General Relativity

Linearized Gravity and Gravitational Ra-
diation

In the preceeding sections we have described (i) a dynamical solution to Ein-
stein’s equations with no “spatial excitations” (cosmological solutions) and
(ii) a static solution with non-trivial spatial dependence (Schwarzschild black
hole). A generic solution has spatial excitations that evolve in time. It turns
out that the evolution equations implied by Einstein's equations have the
character of a “quasi-linear” wave equation. The analysis of such equations
is beyond the scope of these notes, see for example [?] for a detailed exposi-
tion. However, it turns out that one can derive, without major difficulties,
the solutions describing small “linear” perturbations of Minkowski spacetime.
These solutions describe gravitational waves. They have no counterpart in
Newtonian Gravity and are, in this sense, a genuinely new prediction of Gen-
eral Relativity. This prediction is currently being tested with gravitational
wave interferometers such as LIGO, GEO600 and VIRGO. It is conceivable
that a detection might occur within this decade.

Gravitational waves in empty space

We first describe how to obtain the linearized Einstein equations. Mathemat-
ically, the best way to proceed is to suppose that one has a (differentiable)
1-parameter family {g.(s)}ser of solutions to the Einstein equations, e.g. in
vacuum,

Rub(S) =)

where we mean the Ricei tensor of the metric gq;(s). We think of g, = ga(0)
as the “background”, and we think of g,(s), |s| < 1 as small “deviations”
or “perturbations” of this background. The first order deviation is just the
derivative with respect to s at s = (),
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d
YVab = EQ@(S) .

Yab 18 referred to as the “linear perturbation”. In General Relativity, the
observable is not the metric, but its “gauge equivalence class”, i.e. the set
of all metrics related to g, by a diffeomorphism, ©*g,,. Consequently, if
{1(5)}ser is a (differentiable) 1-parameter family of diffeomorphisms of M,
then {g.s(s) }ser and {¥(s)* gas(s) } ser should be viewed as physically describ-
ing the same families of spacetimes. Thus, at the linearized level (i.e. differ-
entiating with respect to s and making use of the notion of Lie-derivatives),
we find that 7, and v. + Lx gas physically describe the same perturbation,
where X is the generator of the family of diffeomorphisms at s = (0. One
also says that the “gauge-invariance™ at the linearized level is

Yab = Yab + LxGab = Yab + Va X + Vi X, .

The linearized (vacuum) Einstein equations are obtained by simply differen-
tiating the Einstein equations with respect to s at s = (), namely

: d
Ry =— 5 =0.
"= Os Ran(s) —0
The left side of this equation is readily calculated in terms of g, and 4.,
but we will not give the general expression here. Rather we will specialize
directly to the case of interest for us in which g,, = 1, is Minkowski space.

With gab(5) = 1ap + 57a6 + O(5?), we get:
_lj'ﬂﬁ — _,.:r_ab (49)
. 1
I = 5*‘?“ (0aYod + O5Yad = OaVab) (50)

where here and in the following, we adopt the convention that indices on
expressions related to 7, are raised and lowered with n°®, and where an
overdot means a derivative with respect to s at s = (). With these expressions
at hand, we find that the linearized Riemann tensor is
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. 1
Reay” = —E?}Mﬁf (Oabd + OvYad — OaVap) — (a <> €) |

and we find that the linearized Riccl tensor is

: 1 1
Rﬂ.b = a‘:a{bf}rﬂ]c - iacaf:'-}rab - 5{?&611'}’ ’

where v = 14, and where parenthesis denote symmetrization of the re-
spective tensor indices. We then get for the linearized Einstein tensor:

: : 1 .
G = BRau-— EH@Rchfd
1 1 1
= 00 a)e = 50°0cYab = 50067 = SMab (°0“ea — F07) - (51)

Using the formulae for Lie derivatives, the linearized gauge transformation
on a Minkowski background is

“Yab — Yab + aﬂ:xb + aﬁXa 3

where X, is an arbitrary (smooth) tensor. To investigate how these quantities
change under a linearized gauge transformation We note that, for instance,
Rapea[V" 9] = ©° Raped|g] for any metric g.; and any diffeomorphism M (this
of course expresses the “general covariance” of quantities like the Riemann
tensor.) Using the formulas for the Lie-derivate, we consequently have for a
linear perturbation of any background the transformation formula

Rﬂﬁcd — Rﬂbr:d + LxBRaped
Gab —r Gab + EXGab ’ (52)

and similarly for any other tensor field that is locally and constructed out of
Gabs Va, g®*. We can conclude from such formulae that any linearized quan-
tity whose counterpart vanishes in the background, is automatically gauge
invariant. In particular, if G, = 0 in the background, then the linearized
Einstein tensor G, is gauge invariant. In Minkowski spacetime Raq = 0,
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so even the linearized Riemann tensor Rg.q is gauge invariant. We will now
derive a wave equation for this quantity. For this, we look at the linearized
Bianchi identities on Minkowski spacetime. They read

Oalbgae = 0 (53)
adRuﬁod

|
—_—
on
e
S

We now apply 9% to the first equation and use the second equation as well
as Ry, = 0. Then we get, indeed,

'BﬂaaRbcde =0.

