General Relativity

Mechanics in Special Relativity

Let us now explain how classical mechanics can be reformulated in the context
of Special Relativity. The trajectory that any point-like object follows in the
course of time forms a curve in the spacetime M, which is called a world line.
We begin this section by considering curves in M.

Let I = (a,b) C R be an open interval and consider a (parameterised)
curve & : I — M. We choose some inertial coordinate system z* to make an
identification X : M — R*, so that X (£(s)) = Ei=n £#(s)e, with coordinates
&H .= z* o £. We also assume that the £* are C' (continuously differentiable)
and we denote the derivatives w.r.t. the parameter s € I by a dot, e.g. é”(s).
We will also write £(s) := Zi=n ¢#(s)e,. Curves are a natural way to model
the trajectories of particles or other physical objects.

We may distinguish several kinds of curves, which have a definite causal
character and time orientation:

Definition 6.1 A C! curve £ : I — M is called space-like, resp. light-like,
resp. time-like, resp. causal, when for all s € I, r;r(f;'[ ),€(s)) = 0, resp.
n(E(s).€(5)) = 0. resp. n(é(s),€(s)) <0, resp. n(£(s). £(s)) < 0.

A causaf C' curve £ is future, resp. past directed when for all s € I,
£9(s) > 0, resp. £%(s) < 0.

Now consider a C'!' bijection s : I' — I with a C! inverse, where I’ =
(a',b"). We call the curve & : I' — M defined by £'(s') = £(s(s')) a
reparametrisation of £&. The image of £ coincides with the image of £&. The
speed with which this image is traced out may differ, but the velocity vectors

are always parallel: , ,
§H(s") = £"(s(s"))Bws(s).

We say that £’ has the same direction as £ when s : I' — [ preserves the
orientation, i.e. when s(a’) < s(b'). Otherwise we say that £ has the opposite
direction as £.

Exercise 6.2 Show that the causal character (space-like, light-like, time-like
or causal) of a C' curve is independent of the choice of the parametrisa-
tion. Show that the time-orientation of a causal curve is preserved when the
reparametrisation preserves the direction of the curves.

Exercise 6.3 All curves in this exercise are assumed to have C' coordinates:
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1. Find a curve which is neither space-like nor causal.

2. Find a spacelike curve & : (—=2,2) such that (1) lies to the future of
&(=1).

3. Find a causal curve which is neither light-like not time-like.

4. Find a causal curve which is neither future nor past directed.

Show that every time-like curve is either future or past directed.

o

In analogy to the length of a curve in Euclidean geometry, we can define
the arc length of a space-like C! curve by:

I(€) = f Vnlé(s), £(s))ds

For a causal C! curve we similarly define the proper time to be

T(€) := %/j\/—n(ﬁ(e)ﬁ(g)}d@

Using the arc length and proper time we may find preferred parametrisations
for all causal and space-like C'! curves:

Definition 6.4 A C' space-like curve is parameterised by arc-length when

(€€ =1 o
A C! time-like curve is parameterised by proper time when n(£, §) = —c2.

Theorem 6.5 A space-like curve & can always be parameterised by arc-
length, without changing its direction. A time-like curve £ can always be pa-
rameterised by proper time, without changing its direction (or time-orientation ).
These parametrisations are independent of the choice of inertial coordinates
(up to a choice of units).

Proof:  In the space-like case we may choose s'(s) such that d,s'(s) =

1(£(s),€(s)) and in the time-like case such that 9,s'(s) = l\/ n(£(s),£(s)).

L -
In this way we find orientation preserving changes of parameter and it is
straight-forward to check that they implement the desired conditions. Inde-
pendence of the choice of inertial coordinates follows from the independence

of the spacetime interval (up to a choice of units). 0
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Exercise 6.6 Show that the arc length and proper time are independent of
the choice of coordinates x* and of the parametrisation of £&. This shows
that the parametrisations by arc length or proper time are independent of the
choice of inertial coordinates.

