General Relativity

GENERAL COORDINATE TRANSFORMATIONS IN MINKOWSKI SPACE

In order to move away from constant accelerations (as models of observers in constant
gravitational fields only), we now consider the effect of arbitrary (general) coordinate
transformations on the laws of special relativity and the geometry of Minkowski space.
This may look like a somewhat exaggerated move at this point (should we perhaps
not just look at coordinate transformations to coordinates that somehow correspond to

adapted coordinates for some arbitrary accelerated observer?), but

® it is actually easier to just do this than to understand what is meant precisely by

this parenthetical remark and how to implement it:

# there are many useful things that one can learn from doing this;

e and we will see later (when discussing the relation between the Finstein Egquiva-
lenice Principle and the Principle of General Covariance in section 3.1), that the
relation between the description of physics in an arbitrary gravitational field and
the behaviour of this description under arbitrary coordinate transformations is

muich closer and more far-reaching than we perhaps have the right to expect at

the moment.

Let us see what the equation of motion (1.51) of a free massive particle looks like when
written in some other (non-inertial. accelerating) coordinate system. It is extremely
useful for bookkeeping purposes and for avoiding algebraic errors to use different kinds
of indices for different coordinate systems. Thus we will call the new coordinates .r“(.t’;'b]

and not., say, [Eb].

First of all, proper time should not depend on which coordinates we use to describe the
motion of the particle (the particle couldn’t care less what coordinates we experimenters
or observers use). [By the way: this is the best way to resolve the so-called “twin-
paradox’: It doesn’'t matter which reference system you use - the accelerating twin in

the rocket will always be younger than her brother when they meet again.] Thus

dr? = —nupdEtdE”
_ o 9 agt L.
= n"bﬂxﬂ 3;1:"'d$ dzv . (1.78)
Here o=
Ji @) = 5 (1.79)

is the Jacobi matrix associated to the coordinate transformation £* = £%(x*). and we
will make the assumption that (locally) this matrix is non-degenerate, thus has an
inverse Ji(x) or JE(£€) which is the Jacobi matrix associated to the inverse coordinate

transformation % = zH(£%),
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Iy =6  JL =4 . (1.80)

We see that in the new coordinates, proper time and distance are no longer measured
by the Minkowski metric in its standard form (the constant matrix n,;), but by

dr* = =g, (z)dz"dz” | (1.81)

where the metric tensor (or metric for short) g,,(x) is

ag® ot

drk drv

Guo(T) = Nab (1.82)

The fact that the Minkowski metric written in the coordinates x* in general depends
on x should not come as a surprise - after all, this also happens when one writes the

Euclidean metric in spherical coordinates etc.

It is easy to check, using (1.80), that the inverse metric, which we will denote by g"".

9" (x)gua(z) = 0 (1.83)
is given by .
TH O
g™ (x) = ™ el (1.84)

We will have much more to say about the metric below and, indeed, throughout this

CONrse.

Turning now to the equation of motion, the usual rules for a change of variables give
d _, 0" dz¥

dr> — dzk dr

(1.85)

where %% is an invertible matrix at every point. Differentiating once more, one finds

4’ o = e &Pt N e dz” dat
dr? T A+ dr? Aoz dr dr
aes d*xr 9 da dx?

drk dr? barvart dr dr

et [d2z+ oz 2% da® dz?

- X Lz o JL drdr) (1.86)
dz# | dr O£ drvoxt dr dr
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Thus, since the matrix appearing outside the square bracket is invertible, in terms of the
coordinates r* the equation of motion, or the equation for a straight line in Minkowski

space, becomes
d2an N drk 92 drv drt
dr? = 9ge gxvaz* dr dr

The second term in this equation, which we will write as

=0 . (1.87)

dz” da” dr*
- M, ——=0, 1.
dr? M2 dr dr 0. (1.88)
where 5 .
p _ ozF £" .
Vor = g7 avon> (1.89)
or, more compactly,
[, = JEauJs = Jioady = JETG, (1.90)

represents a pseundo-force or fictitious gravitational force (like a centrifugal force or the
Coriolis force) that arises whenever one describes inertial motion in non-inertial coor-
dinates. This term is absent for linear coordinate transformations £*(z") = Mjr". In
particular, this means that the equation (1.51) is invariant under Lorentz transforma-

tions, as it should be.