To analyze the effect of metric perturbations on the motion of test-observers,
we choose the wave vector wk,., where

<= 5(3) - ()

and consider a corresponding plane fronted wave-like perturbation ~,;, moving
in the z-direction with spacetime dependence sin[w(t+z)]. The corresponding
linearized Riemann tensor is then a solution to the wave equation. To derive
the motion of test-observers on this background, it is convenient to introduce
another null vector [

56+ ()],

and define the symmetric tensor

1 -
gab = E Rar_'bd"fc":d = acacgab =0.

The quantity (2,; has the following properties:
1. €1, is invariant under linear gauge transformations.

2. Quk? = 0 (from the second linearized Bianchi identity and the depen-
dence Rgpeq o sinfw(k®z,)]), and Qul° = 0 (from R (abyed = Bapeay = 0)-

3. Qun™ =0 (from R, = 0), and Q4 = €, (from Ruped = Rmﬁ}
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It follows that €2, is a trace-free, symmetric tensor having components only
in the x, y-directions. We can therefore write

Qup = w? {hy - € + hy - € } sinfw(t + 2)] ,
where {ef,, €%} forms a basis of such tensors; in coordinates
€ap = (dz)a(dz)y — (dy)a(dy)s , €3, = (dz)a(dy)s + (dz)s(dy)a .

and where hy,h, € R are the amplitues of the “polarizations™ +, x. In
inertial coordinates the polarization tensors for a wave moving in the z-
direction are

00 0 0 000 0
01 0 0 0010
+ oy ®oy
) =10 0 =1 0 (ew)=10 1 0 0
00 0 0 0000

We now consider the effect of a plane gravitational wave moving in the
z-direction on the motion of test-observers. The motion of the test-observers
is described by the geodesic deviation equation. We need to understand what
this equation tells us at the order of approximation considered here. For this,
it is best again to think about a family of metrics ga(s) = Map, + 57a + O(8?).
We consider geodesics starting on a slice ¥ = {t = 0} which are initially
parallel with tangent vector T* = (@/9dt)®. The evolution of these geodesics
takes place in the s-dependent spacetime g,;(s). For s = 0, the metric is flat
space and the geodesic deviation vector vanishes identically. Consequently,
the geodesic deviation vector is Taylor expanded to second order in s as

X(s,) = sX7(t) 4+ 52X(1) + O(sY),

where an overdot again stands for a derivative with respect to the parameter s
(and not the time parameter, t). We next differentiate the geodesic deviation
equation several times with respect to s at s = (. In principle, all quantities
in the geodesic deviation equation depend upon the parameter s, including
also T* = T“(s,t), the tangent to the geodesics, because the metric gq(s)
depends upon s. Taking one s-derivative of the geodesic deviation equation
gives

> .,
X0 =0,
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because the zeroth order deviation vector and Riemann tensor vanish. Since
the geodesics are not initially diverging, it follows that X“(t) = X“(0) is
independent of . Taking two s-derivatives gives

T %o(t) = BT O)T0)X(1) (5)

2 ,
= 0u4(6)X*(0), (56)

because at s = 0, T%(0,¢) = (9/9t)* = T* is constant, and because we have
already seen that X“(t) = X“(0) is constant, too. In the second line, we
have also used the definition and properties of €1,,.

This equation may now be integrated. We can write (X*) = (0, X!, X2,0)
up to second order in the expansion in s, because the z-component must
vanish, and the t-component vanishes by construction of the congruence.
Integration gives for h, =0
X'(t) =~ XY0)+ thysin(wt) X1(0), (57)
X2(t) = X?(0) — 3hssin(wt)) X2(0). 7

(Taylor expansion up to and including order s*-terms with s = 1), whereas
for hy = 0, we obtain

X'(t) ~ X'(0) + bhy sin(wt) X '“"(0)-} (58)

X?(t) = X*(0) + shy sin(wt) X'(0).