When a future directed time-like curve £(7) is parameterised by proper
time, we may define its velocity and acceleration as:

) = Y (e

p=0
3

Er) = D E(r)e

p=(0

The expressions on the left are independent of the choice of inertial coordi-
nates, if we let a change of coordinates also affect the basis e,. By the (rest)
mass mg of a particle we mean the mass that it has in an inertial coordinate
system where it is at rest, i.e. a frame where it maintains a fixed position
in space, so that it follows the trajectory 7 v (er,xg) for some fixed x;.
When such a particle traverses a general, future directed, time-like curve &,
we define its energy-momentum vector to be

PH(1) = mo€¥(r), (8)

where 7 is the proper time of the curve. In Special Relativity, Newton’s first
law then takes the form
FE(1) = a,P*(7) (9)

Let us now fix any choice of inertial coordinates and express the formulae
above in terms of the coordinate time z", rather than the proper time 7.
If a curve is time-like, then £°(s) # 0 for all s € I and (after reversing the
orientation of the parameter, if necessary) we may assume that E.”(s} > (). We
may then introduce a new parameter ¢, defined by #(s) := ¢™* _f:] f“ for some
so € I. (The map s+ t(s) will be an orientation preserving diffeomorphism
on I, because £” > 0.) The new parametrisation leads to

£'(s) = 0£"(t(s)) = €°(1)i(s)

and hence f’“(t) = ¢. This means that, after changing parametrisation, we
may assume that £%(t) = et and £-(t) = (et, x(t)).
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The parameter derivative is now the same as the time derivative w.r.t.

the inertial time coordinate t = ¢ 2%

g(t) = (e, x(t)) =2 (c, v(1)).

The formula above then shows that (in an arbitrary choice of inertial coordi-
nates) the speed of the time-like curve satisfies ||v(t)|| < ¢. This shows that
time-like, future pointing curves model the trajectories of massive particles
(also in the presence of forces). When £ is a light-like curve (but cf # 0)
we find in a similar way that ||v(t)|| = ¢, which models the trajectory of a
massless particle or light ray. Similarly, space-like curves may have speeds
|lv(t)|]| > ¢, or even infinite speeds. Such curves do not model any known
matter in the universe. Hypothetical particles that move faster than light
are called tachyons.

A comparison of the parametrisation £#(¢) with the parametrisation by
proper time vields:

E(r) = Bt(r)Er(t(r)) = 7(7) (e v(t(r))).
at(r) = (1) = (1= c2|v(t()]*) 1,

where the second line follows from the normalisation ¢ = —n(&#(7), £4(1)).
It follows that

P*(r) = moy(1)€"(t(7)) = moy(7) (e, v(t(7))) =: (7' E(t(7)), P(t(7))),

so that spatial components of the energy-momentum vector P*(7) in the
given inertial frame take the form P(t) = m(t)v(t), where the apparent (or
inertial) mass in this coordinate frame is m(t) = ~(7(t))mg. (Note that a
high velocity implies a high apparent mass.) The energy in the given inertial
frame satisfies
2
E(t) = v(7(t))moc® = moc® + —mn”‘;(t)” + ...

where we made a Taylor expansion in ¢7!||v||. From this we see that the
total energy in the given coordinate frame consists not only of the kinetic
energy, but also a contribution from the rest mass mgc? and higher order
corrections. Note that the total energy is frame dependent: in the rest frame
of the particle, only the first term remains.
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Taking a further derivative we find

Fi(r) = 0.P!(1) =7(7) (cT'QE(t()),0P(t()))
= 7(r) (cTaE(t(r)),F(t(r))) .

where F(t) = 9,P(t) corresponds to the force appearing in Newton's second
law (with a time-dependent mass m(t)) in the given inertial frame.

Observer Dependence and Paradoxes

To conclude we present some examples of effects in Special Relativity which
are counter-intuitive and whose resolution relies on the fact that some of the
quantities used are defined in a coordinate dependent way.

Throughout this section we will consider two sets of inertial coordinates.
# and 2™, related by a boost in the z!-direction with relative speed v.

Length Contraction In the coordinate system z* we may use z° to mea-
sure time and x to measure distances and we consider a plank of length
[ > 0, whose endpoints at 2° = s are located at (5,0,0,0) and (s,1,0,0),
respectively, so the plank is at rest. In the coordinates z'*, the left and
right endpoints are located at (s cosh(f), —ssinh(#),0,0) and (scosh(#) —
Isinh(#), ! cosh(#) — ssinh(#),0,0), respectively, where # is the rapidity of
the boost.

If we now use 2" to measure time and x’ to measure distances, then we
can find the endpoints of the plank at a fixed time z/® = s’ as follows. For
the left endpoint we set §' = scosh(#), which leads to

(scosh(f), —ssinh(#),0,0) = (s', —s" tanh(#),0,0).