While (1.88) looks a bit complicated and unattractive, it is simply the general variant
of a calculation that vou have probably done numerous times before in various specific
contexts. Moreover, there are at least two very useful things that we can extract or

anticipate from this equation, namely

1. candidates for the appropriate generalisation of the Newtonian gravitational po-
tential

2. the prototypical general covariance of physical equations

in any theory of gravity satisfyving the Einstein equivalence principle. Let us now discuss
these features in turn (relegating some uninspiring calculational details to the end of
this subsection):

1. the Metric as a Candidate for the Gravitational Potential

It turns out that the above (pseudo-)force term can be expressed in terms of the

partial derivatives of the metric (1.52) as

" = g"T s
A . P (1"-]1}
Ppu'.:\ = ?(gpu:;\ +gpl s = Qe :-P}
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It is an elementary but nevertheless useful exercise to check this (see below - but

do try this yourself as well).

This shows that the components of the metric appear to play the role of “po-
tentials” for the gravitational pseudo-force. In particular, since in principle all
components of the metric can contribute to I'y,,, we learn the interesting fact
that in order to achieve this a single scalar potential, as in the Newtonian theory,

is completely insufficient.

If the metric indeed plays the role of the gravitational potential, as suggested by
these considerations. then it will play the role of the fundamental dynamical vari-
able of gravity. Since the metric encodes what one usually refers to as the geometry
of a space(-time), namely the information required to determine distances, areas,
volumes etc., this means that we are being led to the conclusion that any theory
of gravity based on the equivalence principle is a theory of dynamical geometry.
Wow . ..

2. the General Covariance of the Equation of Motion

The equation of motion (1.58) has one other fundamental redeeming and attractive
feature which will also make it the prototype of the kind of equations that we will
be looking for in general. This feature is its covariance under general coordinate
transformations, i.e. its general covariance, which means that the equation takes
the same form in any coordinate system. Indeed, this covariance is in some sense
tautologically true since the coordinate system {z*} that we have chosen is indeed
arbitrary. However, it is instructive to see how this comes about by explicitly
transforming (1.88) from one coordinate system z* to another, say y®.

If one does this (cf. below for a proof), one finds that the equations of motion

(1.8%) in the coordinates # and y® are related by

(1.92)

Ly o W W [, de” de
dr? Adr dr ~ dze | dr2? vAdr dr

Thus the geodesic equation transforms in the simplest possible non-trivial way

under coordinate transformations r — y, namely with the Jacobi matrix

Ja_ﬂy"'

u_al.p :

We will see later that this transformation behaviour characterises/defines tensors,

(1.93)

in this particular case a vector (or contravariant tensor of rank 1).
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In particular, since this matrix is assumed to be invertible, we reach the conclusion
that the left hand side of (1.92) is zero if and only if the term in square brackets

on the right hand side is zero,
Py dyPdy? d2zH 4 dz” dr?
=t ¢ e T

This is what is meant by the statement that the equation takes the same form

0 (1.94)

in any coordinate system, and is therefore satisfied in one coordinate system if
and only if it is satisfied in all coordinate systems. We see that in this case this
is achieved by having the equation transform in a particularly simple way under

coordinate transformations, namely as a tensor.

(One might then, on the basis of the equivalence principle, also want to postulate that
the motion of particles in a general gravitational field, described by a metric, is then
still governed by (1.88) and (1.91). In this more general context the I'* | are referred
to as the Christoffel symbols of the metric.

Happily, as we will see below, in section 1.7, these equations need not be postulated
at all - they are simply the geodesic equations satisfied by paths that extremise proper
time (or proper distance), and are thus the Euler-Lagrange equations for the obvious
generalisation of the special relativistic action for a free particle, § ~ [dr, to an

arbitrary metric.

1. Proof of (1.91):

¢ From
G = Nab T (1.95)
one deduces
Guue h = ﬂub['j;l'}ﬁ + 'IEJL.] (lqm
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where
JE = JE=_"= _—J& 1.97
A A jrp: I.!np: ( }

# Therefore, now adopting (1.91) as the definition of the I'-symbols, one has

Oy = %(gpu,l + Qs — Guip)
= $as(Tin Ty + JET0n + T IR+ T3 IR, = Jo, TN = I35, (1.98)
= NabJ; Jh .
where the cancellations in passing to the last line arise from the syvmmetries
Nab = Thas Ty, = 5 ete.

o Thus, finally (and writing out everything in detail for once),
Con = "L pox = 0T e T Jux = TG o)
= 0 TEap Il = SETETE, = JETE

as was to be shown.
2. Proof of (1.92):

e Consider transforming the free particle equation of motion in inertial coor-
dinates (1.51) not to the coordinate systsem z#, as we did before, but to
another coordinate system {y®}. Following the same steps as above, one

arrives at the y-version of (1.86), namely

2 a il ol 2¢h Na
i o [y  dy» FE dy dyj] (1.100)

dr2S = aye | arz T B GyPey dr dr
#» Equating this result to (1.56) and using the chain rule for partial derivatives

ay"  dy~ o

o2F — De= ar (1.101)

one finds
d2y™ o dyPdy’ 9y [diax® o dz¥ dz? -
Pr=R i il il S N e (1.102)

as claimed.