These displacements correspond to oscillations of a ring of test-masses (in
the rest frame defined by T°) in the (z,y)-plane as shown in the following

() =

Xz

e
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We summarize our discussion as follows. At the linearized level, pertur-
bations of Minkowski space (or rather, their corresponding Riemann tensor)
obey a homogeneous wave equation. A plane wave moving in the z-direction
gives rise to an oscillation of a ring of test-masses in the (z,y)-plane. The
oscillation pattern depends on the polarization, +, respectively x. and can
potentially be observed e.g. by interferometers, as LIGO, VIRGO, GEO600
are indeed attempting to do. Since the physcial degrees of freedom of the
gravitational field (i.e. gauge invariant information) can only manifest then-
selves via their influence on test-masses, we can say that a gravitational wave
has “two degrees of freedom” (per wave vector), namely +, x.

Sources of gravitational waves

We next discuss the production of gravitational waves. For this, we need
to study the linearized Einstein equations with a non-trival stress tensor T,
representing the source. It is convenient at this stage to introduce the “trace
reversed” variable

_ 1 _ 1_
VYab = Yab — E?}aﬁ":r' And Yab = Vab — E’Yﬂub .
In terms of this variable, the linearized Einstein tensor takes the form
. 1 _ _ 1 q
Gapy = —ES‘C O ab + 0“0 Vt)e — §'F?abac O Vea
= 8nGn Ty -

We have put a stress energy tensor on the right side. To be consistent at
the linearized level, this should satisty 9°7T,;, = 0. Recall that the gauge
invariance of General Relativity at the linearized level is

Yab = Yab + T Xp + B X, -

where the expression for the Lie derivative of the Minkowski metric has been
used, and recall that G, is gange invariant. We may use the gauge invariance
to fix a particularly useful representer in the gauge equivalence class of .
For this, we note that under a gauge transformation

OFNge = OF e + 00X, .

Because 9°d,. is the wave operator in Minkowski spacetime, we can find a
solution X, to the equation 9°9.X, = —0°%,_,. Using any X, satisfying this
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equation in the gauge transformation, it follows that the gauge-transformed
linear perturbation has 9% ,. = (. This gauge is called the “Lorentz gauge”,
by analogy with Maxwell’s equations. In the Lorentz gauge, the linearized
Einstein equation simply becomes

(Fap = =167G N Top

We see again that the evolution equation for linear perturbations is a wave
equation. It can be shown that the residual gauge freedom can be used up
to impose even more stringent gauge conditions such as v = 0 = 7,,7" (in
the source free region where T,;, = 0), see [Wald 1984] for a discussion. For
a plane gravitational wave in empty space with wave-vector wk, as in the
preceeding section, we thus get the conditions v = 7,4 T? = v.k" = 0. This
reduces the number of independent components of ~,, from 10 down to 2
(there are 8 independent gauge conditions). Thus, we see again that the
gravitational field has 2 degrees of freedom per wk,. corresponding to +, x
polarized waves. We next discuss the

Production of gravitational waves: Significant amounts of gravitational
waves are produced in Nature by binary systems with large masses and large
orbital frequencies, for instance by binaries of neutron stars or black holes
(especially during their merger phase), but also in the Early Universe. Here
we imagine a localized source such as a binary. The (in principle very com-
plicated) structure of the source is supposed to be encoded in the matter
stress tensor, T,,. We imagine that 7, has compact support in a space-
time region where for instance a collapse or merger takes place. From
0y, = —167G n T, we obtain

Vap = —167Gn A™ % Ty, .

Here, the star is convolution, and A™ is the retarded propagator

A (1, %) = =5 -O(=1)5(¢” = x|/}
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From this, we get (as in electrodynamics) (with Gy = 1)

Sfdr d* 7Ot —t')0 ((t = t')* = ||x = x'||*) Tus(t', ') (59)

ﬁab(t'- X)

|

.
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=
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4 f @dﬂ(r’)

V—(z) =r2drd(

By taking a Fourier-transformation in ¢

W, X) ety (t,x)dt
f}fuﬁ( \/Q_’l’ F}’ i:l
we obtain from equation (59)
: Ton(w,X) iupx—se
Fplw,x) =4 [ el 3 7
="

The divergence-free condition 97, = 0 gives in Fourier-space
_iwﬂ_}fﬂu = ajﬁju

Now we assume that R > % and eIl are nearly constant over the source,
as seems physically reasonable (see the following figure). Then we can say
that

|| se—'|| iwR

& =

P~

Ix—x|| ~ R
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Now

=0 by Gauss theorem

pr——
]Tijdax = f[ak (T"jxi) —ak’f“**if]dﬁx

= —iw[Tﬂjx‘dax
i

= [ (o 4 70)

={) by Gauss theorem

e e,
= —-= [ak (T“kmjri) —akf‘“’“xiﬂ] d*z

{ 12 -~ . .
—% f T i By

r

=%‘§'"ij () (quadrupole-tensor)
So we get
2&)2 E'!L:.'H
3 R

and after an inverse Fourier-transformation

39 (w,%) ()

arz

Tij (1, &) = 3R a2

(t— R)
[

=L

where the approximation is valid in the slow motion and large-distance ap-
proximation.

