[𝒙 + √𝒙𝟐 + 𝒂𝟐] + 𝒄 = 𝐬𝐢𝐧𝐡−𝟏 (

𝒙

𝒂
) + 𝒄 

 

Let us try to apply these standard results in the following illustrations. 

 

Illustration 

Evaluate: ∫
 𝑑𝑥

√5+4𝑥−𝑥2
  

Solution 

Here,  5 + 4𝑥 − 𝑥2       =  −(𝑥2 − 4𝑥 − 5) 

   = −(𝑥2 − 2 × 2 × 𝑥 + 4 − 9) 

   = −[(𝑥 − 2)2 − 32]   = 32 − (𝑥 − 2)2  

Thus, ∫
 𝑑𝑥

√5+4𝑥−𝑥2
 = ∫

 𝑑𝑥

√32−(𝑥−2)2
 

   = sin−1 (
𝑥−2

3
) + 𝑐 

 

Illustration 

Evaluate: ∫
 𝑑𝑥

√2𝑥2+3𝑥+4
  

Solution 

Here,  2𝑥2 + 3𝑥 + 4 =  2 (𝑥2 +
3

2
𝑥 + 2) 

   = 2 (𝑥2 + 2 ×
3

4
× 𝑥 +

9

16
−

9

16
+ 2) 

   = 2 [(𝑥 +
3

4
)

2

− (
√23

2
)

2

]   
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Thus, ∫
 𝑑𝑥

√2𝑥2+3𝑥+4
  = 

1

√2
∫

 𝑑𝑥

√(𝑥+
3

4
)

2
−(

√23

2
)

2
 

   = 
1

√2
ln |(𝑥 +

3

4
) + √(𝑥 +

3

4
)

2

− (
√23

2
)

2

| + 𝑐 

   = 
1

√2
ln |(𝑥 +

3

4
) + √𝑥2 +

3

2
𝑥 + 2| + 𝑐 

 

Illustration 

Evaluate: ∫
 2 cos 𝑥

√4−sin2 𝑥
𝑑𝑥  

Solution 

Let sin 𝑥 = 𝑡 then cos 𝑥 𝑑𝑥 = 𝑑𝑡 

Thus, ∫
 2 cos 𝑥

√4−sin2 𝑥
𝑑𝑥 = 2 ∫

 𝑑𝑡

√22−𝑡2
 

   = 2 sin−1 (
𝑡

2
) + 𝑐 

   = 2 sin−1 (
sin 𝑥

2
) + 𝑐 

 

Integrals of the form ∫
𝒑𝒙+𝒒

√𝒂𝒙𝟐+𝒃𝒙+𝒄
𝒅𝒙 and ∫

𝒑𝒙+𝒒

𝒂𝒙𝟐+𝒃𝒙+𝒄
𝒅𝒙 

Here, the numerator is a linear polynomial and denominator is a quadratics polynomial. In this 

case, we express the numerator in the form [𝐴
𝑑

𝑑𝑥
(denominator) + 𝐵] where A and B are 

constants.  

i.e.,  𝑝𝑥 + 𝑞 = 𝐴
𝑑

𝑑𝑥
(𝑎𝑥2 + 𝑏𝑥 + 𝑐) + 𝐵 

or, 𝑝𝑥 + 𝑞 = 𝐴(2𝑎𝑥 + 𝑏) + 𝐵 

Now, by equating coefficients of x and the constants on both sides, we find the values of A and B.  

Thus, ∫
𝑝𝑥+𝑞

√𝑎𝑥2+𝑏𝑥+𝑐
𝑑𝑥 = 𝐴 ∫

2𝑎𝑥+𝑏

√𝑎𝑥2+𝑏𝑥+𝑐
𝑑𝑥 + 𝐵 ∫

1

√𝑎𝑥2+𝑏𝑥+𝑐
𝑑𝑥 

and ∫
𝑝𝑥+𝑞

𝑎𝑥2+𝑏𝑥+𝑐
𝑑𝑥 = 𝐴 ∫

2𝑎𝑥+𝑏

𝑎𝑥2+𝑏𝑥+𝑐
𝑑𝑥 + 𝐵 ∫

1

𝑎𝑥2+𝑏𝑥+𝑐
𝑑𝑥 

 

Let us try to understand from the following illustration.  