1.5 MeTrICs I: DEFINITION AND EXAMPLES

Above we saw that the motion of free particles in Minkowski space in curvilinear coordi-

nates is described in terms of a modified metric, and a force term I'*, representing

D parrs
the ‘pseundo-force’ on the particle. Thus the Einstein Equivalence Principle suggests
that an appropriate description of true gravitational fields is in terms of a metric tensor

Gue () (and its associated Christoffel symbols) which can only locally be related to the
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Minkowski metric via a suitable coordinate transformation (to locally inertial coordi-
nates). Thus our starting point will now be a space-time equipped with some metric
Gue (), which (by analogy with the Euclidean and Minkowski metrics) we will assume
to be symmetric and non-degenerate, i.e.

G (T) = gup(x) det(gu(x)) #0 . (1.103)

The metric encodes the information how to measure (spatial and temporal) distances,

as well as areas, volumes etc., via the associated line element
2 In 1
gulxr) = ds° = gu(xr)dz"dz" . (1.104)

Thus a metric determines a geometry (in the literal sense of a prescription for mea-
suring distances etc.), but different metrics may well determine the same geometry,
namely those metrics which are just related by coordinate transformations. In particu-
lar, distances should not depend on which coordinate system is used. Henee, changing
coordinates from the {zr#} to new coordinates {y®(z#)} and demanding that

Gy (®)dxt dr” = gog(y)dy*dy® | (1.105)

one finds that under a coordinate transformation a metric transforms as

dxt drv » .
Japly) = g,,u[-r}@@ = JETE G - (1.106)

Objects which transform in such a nice and simple way under coordinate transformations
are known as tensors - the metric is an example of what is known as (and we will get to
know as) a covariant symmetric rank two tensor. We will study tensors in much more

detail and generality later, starting in section 3.

REMARKS:

1. Here [ have denoted the components of the metric in the new coordinates y™ simply
by gn5- Occasionally it is more convenient to use a more elaborate notation, such
as

* = " = y'l'-'! = Gy 7 Gag = J#JEQ#I-‘ 1 {11{]?}

which allows one to distingnish notationally specific components of the metric in 2
different coordinate systems, such as g7, (the (11)-component of the metric in the
y-coordinates) from gy (the (11)-component of the metric in the z-coordinates).
As mentioned before, indices and other decorations are primarily bookkeeping
devices: therefore I will usually not be overly-pedantic about these things in the
following and will use whatever notation is more convenient in the case at hand.



General Relativity

2. As a consequence of the non-degeneracy condition. pointwise g.(r) possesses an

inverse, whose components we will denote by g"¥(x), Le.
P (@)ga(x) = & . Gula)gN(z) = &) . (1.108)

Clearly, the inverse metric then transforms inversely, i.e. with the inverse Jacobi
matrices Jij, and this is now nicely compatible with the convention to denote the

inverse metric by upper indices,
g™ = Jr I g™ . (1.109)

This is also the rationale for writing the invese metric with “npper” indices: the
positioning of indices is used to indicate how an object transforms under coordinate
transformations (and we will formalise this in the discussion of section 3 on tensor

algebra).

3. A space-time equipped with a metric tensor gy, (x) is called a metric space-time
or (psendo-)Riemannian space-time. Here “Riemannian™ usually refers to a space
equipped with a positive-definite metric (all eigenvalues positive), while pseudo-
Riemannian (or Lorentzian) refers to a space-time with a metric with one negative

and 3 (or 27, or whatever) positive eigenvalues.

4. One point to note about the tensorial transformation behaviour is that pointwise

it is a similarity transformation in the sense of linear algebra, in matrix notation
g JglJ . (1.110)

In particular. therefore, if in one coordinate system the space-time metric tensor
has one negative and three positive eigenvalues (as in a locally inertial coordinate
system), then the same will be true in any other coordinate system (even though
the eigenvalues themselves will in general be different) - this statement should
be familiar from linear algebra (e.g. as Sylvester’s law of inertia. but it also goes

under various other names).

Here are some examples of Riemannian metries that you may already be familiar with.