One would like to calculate the energy flux of gravitational radiation, i.e.
the energy emitted by the source per unit of time. In General Relativity, the
notion of the total energy of a spacetime or parts thereof is actually not so
easy to define, mainly due to the invariance of the theory under diffeomor-
phisms. We shall not discuss this complicated issue further, but note that, in
the case of linearized gravity, a satisfactory notion of energy F(t) associated
with a suitable time slice £(t) can be defined. With this notion, the flux,
P(t) is then defined as
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tiH’le
t Py
flux P %l-'- "}-:gtf%

t!___ "

One way to define this energy E for linear perturbations is as follows:
Set, for any pair of linearized perturbations:

1% abede f 1 i) 2 2 9 1
1 7 (}E{uf} dlé_fj }t{w:) d:'-ifj)
‘Where

1 1 1 1
cd _ — ad be _cf  —__be_ae fd __ — __ab_cd ef + = b, _ad, e f )
21’}‘ nn 21‘? non 2'-'? nn 2'-'? nn

abede f — na.e fb

Y nn

A calculation using the linearized equations of motion R, = 0 (for both
perturbations) shows that @"w, = 0. Furthermore, define j* = w*(vy, d;7).
Then it can be shown that

1. d,7% = 0 in the source free region.

2. If 3(#) is a surface in the source free region, then

1
jon"dS
STTGA.- -[L'I:t) J

is gauge invariant (here n® is the unit normal to the surface and dS the
integration element).

E(t) =

3. E(t) is unchanged if we deform any compact subset of the surface ().

4. E(t) is decreasing with time in the source free region.
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The proofs of these claims follow from the arguments in [7]. These properties
suggest that E(t) should be viewed as the energy of the linear perturbation
Yap at “time t” (in the source free region) if we define ¥(t) as a suitably
“asymptotically hyperboloidal” slice approaching a lightcone at “retarded
time”, t. A possible choice is

£() = {(@*) | (2" = 0 = Y@ =1} .

The corresponding flux P(t) emitted by a gravitational wave in the far region
may then be calculated. After a very lengthy calculation, it is found that

P(t) = %E(t} ~ (ij Z (@;(t - R))”

ij=1

where Q;; = qi; — %Jijg is the traceless part of the quadrupole tensor. This
relation is known as the “quadrupole formula” and is to be compared with
the corresponding formula in electromagnetism, involving only the dipole
moment. This difference can be traced back to the difference in the tensor
character of both fields.

To get an impression of the order of magnitude of gravitational radiation,
we consider an

Example: We consider a binary consisting of point objects A and B
with equal mass M, distance L in a circular orbit with orbital frequency (2
in the z = 0 plane. The stress tensor of the system is modeled by:

Tt z,y,2) = M 5(3]{ d(x— LcosQt)d (y — Lsin Qi)
A
+ §(I+Lc0ﬁﬂt)§(y+Lsinﬁt}}

B

with all other components equal to 0. (Note that this form is actually incon-
sistent with 9*7T,;, = 0, which is not surprising since it is not really possible
to describe a bound system at the level of linear perturbation theory.) Pro-
ceeding despite this obvious inconsistency, we get for the reduced quadrupole
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with gi; = 3 [ T"xz,d%x
( dij f i

1_
Qij = qij— gﬂ'ﬁjq
V2 1+ 3cos 20 3 sin 20 0
(Qij) = — 3 sin 202 1 —3cos20t 0
3 0 0 —2
Reinstating ¢, we get for the flux P of the binary:
128
Pbinarv= — — EGNﬂJELiIQG )
; ile

The factor Q° stems from 6 time derivatives and effectively turns P into an
astronomically small number. For masses/lengths of the order of the Earth-
Sun system, one finds a flux of about 100 Watts per second. To get an
appreciable flux, one needs sources that are very massive and spinning very
fast, and one needs sufficiently long observation times. Such sources are pro-
vided for example by pulsars, consisting of a pair of orbiting neutron stars.
The orbital frequency {2 is observable to a high precision due to the “light-
house effect”. The gravitational radiation produced is sufficient to produce
an energy loss affecting the orbital frequency. Such a change in the orbital
frequency has now been observed in several pulsars. The quantitative results
seem to confirm the quadrupole formula, and hence are a stringent test of
General Relativity.