 

 

Illustration 

Evaluate: ∫
 2𝑥+5

√2𝑥2+2𝑥+5
𝑑𝑥  
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Solution 

Let 2𝑥 + 5 = 𝐴
𝑑

𝑑𝑥
(2𝑥2 + 2𝑥 + 5) + 𝐵  

i.e., 2𝑥 + 5 = 𝐴(4𝑥 + 2) + 𝐵  

Equating coefficients of x and the constants on both sides, we get 

 4𝐴 = 2   𝐴 = 1/2 

and 2𝐴 + 𝐵 = 5  𝐵 = 4 

Thus, ∫
 2𝑥+5

√2𝑥2+2𝑥+5
𝑑𝑥 = 

1

2
∫

 4𝑥+2

√2𝑥2+2𝑥+5
𝑑𝑥 + ∫

4

√2𝑥2+2𝑥+5
𝑑𝑥  

Substitute 2𝑥2 + 2𝑥 + 5 = 𝑡 in the first integral. Then (4𝑥 + 2)𝑑𝑥 = 𝑑𝑡 

  = 
1

2
∫

 𝑑𝑡

𝑡1/2 +
1

√2
∫

4

√(𝑥+
1

2
)

2
+(

3

2
)

2
𝑑𝑥 

[⸪  2𝑥2 + 2𝑥 + 5 = 2 (𝑥2 + 𝑥 +
5

2
) = 2 (𝑥2 + 2 ×

1

2
× 𝑥 +

1

4
−

1

4
+

5

2
)  

=  2 {(𝑥 +
1

2
)

2

+ (
3

2
)

2

}] 

  =  
1

2
∫ 𝑡−1/2𝑑𝑡 +

4

√2
ln [(𝑥 +

1

2
) + √(𝑥 +

1

2
)

2

+ (
3

2
)

2

] 

  =  
1

2
[

𝑡1/2

1/2
] +

4

√2
ln [(𝑥 +

1

2
) + √𝑥2 + 𝑥 +

5

2
] + 𝑐 

  =  √2𝑥2 + 2𝑥 + 5 + 2√2 ln [(𝑥 +
1

2
) + √𝑥2 + 𝑥 +

5

2
] + 𝑐 

 

Integral of the form ∫
𝒂𝒆𝒙+𝒃

𝒄𝒆𝒙+𝒅
𝒅𝒙  

In this case, we express the numerator in the form [𝐴(denominator) + 𝐵
𝑑

𝑑𝑥
(denominator)] 

where A and B are constants. Let us try to understand from the following illustration. 

 

Illustration 

Evaluate: ∫
3𝑒𝑥+7

4𝑒𝑥+5
 𝑑𝑥  

Solution 

Let 3𝑒𝑥 + 7 = 𝐴(4𝑒𝑥 + 5) + 𝐵
𝑑

𝑑𝑥
(4𝑒𝑥 + 5)  

or, 3𝑒𝑥 + 7 = 𝐴(4𝑒𝑥 + 5) + 𝐵(4𝑒𝑥) 

Now, by equating coefficients of 𝑒𝑥 and the constants on both sides, we find A = 7/5 and B = -

13/20.  
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Thus, ∫
3𝑒𝑥+7

4𝑒𝑥+5
 𝑑𝑥  = 

7

5
∫

4𝑒𝑥+5

4𝑒𝑥+5
 𝑑𝑥 −

13

20
∫

4𝑒𝑥

4𝑒𝑥+5
 𝑑𝑥 

   = 
7

5
∫  𝑑𝑥 −

13

20
∫

4𝑒𝑥

4𝑒𝑥+5
 𝑑𝑥 

   = 
7

5
𝑥 −

13

20
ln(4𝑒𝑥 + 5) + 𝑐 

 

Integral of the form ∫
𝒂 𝐬𝐢𝐧 𝒙+𝒃 𝐜𝐨𝐬 𝒙

𝒄 𝐬𝐢𝐧 𝒙+𝒅 𝐜𝐨𝐬 𝒙
𝒅𝒙  

In this case, we express the numerator in the form [𝐴(denominator) + 𝐵
𝑑

𝑑𝑥
(denominator)] 

where A and B are constants. Let us try to understand from the following illustration. 