ExAMPLES:

1. The Euclidean metrics or line-elements on B? or R®, but written in polar or

spherical coordinates,
ds*(R?) = da” + dy* = dr® + r*do”

) 1.111
ds*(R*) = dx® + dy” + d2" = dr® + r*(d6* + sin” 8d¢?) . E )

E.g. for the latter case one has

(r.y,z) = (rsinfcos¢. rsinfsing, reos ) (1.112)
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and plugging this into the Euclidean line-element dz® + dy® + dz*, one finds the

above result.

Denoting the Cartesian coordinates by " and the spherical coordinates by y®,
with (y! = r,y? = #,y* = ¢), the non-vanishing components of the metric in the

two coordinate systems are thus (using the prime notation (1.107))
= g9y = gz = 1 =1 by =17, ghs =1 sin’ # 1.113
11 = 22 = fa3 s 8911 . fag =TT, fge =TSN . (1.113)

Alternatively, it is often more informative (and very common) to use the coor-
dinates themselves, rather than indices, as the labels of the components of the
metric tensor. In this case one can dispense with the prime notation and simply
write the components of the metric in spherical coordinates as

grr=1, ggﬁi:‘i"? . gw=rzsinzﬂ . (1.114)

. Restricting the first example above to constant radius r = R, this gives us the

line-element on the circle S} of radins R,
ds?(SE) = R%de” . (1.115)
Restricting the second to the 2-sphere 5122 of radius R,
P+ +22=r=R?* or r=R, (1.116)
one finds the line-element
ds*(S%) = R%(d#? + sin® 8do”) = R2dY? . (1.117)

Here

d0? = d#* + sin® Bdg” (1.118)

is usnally called the solid angle, and we can now interpret it as the line element
on the unit 2-sphere. We will use the notation / abbrevation d(¥* for this line

element throughout the notes.

This example provides a nice illustration of the fact that by drawing the coordinate
grid / infinitesimal parallelograms determined by the metric tensor, one can get a
feeling for the geometry and can in particular convince onseself that in general a
metric space or space-time need not or cannot be flat, i.e. is not the flat Euclidean
space of Euclidean geometry.

Indeed, the coordinate grid of the metric d#® + sin® fd¢” cannot be drawn in
flat space because the infinitesimal parallelograms described by ds® degenerate
to triangles not just at # = 0 (as would also be the case for the flat metric
ds? = dr? + r2d¢? in polar coordinates at r = 0), but also at # = x. This

coordinate grid can, on the other hand, of course be drawn on the 2-sphere.
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3. This line-element on the unit 2-sphere generalises to the line-element on a unit
3-sphere,
ds*(8%) = dv? + sin® o(df? + sin® Bdo?) . (1.119)

This can be obtained by simply generalising the construction of spherical coor-
dinates from R? to R%, and (if required) this can be continued iteratively to yet
higher-dimensional spheres.

Alternatively, by thinking of the 3-sphere as the locus
2+ + 22wl =1 (1.120)

in B!, and “solving” this equation by first setting

4+t =sin’a , 24+u’=cos’a (1.121)

and then refining this to

r=sinacosd , y=snasing , z=cosacosy , w=cosasiny ,
(1.122)
one finds that the standard Euclidean line-element

ds® = dz® + dy® + d=* + dw?® (1.123)

induces the line-element
ds?(S*) = da® + sin® adS® + cos® ady* (1.124)

on the sphere. This is the same metric on §% as above (1.119), namely the one
induced from the Euclidean metric on B! but written in different coordinates.
In particular, both are invariant under 4-dimensional rotations. i.e. under SO(4)-

transformations.

However, we can obtain genuinely different metrics on the 3-sphere e.g. by starting
with different metrics on R, One of the simplest possiblilities is to replace (1.123)
by

ds? = a®(de? + dy?) + b (d=* + du?) | (1.125)

with a.b real non-zero parameters. Then the induced metric on the 3-sphere
P22 rwi=1is

ds%(S%) = (a® cos® a + b sin’ a)da® + a®sin adB? + b cos®ady® . (1.126)

For a® # b, this metric is not invariant under full 4-dimensional rotations, but
only under rotations in the (r.y) and (z,w) planes, ie. under SO(2) x S50(2)
transformations. Thus this equips the 3-sphere with a genuinely different geometry
(and is an example of what is sometimes referred to as a “squashed 3-sphere

geometry” ).
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4. If instead of the unit 2-sphere one considers the “unit” hyperboloid H?, defined
by