For the right endpoint we set ' = scosh(f) — [ sinh(#), which leads to s =

s’ cosh(#)™! 4 I tanh(#) and hence

(s cosh(f) — Isinh(f), [ cosh(#) — ssinh(8),0,0)
= (s, 1cosh(f)~' = s’ tanh(8),0,0).

In the primed coordinate system, the plank moves with a constant speed
v = ctanh(#) in the negative 2'*-direction, as expected, but the length of the
plank is

I'=lcosh(0) =17 <L (10)
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This illustrates that length is a coordinate dependent notion. The plank is
longest in the inertial coordinates in which it is at rest. The effect that in a
boosted inertial frame all lengths in the direction of the boost are reduced,
is called length contraction.* (Note that this effect is mutual: a plank which
is at rest in the frame z'* will also appear contracted in the frame z#*.)

I[]
2’0
B JJJ I.l'l
@ .
AT
- Q@ L1

¢ = arctan 3

Remark 7.1 In many ways length contractions by boosts are very similar
to the following situation: when the plank of length I, which lies along the
rl-azis, is rotated along the x*-axis, say. then its projection onto the z'-azis
will have a contracted length.

Time Dilation Consider an observer O who is at rest in the " coordinate
system and located at x = 0, so his world line is ¢ + (¢t,0,0,0) and who
carries a clock that measure the (proper) time ¢ = ¢~ 2% We will use the
fact that O can determine the coordinates x#* of any event using operational

4Before Einstein proposed Special Relativity, Lorentz and Fitzgerald had already pro-
posed that objects undergo a length contraction in their direction of motion. However,
their interpretation was rather different: They assumed the existence of absolute time and
space and, in addition, that a particular classical inertial frame can be singled out by the
existence of a substance called ether, which pervades all space and is static in this frame.
Length contractions were argued to be a physical process, caused by the motion w.r.t.
the ether, and the underlying mechanisms were sought in electromagnetism. A consistent
treatment of this idea leads to a theory which makes exactly the same predictions as Spe-
cial Relativity, but which has a number of superfluous concepts that have no operational
meaning: ether, absolute time and absolute space.
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procedures (involving sending light rays), so he may use z°

coordinate.

Now we consider a similar observer ()’ in the z'* coordinate system, so
that each observer sees the other one moving away with a speed v. Let
A = (cty,0,0,0) and B = (ety,0,0,0) be two events in the coordinates z*,
which differ by a time interval (t; — t;) according to O. We may express
these events in the coordinate frame z'* as

A = (cty cosh(@), —ct, sinh(#), 0,0), B = (cty cosh(8), —cty sinh(6),0,0)

as a global time

in the primed coordinate system. According to (0, the two events are there-
fore separated by a time interval

T" = cosh(0)(ty — t,) =T, (11)

where T' = t5 — t;. According to O', more time has elapsed between the two
events, so O’s clock is slow. In a similar way, O will find that the clock that
' uses is slow!

This effect is called time dilation. The fact that both observers find the
other observer’s clock to be slow violates the intuition that one clock must be
faster than the other. However, this intuition is based on the false assumption
that there exists an absolute time (and that both clocks run at a fixed rate
compared with absolute time).

Exercise 7.2 Consider an observer O, who starts running at event A =
(0,0,0,0) along a curve of the form

x(t) := (ct, 1 — cos(wt), sin(wt), 0).
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For what values of w is this curve time-like? For what values of w is O
also present at the event B = (cty,0,0,0)7 What is the proper length of this
curve between A and BY For what values of w is this proper time less than
half of the proper time t, along the straight line t — (ct,0,0,0)? How fast
must ' run to age only half as fast?

The Twin Paradox Consider the same Observer O in the coordinate
system r#* and an observer O traveling through A = (¢t;,0,0,0) to B =
(cty,0,0,0) via any C! time-like and future pointing curve £ : I — M. Then
the following holds:

Theorem 7.3 Let 7¢(A, B) be the proper time interval between A and B
along §. Then 7¢(A, B) < (t2 — t1), with equality if and only if the (proper)
velocity satisfies £* = (¢,0,0,0) between A and B.