The Global Positioning System

The motivation behind the Global Positioning System is to accurately de-
termine positions and times for any events near Earth. To do this, we need
to take certain relativistic effects into account. The implementation of the
GPS seems to be the first application of General Relativity on a large scale
which is relevant to a general public because of commercial applications like
car navigation equipment.

The results and presentation in section are mostly based on [1].

Introduction

Let us ignore gravity for the moment and suppose that we can describe all
events near Earth using inertial coordinates (¢f,x) in the sense of Special
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Relativity. Suppose that we (or an observer (J) are at some unknown event
(c¢to,Xxp), but we receive radio signals from four sources and information
about the four events (ct;,x;), j = 1,2, 3,4, where these signals originated.
In general we can then determine the coordinates (ctp,Xo) using a simple
triangulation: because the radio signals travel at the speed of light, the four
equations

f._-j—fj; =C_l||X(j—Xj||., _j' = 1:2,3;4 (6[])

must be satisfied. These four equations allow us to determine the four un-
known coordinates, in general.
A few remarks are in order:

1. If the signals are not received at exactly the same time, but at times
to 4+ 0; and at positions xp + d;, we can use the equations

to+06; —t; = c %o + d; — x5, j=1,234.

Note that the values for §; can be measured by the local observer (set-
ting e.g. 4; = 0 to eliminate a free constant). In addition we can make
reasonable estimates for the vectors dj, because in most applications
these are mostly due to the rotation of Earth. (The rotation speed de-
pends on the latitude, but it is typically much larger than the speed of
the observer with respect to Earth.) In this way we reduce the problem
again to four unknowns, which may be obtained from four equations.

2. In the GPS, the sources are artificial satellites in orbit around Earth.
There are 24 GPS satellites put into orbit in such a way that at least
four of them are visible at almost every place and time on Earth. If
the orbits of the satellites are known rather accurately as a function of
time, it only remains for the satellite to determine the time, using an
on-board clock.

3. In order to determine positions with an accuracy of 1m, we see from
equation (60) that we need to determine times with an accuracy of
Im + 3.33-107%s= 3.33ns.

e

High precision time measurement is one of the main challenges of the GPS
system, and it is affected by the gravitational field of Earth and the motion of
the satellites (and the observer O who wishes to determine its event). Some
basic questions that are raised by the GPS and that involve relativity theory
are:
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1. How do we model the gravitational field of Earth?
2. What coordinates do we use to describe events?

3. How do we accurately measure the time coordinate using a clock on a
satellite in orbit?

4. How do we accurately synchronise the clocks on various GPS satellites?

5. How do we communicate between satellites and the user, without losing
accuracy?

The next subsections will address these issues.

Modelling the gravitational field of Earth

The gravitational field of Earth is rather complicated due to the details of its
shape (not quite a sphere), its mass distribution (core vs. surface, e.g.) and
its motion (rotation around an axis which itself is precessing, orbit around
the sun). We will need to make some simplifying assumptions to deal with
those issues, but if our assumptions are too strong, they will decrease the
accuracy of our GPS.

We will neglect the dynamics of Earth’s gravitational field, assume that
the gravitational field is weak and that Earth has at least some symmetry,
but not as much as spherical symmetry. In the weak field approximation to
General Relativity, around a Minkowski background in spherical coordinates,
we can write the metric as

_ 2V 2V . | _
ds* = (1 + ?) = (1 - F) (dr® + r*df? + r*sin*(0)dp?®),  (61)

where we can take V' to be the Newtonian gravitational potential of Earth.
This will be an approximate solution to Einstein’s equation (it may be com-
pared e.g. to the Schwarzschild metric).

If the mass distribution of Earth is given by a function p(x), then the
Newtonian gravitational potential is given by

_ [ ry)
Vi) = =G [ ey
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We take the coordinates to be centered on the centre of Earth and we use
the Taylor expansion

3

1 . s3atad — ||x||Pev
||XH + Zy Z 'y ”5 " +

=1 - 2 24 ]

to make a multi-pole expansion of V', namely
3

-7 v M el 3 ij J 281
V(x) = N ".Ji"_{,},NZ:N1 T _G_n, Zq 3rizd — ||x||*6 N

[4] —~ x| = [1]1°
M = f p(y)dy.
N' = f y'p(y)dy,
g7 = 3 / vy ply)dy

Here M is the total mass of the Earth. To find the other multi-pole coeffi-
cients we make some assumptions on the mass distribution p, namely that it
has cylindrical symmetry around the z*-axis, which we take to coincide with
Earth’s rotational axis, and that it has a reflection symmetry in the equato-
rial plane 2® = (. This means in particular that p is invariant if we change
the sign of one of the coordinates y'. It then easily follows that N* = 0 and
g7 = 0 if i # j. Moreover, by the spherical symmetry, ¢'! = ¢?2. Using the
fact that