 

Illustration 

Evaluate: ∫
3 sin 𝑥+4 cos 𝑥

4 sin 𝑥+cos 𝑥
 𝑑𝑥  

Solution 

Let 3 sin 𝑥 + 4 cos 𝑥 = 𝐴(4 sin 𝑥 + cos 𝑥) + 𝐵
𝑑

𝑑𝑥
(4 sin 𝑥 + cos 𝑥)  

or, 3 sin 𝑥 + 4 cos 𝑥 = 𝐴(4 sin 𝑥 + cos 𝑥) + 𝐵(4 cos 𝑥 − sin 𝑥)  

Now, by equating coefficients of sin 𝑥 and cos 𝑥 on both sides, we find  

4𝐴 − 𝐵 = 3 and 𝐴 + 4𝐵 = 4 

Solving above equations, we get A = 16/17 and B = 13/17.  

Thus, ∫
3 sin 𝑥+4 cos 𝑥

4 sin 𝑥+cos 𝑥
 𝑑𝑥  = 

16

17
∫

4 sin 𝑥+cos 𝑥

4 sin 𝑥+cos 𝑥
 𝑑𝑥 +

13

17
∫

4 cos 𝑥−sin 𝑥

4 sin 𝑥+cos 𝑥
  𝑑𝑥 

    = 
16

17
∫  𝑑𝑥 +

13

17
∫

4 cos 𝑥−sin 𝑥

4 sin 𝑥+cos 𝑥
  𝑑𝑥   

    = 
16

17
𝑥 +

13

17
ln(4 sin 𝑥 + cos 𝑥) + 𝑐   

 

Integral of the form ∫
𝒑𝒙𝟐+𝒒𝒙+𝒓

𝒂𝒙𝟐+𝒃𝒙+𝒄
𝒅𝒙  

In this case, we express the numerator in the form [𝐴(denominator) + 𝐵
𝑑

𝑑𝑥
(denominator) + 𝐶] 

where A, B and C are constants. Let us try to understand from the following illustration. 

 

Illustration 

Evaluate: ∫
2𝑥2+3𝑥+4

𝑥2+6𝑥+10
𝑑𝑥  

Solution 

Let 2𝑥2 + 3𝑥 + 4 = 𝐴(𝑥2 + 6𝑥 + 10) + 𝐵
𝑑

𝑑𝑥
(𝑥2 + 6𝑥 + 10) + 𝐶  
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or, 2𝑥2 + 3𝑥 + 4 = 𝐴(𝑥2 + 6𝑥 + 10) + 𝐵(2𝑥 + 6) + 𝐶   

Now, by equating coefficients of 𝑥2, 𝑥  and constant terms on both sides, we get 

 𝐴 = 2, 6𝐴 + 2𝐵 = 3 and 10𝐴 + 6𝐵 + 𝐶 = 4 

Solving above equations, we get A = 2, B = -9/2 and C = 11.  

Thus, ∫
2𝑥2+3𝑥+4

𝑥2+6𝑥+10
 𝑑𝑥  = 2 ∫

𝑥2+6𝑥+10

𝑥2+6𝑥+10
 𝑑𝑥 −

9

2
∫

2𝑥+6

𝑥2+6𝑥+10
 𝑑𝑥 + 11 ∫

1

𝑥2+6𝑥+10
 𝑑𝑥 

    = 2 ∫  𝑑𝑥 −
9

2
∫

2𝑥+6

𝑥2+6𝑥+10
 𝑑𝑥 + 11 ∫

1

(𝑥+3)2+1
 𝑑𝑥 

    = 2𝑥 −
9

2
ln(𝑥2 + 6𝑥 + 10) + 11 tan−1(𝑥 + 3) + 𝑐 

 

 

Exercise for Reader 

Evaluate the following integrals. 

1. ∫
𝑑𝑥

√2𝑥−𝑥2
 

2. ∫
𝑑𝑥

𝑥√3𝑥2−2
     

3. ∫
 cos 𝑥

√1−4 sin2 𝑥
𝑑𝑥 

4. ∫
6𝑒𝑥+5

4𝑒𝑥+7
 𝑑𝑥 

5. ∫
3 sin 𝑥+2 cos 𝑥

2 sin 𝑥+3 cos 𝑥
 𝑑𝑥 

6. ∫
3𝑥2+2𝑥+5

𝑥2+4𝑥+7
 𝑑𝑥 

 


