Lecture 13

Learning Objectives

At the end of this class, students should be able to:
— understand the concept of indefinite integral
— use integration rules
— solve related problems

Integration

The reverse process of differentiation is known as integration. We use the symbol [ f(x) dx to
represent the integration of £ (x). We write [ f(x) dx = F(x) + ¢ if F'(x) = f(x). This integral
is called indefinite integral because it involves a constant c that can take on any value. The symbol
[ is called an integral sign and the function f(x) is called the integrand. The symbol dx indicates
that the integration is performed with respect to the variable x. The letter c is called the constant
of integration.

These features are displayed in the following diagram for the indefinite integral of f(x) = 3x2:

integrand

— constant of mtegration

+ .

jin‘zdx' = 4+C
T 7

mtegral symbol— ——variable of mfegration

Note: While finding integral, if F'(x) = f(x), then the integration [ f(x)dx = F(x) + ¢ is
correct, but if F'(x) is anything other than f(x), we must have committed a mistake.

Rules for Integrating Common Functions

1. The constant rule: [ k dx = kx + ¢ for constant k
n+1
2. The power rule: [x"dx = ’;T +cforalln# -1

3. The logarithmic rule: f%dx =lIn|x|+cforallx #0

4. The exponential rule: [ e** dx = % + ¢ for constant k # 0
5. [sinmxdx = —%cosmx+c

6. [cosmxdx = %sinmx+c

7. fseczmxdxzitanmx+c

1
8. [cosec?mxdx = ——cotmx + ¢



1
9. [secmxtanmxdx = —secmx + ¢
1
10. [ cosecmx cotmx dx = ——cosecmx + ¢

11. fﬁdx =sin"'x+c

1
1+x

12, [

~dx =tan"'x + ¢

13. fT/lz—qu =sec 'x+c

14. [ sinhx dx = coshx + ¢

15. [ coshx dx = sinhx + ¢

16. [ sech? x dx = tanhx + ¢

17. [ cosech? x dx = —cothx + ¢

18. [ cosech x cothx dx = — cosech x + ¢

19. [ sechx tanhx dx = —sechx + ¢

Ilustration

Evaluate the following integrals:

a) dex

b) [ 3x*dx

Solution

a) [5dx=5x+c Check: - (5x +¢) = 5

b) [ 3x*dx = §x5 +c Check: :—x(gxs +¢) = 3x*

Properties of Integration
1. A constant factor can be moved to the front of an indefinite integral:

JTk . fCOldx = k [ f(x)dx

2. The integral of a sum or a difference is the sum or the difference of the integral:

JTIf ) £ g0l dx = [ f(x)dx + [ g(x)dx

[lustration
Evaluate the following integrals:

a) [(x*3 —3x72/3 + 6)dx

b) f(i—i+%)dx

2x  x2



c) f(3e“+§+ln2)du
Solution
a) J(x¥3 =3x723 +6)dx = [x3dx—3[x7?3dx+6 [dx

=3x4/3 —9x13 +6x+c
b) f(i—%+%)dx =%f§dx—2fx‘2dx+3fx‘1/2dx

=2lnx ———x"14+6x2 4 ¢
2 -1)

=llnx+2+6x2+c
2 X
c) f(3eu+§+ln2)du :3fe”du+6f%du+ln2fdu
=3e*+6lnu+uln2+c

Integration Using Trigonometric Identities
When the integrand involves trigonometric functions, it is sometimes possible to convert the
integrand into a standard form, by applying algebraic operations and/or trigonometric identities.

Ilustration
Evaluate [ ———— dx
1+sinx
Solution
sin x 1-sinx

Here, [———dx =
1+sinx

1+sinx 1-sinx
sin x—sin? x
1-sin? x

sin x—sin? x

dx

cos? x

sin x sin?

x]
cos?x  cos?x

sec x.tan x — tan? x]dx

—

secx.tanx —sec? x + 1]dx

1
L N T e
1

secx.tanx dx — [ sec?xdx + [ dx

=secx —tanx+x+c¢

[lustration
Evaluate the following integrals:

dx
a) f 1—cos2x
b) [ sin? x cos? x dx



Solution

dx _ dx
a) fl—cos 2x B f 1-(1-2sin? x)
- f dx
2sin? x
= %fcosec2 x dx
1
= —E cotx +c¢
b) [sin?xcos?xdx = if(sin 2x)%dx

:if sin? 2x dx

=if%(1 — cos4x)dx [ sin? x = %(1 — Cos Zx)]
=§(x—isin4x)+c

The following table provides few examples of trigonometric functions that they can be converted
into standard form(s) by using simple algebraic operations and trigopnometric identities.

Given Trigonometric Operations Involved in Converting the
5. No. Functionis) Functioni(s) to the Standard Form
51N X | sinx
l. . = . =secx-tan x
cost x COSX  COSX
COs X | COs X
2 . = — . — = Ccosec x- cotx
sin” X SINY SN X
| | | — sinx | — sin x
3. | +sinx |l +sinx |- sinx cos x
=secix —secx-tanx
| | + sinx 2
4. —_— =————=35eC x+secx-tanx
| —sinx CO8™ X
| | | —cosx | —cos x
5 | +cosx | +cosx | —cosx sin” x
= COSEC™ X — COSeC X -cotx
| | 4+ cos x 3
6. —_— =—————=co0sec” x + cosec x - cot x
| —cosx sin- x
[llustration

Evaluate: [ sin 3x cos 4x dx



Solution

1

Here, [sin3xcos4xdx = [2sin3x cos4xdx

= %f[Sin(Bx + 4x) + sin(3x — 4x)]dx
[- 2sin AcosB = sin(4 + B) + sin(4 — B)]
= %f(sin 7x — sin x)dx

:%fsin7xdx—%fsinxdx

_1 (— cos 7x
7

5 +COSX)+C

Exercise for Reader
Evaluate the following integrals.
a) [23dx
b) [ x'/% dx
c) [x~*5dx
d) [(2 — 4x + 7x? — x%)dx

e) faxz-;bx+cdx
2
ff(Ve+) dx

g) fe2x+ex+1 dx

eX

h) f Cos x dx

1+cosx

i) [ sin5xcos3x dx

J) f cosS 2x dx

sinZx cos2x