2

P+l =41 — P4yt ==-1 (1.127)

then this is naturally thought of as being embedded not in B* but in B2, i.e. into
the 3-dimensional vector space with line-element

ds? = dz* + dy* —d2* . (1.128)
The hyperbolic analogues (r, o, ¢) of the spherical coordinates, defined by
(r.y.z) = (rsinh o cos ¢, rsinhosing, reosh o) (1.129)
are naturally adapted to this situation, because
2yt -2 =2 (1.130)

s0 that the unit hyperboloid is evidently just the surface r = 1. In these coordi-
nates, the metric (1.128) takes the form

ds? = —dr? + r*(de® + sinh? o d¢?) . (1.131)
and therefore the induced metric on the unit hyperboloid r =1 is

ds*(H?) = do” + sinh® o do” . (1.132)

MeTrICS II: LORENTZIAN (PSEUDO-RIEMANNIAN) METRICS

We now turn to Lorentzian (pseudo-Riemannian) metrics and geometries. These will
of course occupy and accompany us throughout these notes, so this section is meant to
just provide a first brief encounter with these objects.

For a metric with Lorentzian signature, and with coordinates ™ = [.r“ = f,;rk}._ say, the
metric has components gog. gor = geg and g = g, and the corresponding line element
has the form

ds® = goodt® + 2gordt dz* + girdr'dz* (1.133)

Her are some simple

ExAMPLES:

1. Of course any of the Riemannian metrics of the previous section be promoted to
space-time metrics by simply adding a {—dtzj (i.e. by taking the direct product
with the time-axis). Thus the Minkowski metric in spatial spherical coordinates
has the form

ds?(RY) = —dt? + dr? + r2(d#? + sin® 8do?) . (1.134)
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2. A generalisation of this is provided by the so-called ultrastatic metrics, i.e. metrics
that are just a product of the standard metric —d#? along the time-direction and

a spatial metric g;;(x)
ds? = —dt* + §;j(x)dr'dx? (1.135)

(i.e. the components depend only on the spatial coordinates z*, not on t).

3. Somewhat more generally, the spatial comopnents of the metric can depend non-
trivially on time. For example, a space-time metric describing a spatially spherical
universe with a time-dependent radius (expansion of the universe!) might be
described by the line element

ds? = —dt? + a(t)? (dy? + sin® ¢:(d6? + sin® 8do?)) | (1.136)

and more generally one can consider the corresponding generalisation of (1.135),

namely metrics of the form
ds® = —dt* + a(t)*§;; (x)dz*dr? . (1.137)

This describes a space-time with spatial metric g;i; [:i:]d:c"drf and a time-dependent
radius a(t); in particular, such a space-time metric can describe an expanding
universe in cosmology. We will discuss such metrics in detail later on in the
context of cosmology, sections 32-37.

4. Also, the (time-time)-component of the metric can of course in general depend
non-trivially on the spatial coordinates. A prominent example is the Schwarzschild
Metrie

ds® = —(1 = 2m/r)dt® + (1 = 2m/r)~tdr? + r?(d6? + sin® Bde?) . (1.138)

It is of fundamental importance for General Relativity, and perhaps the most
important exact solution of the Einstein field equations for the gravitational field,
as it describes the gravitational field outside a spherical star (as well as black
holes, as it turns out ...). We will discuss this metric in great detail in sections
23-26.

The characteristic feature of metrics with Lorentzian signature is of course the presence
of timelike and null (lightlike) directions, and thus in a pseudo-Riemannian space-time

one has the same distinction between spacelike, timelike and lightlike separations as in
Minkowski space(-time). Infinitesimal

e spacelike distances correspond to ds? > 0,

e timelike distances to dr2 = —ds? > 0,

e and null or lightlike distances to ds® = dr? = 0.
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Likewise, a vector V#(x) at a point r is called

e spacelike if g, (z)VH*(z)V¥(x) >0,
o timelike if g, (z)V#(z)V¥(x) <0,

e and null or lightlike if gu.(z)VH(z)V¥(z) =0,

and a curve x#(A) is called spacelike if its tangent vector is everywhere spacelike etc.

Using the definition of a vector in general relativity (to be introduced in section 3),
namely an object that transforms in the obvious way, with the Jacobi matrix, under
coordinate transformations, one sees that g, (x)V#(x)V*(x) is a scalar, i.e. invariant
under coordinate transformations, and hence the statement that a vector is, say, space-

like is a coordinate-independent statement, as it should be.

When the metric (1.133) is (time-space) block-diagonal, i.e. when the mixed components
goi: = 0 (as in all of the above examples), then the timelike and spacelike directions are
easy to distinguish by inspection. Typically then the “spatial” metric g, is positive
definite, and thus necessarily gog < 0.