Proof: Because £ is time-like and future pointing we have {“(9) > () for all
s € I, so we may change the parametrisation such that ¢t = ¢~ !'2" becomes
the new parameter and £#(t) = (ct,x(t)). The proper time interval between
A and B is then

(A, B) = c“f: Ve —|x(t)|2dt

t
1
t

2
E C_l f CcC = (tg - tl).,
ty

which proves the estimate. Note that we have equality if and only if x = 0,
which means that £* = (¢,0,0,0). In that case t is the proper time coordinate
along £ and we have £#(t) = (ct,0,0,0), so £ does indeed go from A to B. O

Theorem 7.3 is completely analogous to the familiar result in Euclidean space
that two points A and B can be connected by curves of different lengths,
and there is a unique shortest curve. However, in the present context, the
interpretation of the theorem is that the observer O, who followed the linear
curve, has aged more than the observer (J', who followed the curve &. This
exhibits a violation of the idea of absolute time. The effect is most striking
when O’ first travels away from O at a constant speed and then turns around
to return. £ is then also a linear curve most of the way, so in view of time
dilation, which is symmetric, it is then paradoxical that both observers agree
on the fact that O has aged more than O’.
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The resolution of the paradox lies in the fact that we cannot (in general)
choose an inertial frame in which O’ is at rest all the way, so there is no
symmetry between O and (O'. We will see in Section 9.5 that the essential
aspect of Theorem 7.3 is that the linear curve that O follows is a geodesic,
whereas £ is not, in general. (Using this idea one may reformulate Theorem
7.3 in a way that is independent of the choice of inertial coordinates: all that
matters is that O follows the linear curve between A and B in any inertial
coordinate frame.)

In the case where £ is linear most of the time, at least two inertial co-
ordinate frames are relevant. In this setting it is tempting to use the time
coordinates of those inertial frames globally, to find out "when” the aging
of O with respect to ()’ takes place. Some interpretations ascribe this ag-
ing to the acceleration of () at the turning point. However, the main issue
is that this question is ill-posed, because the term "when” makes no global
sense in Special Relativity, especially not when several inertial frames are
involved. Indeed, it is a non-trivial issue for O' to compute inertial (time)
coordinates for events taking place elsewhere (i.e. not on his world line) and
the coordinates that he computes (using light signals) depend on his state
of motion. The change of inertial frame by O thus forces a change in the
notion of simultaneity, which causes a jump in the age of (), as computed by

o'

Part 11
General Relativity

Introduction

Special Relativity was already a wonderful scientific revelation, which unified
Newtonian mechanics and electromagnetism by weakening the assumed in-
trinsic structure of space and time. However, Newton’s theory of gravitation
does not fit into this new framework, because it does not behave well under
Poincaré transformations. Indeed, Newtonian gravity involves an instanta-
neous action at a distance, but when the notion of simultaneity at non-zero
distances is no longer available, such an action makes no sense anymore.
Newton’s theory had been criticised before for its action at a distance, no-
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tably by Descartes. Descartes had proposed an alternative theory of gravity,
based on vortices, which, however, contradicted empirical evidence.

It was not until Einstein formulated his General Theory of Relativity
that Newton's theory was replaced by a field theory of gravity. Moreover,
with General Relativity Einstein achieved a variety of other deep and subtle
goals. It drops e.g. the assumption that the set M of all events should admit
a bijection onto R* It also explains why the (heavy) mass appearing in
Newton’s law of gravitation is the same as the (inertial) mass that appears in
his first law of mechanics (the weak equivalence principle). This equivalence
means that the trajectory of a freely falling body is completely determined by
its initial position and velocity and it is independent of the object’s mass or
shape. In General Relativity this is explained by the fact that these preferred
free-fall trajectories are a part of the structure of the spacetime M.

Note that all bodies are influenced by gravity, so it is now inconceivable
that one may produce the idealised clocks and measuring rods which make up
the inertial coordinate systems of Special Relativity. Instead, General Rel-
ativity will treat all coordinate systems on an equal footing. Only on very
small scales, where variations in the gravitational field can be neglected. can
we consider inertial coordinates, which are associated to freely falling clocks
and rods. As before we require that all such local inertial frames are equiv-
alent, i.e. the outcome of any local experiment in a freely falling laboratory
is independent of the initial position and velocity of the laboratory. (To-
gether with the weak equivalence principle, this forms the strong equivalence
principle. )

The important conceptual step that makes all this possible is to turn the
background structure of spacetime, which determines the spacetime intervals,
into a dynamical structure, like a physical field, which must satisfy Einstein’s
equation of motion. This conceptual change also resolves Newton's "rotating
bucket”™ paradox: the bucket is not rotating with respect to empty space,
but with respect to the gravitational field, which is a physical quantity in its
own right.