3 .. oo
3rirt — ||x 25:1
So s = I,

5
P 1|

V(x) ~ -Gy M (1 3 Iga dcoszgg) — 1) , (62)

we then find

in spherical coordinates (7,6, ¢), where a ~ 6.38 - 10°m is Earth’s radius at
the equator and

1
3a2M
is Earth’s quadrupole moment coefficient. Higher multi-pole moments are

not needed for GPS at the present level of accuracy, so our model for Earth’s
gravitational field consists of the metric (61) with V' given by Equation (62).

l.lrz —_—

(¢"' = ¢*) ~ 1.08-107°
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Choice of coordinates

The form of the metric (61) already uses a set of coordinates (,r, 6, ¢) with
a number of nice properties:

1. (t,r,0,¢) are approximately inertial coordinates (written in spherical
coordinates). They would be exactly inertial if we would ignore the
gravitational field, setting V' = (. Because they are centered on the cen-
tre of Earth, they are almost inertial coordinates near Earth’s geodesic
world-line (compare to Fermi-Walker coordinates along a geodesic).

2. (r,0,¢) nicely reflect the assumed symmetries: the rotation of Earth is
described by a varying angular coordinate ¢. Note that our coordinate
system does not rotate along with Earth. (This would violate the
approximately inertial property.)

3. t describes the proper time of a static observer at infinity, i.e. far away
from Earth, where the potential V' can be neglected altogether, because
V' ~ 0 when r is large.

These coordinates are very useful for describing e.g. the motions of the
GPS satellites. However, they are less useful for the GPS users, who essen-
tially rotate along with Earth. We therefore introduce an additional, rotating
coordinate system:

t' =1, r=r, @ =0, & = ¢ —wt, (63)

where w ~ 7.29- 1[]_5% ~ ﬁ is the angulaz.r frequency of Earth’s rotation.

In these coordinates we have, up to order ¢==:

PR P 2
ds?. — (1 + 2) CE’.dt.Q _ QMJ(I" 5111(19 )} dqj’ cdt!
C c
- (1 - ﬁ) (dr” + rd0” + r” sin?(0')dy') (64)
2 ; ’

where ® =V — EW—S";(B—‘}-E is an effective gravitational potential, which in-
cludes Earth’s rotation as a centripetal potential term. Using Equation (62)
for V' we find

—GyM  GyMJya?3cos(0)2 =1 w?r?sin?(#)
= + n —_— )
r! T’ 2 2

P

(65)
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To see how Earth’s rotation influences time measurements we consider a
clock at a fixed position on Earth, so ', #, ¢' are constant. The proper time
7 is then related to the coordinate time t' by

1
2\ 2 D
dr=|14+— | dt' ~ 1+ = ) dt,

T (+C2) (+C_2) : (66)
up to order ¢72. At the equator we have r' = a, # = 5 and for @ := D |equator
we have

- r Lk b Y 22
2, = M _GwMJy _ wia” 6 o5 1071023761071 = 1.2. 10712,

ac? 2ac? 2c2

The conclusion is that according to Equation (65), the (proper) time mea-
sured by a clock at the equator differs from the coordinate time ¢’ by a change
of rate or the order ~ 7- 10719,

Let us conclude this subsection with three remarks:

1. Within a matter of seconds, the error between dr and dt’ would reach
our desired time accuracy ~ 3-107s. Note, however, that we ultimately
want to compare time measurement on Earth with that on a satellite,
not at infinity.

2. Two clocks which are fixed on Earth differ by a rate change that is
determined by the values of ® at their respective locations. These
effects have to be taken into account when comparing clocks, e.g. for
setting international time standards.

3. All clocks fixed on Earth at points where ® = ®; run at the same rate.
These points form a surface, called the geoid of Earth.

4. For the time difference between dr and dt’' to add up to 1s, we need to
wait ~ 1.4-10%s~ 44 years. One should expect the differences between
the proper times ate various places on Earth to be smaller than that,
so for practical purposes they are negligible. (There is an effect as in
the twin-paradox when one person lives on the equator and the other
on the North pole, say, but it is very small.)
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Time measurement on a satellite

To compare time measurement on Earth with that on a satellite it is conve-
nient to replace the time coordinate t = t' by

1]
' = (1+_;)t’=(1+(};;)t5
C C

which is the proper time measured by a clock fixed on Earth at the equator
(or any other point on the geoid). The metric then takes the form

2(V —@ 2V . .
ds* = (1 + g) Adt" — (1 — —) (dr? + r*df* + r*sin®(0)dy?)