When some of the gog are non-zero, on the other hand, one has a more intricate mixing
of time- and space-directions. This can also be seen from the components of the inverse
metric. Indeed, from (1.108), one finds

900g"* = goog™ + goig™ =5 =0 | (1.139)
and thus (for goo # 0)
1 .
g% = ——gpig™* . (1.140)
Gon

Likewise from (1.10%) one deduces
9ivg"* = giog®™ + gijo7* = 8F . (1.141)

In particular, this shows that in general (i.e. unless the off-diagonal components gy, are
all zero), the spatial components g* of the inverse metric are not the inverse of the

spatial components g;; of the metric. Rather, using (1.140) one has

1 )
(H:‘j - gl—ms-‘mgju) g* =af . (1.142)

This ends our first brief encounter with metrics and geometries. At this point the
question naturally arises how one can tell whether a given (perhaps complicated looking)

metric is just the “flat”™ (Euclidean or Minkowski) metric written in other coordinates
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or whether it describes a genuinely curved space-time. We will see later that there is
an object, the Riemann curvature tensor, constructed from the metric and its 1st and
2nd derivatives, which has the property that all of its components vanish if and only if
the metric is a coordinate transform of the flat space Minkowski metric. Thus, given a
metric, by calculating its curvature tensor one can decide if the metric is just the flat
metric in disgnise or not. The curvature tensor will be introduced in section 7, and the
above statement will be established in section 10.2.

GEODESIC EQuaTiON FROM THE EXTREMISATION OF PROPER TIME

We have seen that the equation for a straight line in Minkowski space, written in arbi-
trary coordinates, is
d?xp+ " dxﬂdxl—u 1.143
dr? vhdr dr (1.143)
where the pseudo-force term I, is given by (1.89). We have also seen in (1.91) (pro-

vided you checked this) that ¥, can be expressed in terms of the metric (1.82) as

['La = 59" (Gpur +prw —Gurwp ) - (1.144)

This gravitational force term is fictitious since it can globally be transformed away by
going to the global inertial coordinates £2. The equivalence principle suggests, however,
that in general the equation for the worldline of a massive particle, i.e. a path that
extremises proper time, in a true gravitational field is also of the above form.

We will now confirm this by deriving the equations for a timelike path that extremises
proper time from a variational principle. These paths will be referred to as (timelike)
geodesics. We will briefly return below to the (delicate) issue to which extent these can

be regarded as world lines of actual massive particles.

Reeall first of all from special relativity that the Lorentz-covariant description of the
dynamics of a massive particle is based on describing the timelike worldline of the

particle in the parametric form

£ =&%7) (1.145)
where 7 is the proper time along the worldline,
dr® = —nadetde® . (1.146)
In particular, the 4-velocity
u® = % (1.147)

is normalised as
napti®u’ = =1 . (1.148)
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The Lorentz-invariant action for a free massive particle with mass m is
So = —m.fdr . (1.149)

We can adopt the same set-up and action in the present setting. Thus we parametrise
the worldlines by
H =¥ (r) (1.150)
with 7 the proper time
dr? = =g (x)dx!dx” | (1.151)
invariant under general coordinate transformations (provided that one transforms the

metric appropriately). The corresponding 4-velocity

dxH
W= 1.152
" dr (1.152)

is again normalised as
gueutu’ = =1 | (1.153)

and we are led to consider the coordinate-invariant Lagrangian

Solz] = —mfdr = —m.f .‘/—gw{;r}dr#d;r“ . (1.154)

Of course m drops out of the variational equations (as it should by the equivalence

principle) and we will therefore ignore m in the following.

In order to perform the variation, it is useful to introduce an arbitrary auxiliary param-
eter A in the initial stages of the calculation via

dr = (=g, 2224y (1.155)
and to write
/rh-:f[drfdl}dl = f{—g#.,%%)lﬁﬂ . (1.156)
We are varying the paths
z¥(t) = (1) + éz¥(71) (1.157)

keeping the end-points fixed, and will denote the 7-derivatives by &#%(7). Under this

variation, the metric g, (x) varies as
Oy = g_u_u,;.ﬁx)‘ . (1.158)

By the standard wariational procedure one then finds, first of all,

drt dz” ddx# dr”
dr = — g B A2 =20 | —Bgp — — 2y —— . 1.15¢
f e ff{ " Ix "IN A TN T Ty (1.159)

Already at this stage we can revert from A to 7, and the expression simplifies to

der= %fdr [—[égw];'r":ir"—ﬂgppdjﬂi” . (1.160)
T
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Integration by parts of the 2nd term (in order to eliminate the derivative of the variation)
and use of (1.15%) then leads to

3 f dr = % f dr [—g,_“.., A FHEVETN + 20,50 5T + 20 .ir";i:”-:’ix“]