Mathematical Preliminaries

In this section we will present the mathematical tools needed to formulate
General Relativity. These mathematical tools had been developed before
General Relativity, in particular by Riemann (building on earlier work by
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Gauss). Most of these tools deal with the idea that the set of all events M may
no longer be identifiable with R*, which requires the mathematical theory of
manifolds (i.e. differential geometry). The idea that there should be a field
which tells us how to measure time intervals and distances locally, requires the
theory of (pseudo)-Riemannian manifolds. First, however, we will describe
some notations for tensors, that will make the subsequent developments run
more smoothly.

Calculus of Tensors

Let V' be a finite dimensional real vector space of dimension n € N and
let {€1,...,e,} be a basis for V. Then each vector v € V' can be written
in a unique way as v = Z:=l vie, and we call the real numbers v* the
components of v in the basis {e,}. To simplify our notations we introduce
the following convention:

Convention 9.1 (Einstein’s Summation Convention) Whenever an ex-
pression contains an index that appears once as a superscript and once as a
subscript, then a summation over the range of this indexr (e.g. 1,...,n) is
implied, unless explicitly stated otherwise.

This means that we may write v = v"e,, dropping the summation symbol.

Now let V* be the dual vector space of V', i.e. the vector space of all linear
maps w : V' — R, where the vector space structure is given by pointwise
addition and multiplication:

(Arwr + Aaws)(v) 1= Mwi (V) + dawa(v).

There is a natural basis of VV* which is dual to e,. namely et ... e such
that
1 p=v
TH = j =
e(e,) = o, {Up;év' (12)

Because any w € V7™ is uniquely determined by its values on the basis vectors
ey, we see that {€™} is indeed a basis and that V* also has the dimension
n. We may write w = w, e with unique components w,, in the basis {e**}.
Note that

w(v) = w,v'e™(e,) = wuv”,

because the bases of V" and V* are dual to each other.
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Exercise 9.1 Let V™ be the double dual vector space, i.e. the dual vector
space of Vv. Show that there is a linear map ¢ : V' — V™ defined by 1(v)(w) =
w(v) for all w € V*. Moreover, show that ¢ is an isomorphism of vector
spaces, which is independent of any choice of basis for V. (For this reason it
suffices to consider V' and V* and no further duals are needed.)

By a tensor T of type (k,l) we will mean a multi-linear map®

T:V'x..xV'xVx...xV 3R,

gt Tt
k times I times

i.e. amap T(wq,..., Wk, vy ..., 1) which is linear in each w; and v; when all
other arguments are fixed. The space of all such tensors is denoted by

Ve.. 9Vele...0 V"

gt T
k times I times

and it carries a natural vector space structure (by pointwise addition and
scalar multiplication).

A tensor of type (0, 1) is an element of V*, whereas a tensor of type (1,0)
is an element of V** ~ V. In this way tensors generalise vectors and dual
vectors. Note that the tensor product V @ V' has a natural basis determined
by the e,, namely e, ®e, with g, v = 1, ..., n. (The number of such vectors is
n?, which is indeed the dimension of V@ V.) Any element of w € V ® V can
therefore be written in terms of components as w = w"”e, @ €,. Similarly,
for L € V®V* we may write L = L¥ ¢, ® €™ and an analogous expansion
into components works for arbitrary tensors.

Of course the components of tensors depend heavily on the choice of
basis €,. Nevertheless, it is possible to write down expressions which are
independent of this choice of basis. To see how this goes we will now consider
how a change of basis acts on the various components.

Let {€,,...,€,} be another basis of V. Then there is a unique, invertible
linear map L : V' — V such that ¢, = L-¢, for all p =1,....n. We can
view L as an element of V" ® V*, using

L:V*xV 5R: (w,v)— w(L(v)),

SThe symbol x denotes the Cartesian product of sets, i.e. the set whose elements are
of the form (wy,... ,wg,vy...,77)-
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which is bilinear. The components of L in the basis e, ® €™ are
Lr = e™(é,) = e™(L(e,)).
Note in particular that
€, = LV e, et = LF e,

where the second equality follows from the fact that both sides of the equation
take the same values on the basis €.