2 c?
(67)
in non-rotating coordinates (t",r, 6, ©).
Like any massive body, we can model the orbit of a satellite as a time-like
curve y(t") = (t",r(t"), ("), (t")) with (coordinate dependent) velocity

1
vi= (?’*2 + r%0* +1? sin:}[ﬁ'}c{:‘?) °,

where . denotes a derivative w.r.t. the time coordinate t”. The proper time
along + satisfies, up to order ¢=2,

20V - @ 2V
CQdTQ — 1+ ( ﬂ) CZdtHZ — (1 === d 2
c? c? ) 2
E(V - (I)ﬂ} .UE 2 g2
r~ (1 + 2 - 2 codt
V= “i‘n ’U2
d r~ 1 - dt”.
" ( + 2 20'2)

This formula shows that the proper time along ~ is affected by the gravita-
tional field through V' and by the motion through v. (The rate change of a
clock due to its motion w.r.t. the coordinate system is known as the second
order (relativistic) Doppler effect, because it depends in second order on £.)
Let us now describe the world-lines of the satellites in more detail, in
order to find out the rates of their clocks in comparison to t”. The GPS
satellites have orbits iwth an average altitude r ~ 2.02 - 10"m~ 3.2a (where
a is again Earth’s radius). At this altitude we can approximate V' ~ (“"' M
because the quadrupole term falls of rapidly enough with the distance r. The
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satellite’s motion is then accurately described by Newtonian gravity, leading
to an elliptic orbit.

The distance r and the velocity v of the satellite change as it moves
along its orbit. Because the elliptic orbits are simple enough, we can at least
eliminate v from the problem as follows. We first note that the orbit takes
place in a plane, where it can be described by the distance r and an angle o,
both depending on . Because Newtonian gravity is a conservative force, the
total energy E (per unit mass of the satellite) is conserved, as is the angular
momentum L = r2¢. Adding kinetic and potential energy, E can be written
as

2 . 2
! M 1 L M
E=1—Gh = -1 + _(1;'-. :

2 r 2 2r? r
At the perigee (point farthest from Earth) and apogee (point closest to
Earth), we have 7 = 0 and r = ry, respectively r = rg, so that

p_ L _GyM _ L* _ GyM

2r? r1 2r2 ro

Eliminating L from these equations and using the fact that rq +r + 1 = 2s,
where s is the semi-major axis of the elliptic orbit, we find
?_-‘2 G N M _ Gh’ M

E=—— :
2 25

This leads to

dr (1 _® _ 3GNM N 2G v M (1 B 1)) g

2 2c2g 2 s T

Only the last term in brackets varies along the orbit, and it remains small
when the orbit is close to being circular. The constant rate corrections

P 3Gy M

- = T~ 697107 =25 107 ~ 4.46 - 1071

c? 2sc2
can be implemented in the atomic clock before launch of the satellite (and
after choosing the semi-major axis s).

Let us close this subsection with some remarks on the last result:

1. Equation (68) shows the change of rate between a clock on Earth and
on a satellite, taking several relativistic effects into account, some of
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which have opposite effects. One way of grouping these effects is as
follows:

V—d v V=V (wa)?-2v’

c 222 & T 2@

where V,, := Vl]cquator- Here the first term on the right-hand side de-
scribes a gravitational blue-shift effect: the term is positive, indicating
that clocks in orbit beat too fast. The second term describes the second
order Doppler effects due to the motion of the satellite and the rotation
of Earth. The satellites move faster than the rotating Earth (they circle
Earth twice a day and their orbits are longer than the circumference
of Earth), so this term is negative, indicating that clocks in orbit beat
too slow.

2. Another way of grouping the various effects is as follows:

—3(';}.,-'_-1';{ _ & _ _G;\.‘i‘l’f i _ l + Gn..flf}g + (wa)z
2c2s 2 c? 25  a 2c2a 2¢2
~ 445-107° 4+ 3.76- 1071 + 1.2 1072,

where we have once again eliminated the velocity of the satellite in
favour of its distance. Here the first term shows the effect of Earth's
mass, which at our desired accuracy becomes relevant after ~ 7.5s. The
second term shows the effect of Earth’s shape, which becomes relevant
after ~ 8.9 - 10%s~ 2.5hrs. The last term shows the effect of Earth’s
rotation, which becomes relevant after ~ 2.8 - 10%s~ 46min.

3. The variable rate correction z—i%i (% — %) can add up to relevant con-
tributions. It could be corrected by the software on the satellite before
broadcasting the coordinates, but in the GPS this correction is left to
the receiver.

How to synchronise clocks on different satellites.