(1.161)
= f dr [gm.—i“ + 3(Guwr FGurw —Gursp )i"-":"] ox¥
after a suitable relabelling of the indices.
If we now adopt the definition (1.144) for an arbitrary metric,
I\ = 59" (Gpwr + a0 —Gursp) (1.162)
we can write the result as
der = fdrg_w{i" + I ifit)dx” (1.163)

Thus we see that indeed the equations for a timelike geodesic in an arbitrary gravita-

tional field are
d*zt _ dx¥ det

P 10D

REMARKS:

1. By definition, massive test particles are those particles that satisfy the above
geodesic equation, i.e. that follow timelike geodesics in space-time. However, it
needs to be borne in mind that this notion of a test particle is a fiction, in particular
as it neglects the backreaction, i.e. the change in the background gravitational field
due to the mass of the particle. Moreover, real particles either have a finite extent
(in which case this finite size should play a role in their equations of motion) or
are considered to be point-like. However, the notion of a point-like particle is
extremely dangerous and delicate in general relativity: as we will see later, if a
given total mass is concentrated in a sufficiently small region of space-time (and
“point-like” certainly qualifies as “sufficiently small” ), then one will end up with a
black hole rather than with the description of a particle. The correct description
of point particles in general relativity is a complicated issue and an active area of

research.”

2. One can also consider spacelike paths that extremise (minimise) proper distance,
by using the action

Sp ~ fds (1.165)

%See e.g. E. Poisson, A. Pound, 1. Vega, The Motion of Peint Particles in Curved Spacetime,

for a detailed discussion and many references (but you will need to acquire
a solid understanding of tensor analysis first).
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where
ds® = Gy (x)d dx (1.166)

is the proper distance (or arc-length in the traditional terminology of the differ-

netial geometry of curves).

One should also consider massless particles, whose worldlines will be null (or
lightlike) paths. However, in that case one can evidently not use proper time or
proper distance, since these are by definition zero along a null path, ds®> = 0. We
will come back to this special case, and a unified description of the massive and
massless case, below (section 2.1). In all cases, we will refer to the resulting paths
as geodesics. If required, we add the gualifier “timelike”, “spacelike” or *null”,
and this is meaningful and unambiguous since, as we will see below, a geodesic

that is initially timelike will always remain timelike etc.

We will have much more to say about geodesics and variational principles in section 2.

CHRISTOFFEL SYMBOLS AND COORDINATE TRANSFORMATIONS

The Christoffel symbols play the role of the gravitational force term, and thus in this
sense the components of the metric play the role of the gravitational potential. These
Christoffel symbols play an important role not just in the geodesic equation but. as
we will see later on, more generally in the definition of a covariant derivative operator
and the construction of the curvature tensor, and thus ultimately also in the generally
covariant description of the dynamics of the gravitational field itself.

Two elementary important properties of the Christoffel symbols are that they are sym-

metric in the second and third indices,
Cpr=Tu . I, =T%, (1.167)

(this follows simply from the definition}), and that symmetrising I" ;.5 over the first pair
of indices one finds

F'—“"}L + Puy}; = Suw. X []_.].'ﬁﬁ}

(and this follows from noting that 4 of the 6 partial derivative terms of the metric cancel

in this linear combination while 2 add up)

Knowing how the metric transforms under coordinate transformations, we can now also
determine how the Christoffel symbols (1.144) and the geodesic equation transform. A
straightforward but not particularly inspiring calculation (which you should nevertheless
do) shows that under z# — y® the Christoffel symbols are related by

o u Oy dz¥ ar* Ay 9’xH

sy =g 597 957 T 9an BP0y (1.169)
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or
@ = JOJYIMTR 4+ J23TE (1.170)

Thus, I'} , transforms inhomogenously under coordinate transformations. If only the
first term on the right hand side were present, then l""’{'},;,l wolld be a tensor. Howewver,
the second term is there precisely to compensate for the fact that #* is also not a tensor
- the combined geodesic equation turns out to transform in a nice way under coordinate

transformations.

Namely, after another not terribly inspiring caleulation (which you should nevertheless
also do at least once in your life) . one finds

dZyn
dr?

o dyfdy? Oy [Pzt da¥ da?t

r = —_
15y dr dr ark | dr? 1 dr dr

(1.171)

This is analogous to the result (1.92) that we had obtained before in Minkowski space,
and the same remarks about covariance and tensors etc. apply. An explicit proof of
(1.170) and (1.171) is given at the end of this subsection. A more general result along
these lines will be established in section 4.1 below, when we introduce the covariant

derivative of a vector field.