For any element v € V' we may now compare the components v# and o
in the two bases:

Mo — = Y6 = [H 7V o B SV
vhe, = v =1"€, = L¥ "¢, < vt = LK %,
Similarly, for any w € V* we have
Q€ = w =w,e™ = w,L" " > @y = wuL*,.

After interchanging the roles of e, and €, and using L~! instead of L this

leads to:
Wy = {L_I}“L,J:F.

A similar relation can be obtained for arbitrary tensors:

M1 — ML THk —yey .. (7—1\mt TP
T 1 -ui_L 21 L pk(L ) 1y (L ) uIT -

e (13)

1o

This is called the tensor transformation law.
Given two tensors T and S of the same type (k, 1), the equality "= S of
multi-linear maps is equivalent to the equality of the components

(5 R = QH1HE
T 2Rt S AR o

(14)

using a basis e, of V. This is because the tensors are uniquely determined by
their values on the basis elements, and these values are exactly the compo-
nents. Note that this equality holds in any basis €,. Sometimes, however, it
is convenient to write equality (14) for the components of a tensor T in some
given basis e, and a set of numbers Sf“""‘”‘vl___w which may not be related
to a tensor, but which emerge in some other way from a particular physi-
cal problem. Such an equality does depend on the choice of basis, because
the numbers in S do not transform as a tensor. To distinguish true ten-
sor equations from other equalities using indices we introduce an additional
convention:
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Convention 9.2 (Abstract Index Notation) The components of a ten-
sor in a certain basis will be denoted by Greek indices. When the choice of
basis is arbitrary, we will use a symbol with latin indices, e.g. T, .
to denote the type of the tensor. (These are not numbers or components of
the tensor in some basis.) In particular, an equality between tensors, which
holds in any basis, will be written using latin indices: it is an equality between
multi-linear maps, rather than between real numbers.

For general developments it is often nicer to use abstract indices, but in
conerete examples it is often easier to choose a particular set of coordinates,
which is adapted to the symmetries of the problem. This is why we will use
abstract indices for now, but we will mostly revert to particular coordinates

when considering applications.

There are two widely used operations on tensors, which we will now de-
scribe. Firstly, given a tensor S of type (k,1) and a tensor T of type (K',0')
we may define the outer product as the tensor of type (k + k', +1") defined
by

(S@T)" "+

- S-ﬂ.i---ﬂl_b ) Tak+1'"ﬂ;¢+1—’
1---i

by by g brpa--by et

(Note that this definition is independent of the choice of basis.) Furthermore,
given any tensor T of type (k,I) with £ > 1 and I > 1 we may define the
contraction C'7" of the ith upper index and the jth lower index as the tensor

(CT)ﬂ-l"-ﬁ}'"'ﬂk

by--byby

where we recall that a sum is implied. As an example we consider a vector v“
and a dual vector wy, for which the outer product is v“w;, and the contraction
of the outer product is vw, = w(v).

Exercise 9.2 Verify that the equality v*w, = w(v) holds in any basis e,,.

Manifolds

In order to describe the set M of all events with as few unphysical assump-
tions as possible, we introduce the mathematical concept of a manifold. This
is ultimately based on ideas from cartography.
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Definition 9.3 A (™ manifold of dimension n € N is a non-empty set M
together with a collection of bijective maps ; : U; — V;, where U; C M,
V; C R" is an open set and i € T some inder set, such that:

1.
2.

the sets U; cover M, | J;ez Ui = M, i.e. each x € M lies in some U,
if UinU; # 0 for some i,j € I, then ¥y(U; NU;) and ¢;(U; N U;)

are open subsets of R" and 1; o v Yis a C™ map with a C™ inverse
between these sets.

The maps ; : U; = V; are called charts (or coordinate systems) and the
collection {1; }icr is called an atlas for M. The dimension n of M is written
as dim(M).