Suppose that we have two GPS satellites in orbit, who measure proper times
71 and 75, respectively. So far we have only discussed how to adjust their
clock rates to determine time differences in terms of t”. However. even after
correcting the clock rate, there may still be a constant shift in the time
coordinates determined by each satellite. To compensate for this shift we
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need to synchronise their clocks. Recall that the synchronisation of clocks
which are located at different places is a non-trivial issue in relativity theory.

Let us suppose that satellite 1 measures the time t”, after correction of
its clock rate. Then suppose that satellite 1 sends a signal at time ¢7, which
arrives at time ) at satellite 2. According to the clock on satellite 2 the
signal arrives at some time #”, which differs from ¢’ by a constant, " —#”. To
synchronise the clock on satellite 2 with that on satellite 1 we need to adjust
for this constant, i.e. we need to find out t].

Because satellite 1 is a GPS satellite, it also broadcasts the coordinates of
the event where the signal originates, so satellite 2 can act as a GPS receiver
to find out the value of t] and the position coordinates x, of the event when
the signal was sent. In order to find t] we only need to know the distance [
that the signal has travelled, because it travels at the constant speed of light
¢, 80 I = ¢(t] — t]). When the signal arrives, satellite 2 is at position x,, so

L~ xa =%,

where we used the Minkowski metric as the lowest order in a weak field
approximation to the spacetime metric. Higher order terms constribute cor-
rections of the order ¢=!. Thus,

ta =1t] + ¢ [Ixa — x|

up to order ¢

Communication with users on Earth

The satellites send out signals, which are electromagnetic waves of a certain
frequency. For users on Earth it is often useful to measure this frequency,
e.g. for determining velocities by the Doppler effect.

When expressed in the almost inertial coordinates (t”,r,8, ¢), the signal
does not alter its frequency along its light-like geodesic from the satellite
to the user, because the metric is static. However, we do need to take the
relativistic Doppler effect into account which is caused by the motion of the
satellite and the user w.r.t. the almost inertial coordinates.

The relativistic Doppler effect describes how the frequency of a signal
changes under a change of (inertial) coordinate system. It can be expressed
in terms of the velocity § = = between the two coordinate systems. Making
an expansion in terms of 7 we find no effect at order zero. The classical effect
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appears at first order and the relativistic effects occur at order two or higher.
For our purposes we can distinguish:

1. A transversal effect:
(The term transversal requires the choice of a coordinate system.) This
effect is of second order 3, so it is absent in the classical Doppler effect.
In our case this effect has been accounted for already in the rate change
of the satellite’s clock (by the —%—term].

2. A longitudinal effect:
At first order in 3 this is the classical Doppler effect. Including its
relativistic corrections, it states that the frequency changes according
to
)“‘:J‘:'ll %g:f’l(l_}e+...)=
where f and f' are the frequencies in the two relevant coordinate sys-
tems and 3 is the longitudinal component of =. This correction has to
be applied for the change of coordinates at the satellite (from inertial
coordinates in which the satellite is at rest, to the given coordinates)
and at the user. The received frequency fg is then related to the broad-

cast frequency fy by

— N -vp
—cIN-v’

fr= fnll

where N denotes the direction of the signal’'s light-like geodesic, vy is
the velocity of the receiver and v that of the satellite.

These motion dependent effects are of order 10~°, but they cannot be
corrected in advance. Instead, by measuring the received frequency fg, the
user can reconstruct his velocity v using the formulae for the Doppler effect.

Conclusions

All in all, GPS consists of three so-called "segments™:

1. Control segment:
This consists of a number of monitoring stations, which gather informa-
tion from the satellites, compute their orbits and (position dependent)
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frequency corrections for the next few hours. This information is then
uploaded to the satellites, to pass it on to the users. (Additional infor-
mation which is monitored and passed on includes e.g. the "weather”
in the ionosphere, which can affect the speed of light in that part of
Earth’s atmosphere significantly.)

. Space segment:

This consists of 24 satellites, carrying atomic clocks, with additional
spare clocks and spare satellites. The satellites trasmit (a) timing sig-
nals, and (b) corresponding messages, specifying the coordinates of the
timing signal’s source event, as well as additional data needed to de-
termine event coordinates.

3. User segment:

This consists of all users which receive the satellite signals and use
them to determine their position, time and velocity. Here we can dis-
tinguish two kinds of users: the commercial users and the U.S. military.
Whereas the military receives the satellite signals on a restricted radio
frequency, other users receive it on a frequency which can be received by
commercially available receivers. However, the signal which is broad-
cast at the latter frequency is first distorted by small random noise, to
reduce the accuracy. This is to prevent the use of GPS for unwanted
military purposes by others than the U.S. military.