REMARKS:

1. That the geodesic equation transforms in this simple way (namely as a vector)
should not come as a surprise. We obtained this equation as a variational equation.
The Lagrangian itself is a scalar (invariant under coordinate transformations). and
the variation dz#* is (i.e. transforms like) a vector,

e

rl"jyﬂ = @ﬁ.’fﬂ = J:J;r“ . [].].?2_:]

Putting these pieces together, one finds the desired result.

2. General covariance, i.e. form-invariance under general coordinate transformations,
as exhibited e.g. by the geodesic equation, is of course a desirable feature regardless
of whether or not one is attempting to describe gravity. After all, the particle could
not care less which coordinates we use to describe its motion, and therefore we
should also formulate the equations of motion for a particle in a way that does not
single out some preferred coordinate system or class of coordinate systems. This

is precisely what is achieved by general covariance.

However, here general covariance seems to have arisen somewhat coincidentally
and spontaneously, and the relation between general covariance and gravity, or
general covariance and the equivalence principle, may still appear to be somewhat
mysterious at this point. The precise relation between the two concepts will be

explained in section 3.1.
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3. There is of course a very good physical reason for why the force term in the
geodesic equation (quadratic in the 4-wvelocities) is not temsorial. This simply
reflects the equivalence principle that locally, at a point (or in a sufficiently small
neighbourhood of a point) you can eliminate the gravitational force by going to
a freely falling (inertial) coordinate system. This would not be possible if the
gravitational force term in the equation of motion for a particle were tensorial.

1. Proof of (1.170)

For partial derivatives one has the chain rule 8, = J29\ (“d is a covector™).

Therefore for the partial derivatives of the metric one has
Gasiy = (TS 0) oy = G JETETY + (T T5 + TET5 Vg - (1173)
Adding up the 3 terms comprising the Christoffel symbol I, 3,. one obtains

EPn,S'}' = Jag.~ + Hav.8 = 98v.a
= 2JET5 0T un (1.174)
+ (JhyJB + JETG, + Jog Y + JET5g = JhoJY = TG J50) g
In the last line, the 3rd term cancels against the 5th (because J.; is symmetric),

the 1st term cancels against the 6th (because .J&, and gy, are symmetric), while
the 2nd and 4th term add up, so that one finds

Tagy = JEJE 2T por + JETE g (1.175)

Now the hard work has been done. Raising the 1st index of the Christoffel symbaol,

using the inverse metric
gr:ni — a;JJaJE [1.1?()}

a¥p 0

it is now simple to see that one obtains the claimed result (4),

%, = 9" Tsgy = JRJE T + JRJE (1.177)

[

For example, for the 2nd term one has (just using properties of inverse .Jacobi

matrices and metrics)
] JE g — TP IﬁJﬁJn J = %P Jo5P J%
g - 5" 519;1{.— g g avE ,ﬂ-":r.g;.li"' g g 2] 5-,.-91.:{.-' [1 ]_TS}
= TS TG g = SIS TS, = TSI,

2. Proof of (1.171)

The 4-velocities transform as vectors (the chain rule again), y* = J7i#. Therefore

for the acceleration one has

g = ISR 4 T MY (1.179)
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Therefore
i+ D% %57 = Jo (3 + T Je 1P ) + JoJ5 P + Jo,itd"

— Jo(# 4 TH v\ o g )l L yﬁ-’]‘ (1.180)
= Ja (@ 4+ T0,3"5°) + (T Tg, + Jo, g )iy

The 1st term will give us the desired result, and cooperatively the 2nd term is

identically zero because (use d, = .J¥d, again)
0=1(05), = {JEJE).&' = J;HJ,‘;JE + JEJE,T . (1.181)
ApPoLoGY AND OUTLOOK

You may feel that, after a promising start in sections 1.1 and 1.3, the things that we
have done subsequently, in particular in sections 1.4 and 1.8, look terribly messy. 1
agree, indeed they are! However, I can assure you that things will improve dramatically
rather quickly and that this section 1 is by far the messiest part of the entire lecture

notes,

Indeed. the main purpose and benefit of developing tensor calculus in the next couple

of sections is to develop a formalism in the framework of which (among other things)

¢ one can avoid having to deal explicitly with objects that transform in complicated

ways under coordinate transformations

¢ the transformation behaviour of any object is manifest (and does not have to be

checked)

e it is straightforward to write down equations that are generally covariant, ie.
independent of the coordinate system in the sense that they are satisfied in all

coordinate systems if and only if they are satisfied in one.

This tensor caleulus formalism is simple, elegant and efficient and will then allow us
to make rapid progress towards describing the dynamies in a (and subsequently of the)
gravitational field in a way compatible with the Einstein equivalence principle.
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