Let us consider some examples, to illustrate this notion:

Example 9.4 e M =R" is an n-dimensional manifold if we choose the

atlas to consist of the single chart ¢ : M — R", where 1 is the identity
map.

o The unit circle S' = {(z,y) € R?| 2?2 + y* = 1} is a manifold of

dimension 1. We may cover the set by four charts

Uyt {(z,y) €Sy >0} = (=1,1) @ (z,9)

Uy {(z,y) €Sy <0} = (-1,1) : (z,y)—z

Uy : {(z,y) €8 2 >0} = (=1,1) (z,y)

1:'1.}1'— : {(qu) € Sll T < U} - (_1 1) : (I,y} =y
The compatibility of these charts is straightforward to check. E.q., for
Upr and Uy, the intersection of the domains of definition is {(x,y) €
S = > 0,y > 0} and we have ¥,y o ¥, }(z) = /1 =22, which is C*
and has the C™ inverse 1,4 o t,-',r;j_(y} = /1 =12
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e The n-dimensional unit sphere S* = {z € R"!| Y72 (zF)? =1} is a
manifold of dimension n. It can be covered by charts in a similar way
as S, but now 2(n + 1) charts are needed.

Notice that a general manifold cannot be covered by a single chart.

Exercise 9.5 Show that S? is a manifold, give the coordinate charts in anal-
ogy to S' and show that the changes of coordinate charts are smooth. (You
may use symmetries to simplify the problem.)

In addition to specific examples, there are general constructions which
allow us to construct new manifolds from old ones. We mention the most
important ones.

First, we call a set O C M an open subset if and only if ¢,(O N U;) is an
open subset of R™ for all charts in the atlas. Any open subset O C M is a
manifold in its own right, where the charts are given by ¢;|p : (ONU;) —
’U,,(O M Ui) with i € 7.

Given two manifolds M and M’, the product set M x M’ is a manifold,
where the charts are given by all maps v; x T,J; : U % U; — Vi x Vj, where
Y; + Uy — V; is any chart on M and ¢ : Ul — V/ on M’. Note that
dim(M x M") = dim(M) + dim(M").

Example 9.6

The n-dimensional torus is T" := S! x ... x §! (n factors). Note that T! is
just the circle and T? has the shape of a doughnut.

Exercise 9.7 Sketch T? as a subset of R® and sketch a typical product chart
obtained from the charts of 8! given in Erxample 9.4.

A map f: M — M’ between two manifolds is called k-times continuously
differentiable, or C'*, when ¢ o f o w;l is k-times continuously differentiable
for all charts ¢; in the atlas for M and all charts v} in the atlas for M.
As an example we note that, in any chart #; : U; — V}, the coordinates
zF : R" — R can be used to define smooth maps z* o ¢; on U;. Other than
such local coordinates, we will mostly be concerned with curves, & : I — M,
where I C R is an open interval (which is also a manifold of dimension 1).

All of our manifolds will have some additional properties, which we men-
tion here without a very detailed discussion, because they will not be needed
explicitly:
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1. The atlas of a manifold M is called marimal when it has the following
property: Let ¢ : U — V be a bijective map between some U C M and
an open set V' C R™ and suppose that for all i € 7, ¢ is compatible with
Yy in the sense of the second condition in the definition of a manifold.
Then 1 is already contained in the atlas {1 }ie7, i.e. ¥ = 1; for some
j € Z. Any atlas of a manifold M can always be extended in a unique
way to a maxrimal one. We will always assume that our manifolds are
equipped with a maximal atlas.

2. All our manifolds are path-connected. This means that for any two
points py, ps € M there is a continuous curve £ : [0, 1] — M such that

£(0) = py and £(1) = ps.

3. All our manifolds are Hausdorff topological spaces. This means that
for any two points p;,ps € M there are open sets Uy, U; € M with
pi € Uy, i = 1,2, but Uy NU; = (. (This is an additional assumption
on M, which we will always make.)

4. All our manifolds are second countable. This means that there is a
countable collection {0, },en of open sets O, C M such that every
open set O C M contains some (J,,.

All of the examples of manifolds M we have seen so far can be embedded
into R™ (for some m > dim(M)). However, the importance of manifolds is
that we can investigate them in a framework which is independent of this
embedding. For example, S! is defined as a subset of R? and by taking
products T? can be viewed as a subset of R*. However, T? can also be
viewed as a subset of R®. Moreover, for the set M that models all events
in the universe, it is not clear a priori if it can be embedded into any R™
at all! Also the shape of M is not a priori clear — why should we assume
that it be covered by a single chart like Minkowski space? For these reasons,
any information about a manifold should really be formulated in terms of
the intrinsic structure of the manifold itself, independent of any embedding.
We have already done this for the set M and its topological and differential
structure (i.e. we know what C* maps on M are). We now turn to the
notion of tangent vectors.

A C! curve £ : I — R™ with 0 € I has a tangent vector at p = £(0),
which is given by é"([]) (where the derivative is taken component-wise in
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some basis). The tangent vectors at p € R" form a vector space of dimension
n, just by adding their components.

However, to formulate the idea of tangent vectors on a manifold it is
helpful to take a different perspective. Let x* be Cartesian coordinates on R"
(with a corresponding basis €, ). Any tangent vector v at p, with components
v#, defines a directional derivative operator

V0 1 C°(R™,R) = R : f > v"0pu f(p).

This operator is linear and satisfies the Leibniz rule. Conversely, one may
show that any such directional derivative operator corresponds to a unique
tangent vector.

Exercise 9.8 Show that the formula v*0,. is independent of the choice of
basis e,,.

For a manifold M we now make the following

Definition 9.9 A tangent vector v atp € M is an operatorv : C*(M,R) —
R such that, for all f,, fo € C*(M,R) and ¢y, c3 € R,

1. v(erfi + eafa) = erv(fi) + eov(fe), and

2. v(fifz) = filp)v(fz) + v(fi) f2(p) (Leibniz rule).
The set of all tangent vectors at p € M 1is denoted by T, M.

We note that T,M forms a vector space, where

(crv1 + cav2)(f) == crvn(f) + cava(f).
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One way to obtain some examples X, € T,M is by fixing a chart ¢ : U = V
with p € U and setting

Xu(f) 1= 0pu(f 0 071 (¥(p)),

where the z# are Cartesian coordinates on R". It is not hard to verify that
the X, are indeed in T, M. Moreover, one may show that they form a basis
of T,M, so that T,M is a vector space of dimension n = dim(M). (To see
this one first shows that v only depends on the values of f in any (small)
neighbourhood of p. One may then use a chart near p to turn the question
into a problem in ordinary calculus.)

In fact, we may use the chart ¢¥» : U — V to define tangent vectors like
X, at any point p € U. In this way we obtain a basis for T, M for any p € U,
which is called a coordinate basis. If we use a different chart ¢ : U" — V'
near p, then the vectors X are related to the X, by the chain rule:

o+
T Qxe Ko

where z¥(x’) is short-hand for 2¥ (¢ 0 ¢/~1(2')), which describes how the map

1o 1)’ changes the coordinates x'* into coordinates x¥. The quotient can also
be written in the matrix notation D“F{i,i} o ¢'71) (with bases corresponding
to the Cartesian coordinates z* and z").

Similarly, any vector v € T, M can be written as v = v* X, = v X with

X,

da'(z)
= —wv
dxv
This is just the tensor transformation law applied to a vector, except that
the matrix involved may now depend on the point p € M.

Another way to obtain tangent vectors in T, M is to consider a C! curve
£ : 1 — M with 0 € I and such that £(0) = p and setting

Do€(f) = &o(f) = d5(f 2 €)(0).

In achart ¢ : U — V with p € U, we can express £ in terms of its components
EF := " oh o & in Cartesian coordinates x*:

Do&(f) = 9s(fov™" oo €)(0)

0u(f 0 v (p)) - 0.E"(0)
E(0) X, ()

v (15)
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1.e.

an = {p(U}XF

Many curves can define the same tangent vector in T, M, but every tangent
vector in T, M is of this form for some curve £.

More generally, let y : M — M’ be a smooth map such that x(p) = p'.
Any tangent vector v € T,M gives rise to a tangent vector D,x(v) € T,y M’
defined by

(Dpx(v))(f) := v(f o x). (16)

Note that the map D,x : T,M — T,y M’ is linear in v. We recover Dy¢ as a
special case, where our notation suppresses the vector v = e, € TyR, which
is the unit vector which points in the positive direction.

As a general warning we emphasise that for a general manifold there
is no natural way to identify tangent vectors at some point p € M with
tangent vectors at some other point ¢ € M. We know that this is possible
in R", simply by applying a translation. (More precisely, there is a unique
translation 7 : R" — R" : x +»  — (p—¢) which maps p to ¢ and D,7 can be
used to identify T,R™ with T,]R".) However, such translations are not defined
for general manifolds and there is no natural analog,.





