General Relativity

Physical laws in curved spacetime

Minimal coupling, equivalence principle

Physical laws in curved spacetime should exhibit general covariance: they should
be independent of any choice of basis or coordinate chart. In special relativity,
we restrict attention to coordinate systems corresponding to inertial frames. The
laws of physics should exhibit special covariance, i.e, take the same form in any
inertial frame (this is the principle of relativity). The following procedure can be
used to convert such laws of physics into generally covariant laws:

1. Replace the Minkowski metric by a curved spacetime metric.

2. Replace partial derivatives with covariant derivatives (associated to the Levi-
Civita connection). This rule is called minimal coupling in analogy with a
similar rule for charged fields in electrodynamics.

3. Replace coordinate basis indices p, v ete (referring to an inertial frame) with
abstract indices a, b etc.

Examples. Let z* denote the coordinates of an inertial frame, and 7" the inverse

Minkowski metric (which has the same components as 7, ).

1. The simplest Lorentz invariant field equation is the wave equation for a scalar
field @
n"d,0,® = 0. (5.1)

Follow the rules above to obtain the wave equation in a general spacetime:

¢V, V=0, o VV,d=0 o &,=0 (52
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General Relativity

A simple generalization of this equation is the Klein-Gordon equation de-
scribing a scalar field of mass m:

VeV, & — m?® = (. (5.3)

2. In special relativity, the electric and magnetic fields are combined into an
antisymmetric tensor F,,. The electric and magnetic fields in an inertial

pa-
frame are obtained by the rule (7, 7, k take values from 1 to 3) Fy; = —FE; and
F;; = €;jx By.. The (source-free) Maxwell equations take the covariant form
"o F,, =0, kg = 0. (5.4)

Hence in a curved spacetime, the electromagnetic field is described by an
antisymmetric tensor F, satisfying

gV Fi. = 0, ViuFhg = 0. (5.5)

The Lorentz force law for a particle of charge ¢ and mass m in Minkowski
spacetime is
d*z* q dx?
= —n"F,,— 5.6
dr? 'mq‘u P dr (5-6)
where 7 is proper time. We saw previously that the LHS can be rewritten as
u’d,u* where u* = dx*/dr is the 4-velocity. Now following the rules above

gives the generally covariant equation
WP Vut = igabecuc = ij*"“;,t.nb. (5.7)
m m
Note that this reduces to the geodesic equation when g = (.

Remark. The rules above ensure that we obtain generally covariant equations.
But how do we know they are the right equations? The Einstein equivalence
principle states that, in a local inertial frame, the laws of physics should take the
same form as in an inertial frame in Minkowski spacetime. But we saw above, that
in a local inertial frame at p, I'; (p) = 0 and hence (first) covariant derivatives
reduce to partial derivatives at p. For example, V¥V, ,® = ¢"'V,0,® (in any
chart) and, at p, this reduces to p**d,0d,2 in a local inertial frame at p (since
the metric at p is 7,,). Hence all of our generally covariant equations reduce
to the equations of special relativity in a local inertial frame at any given point.
The Einstein equivalence principle is satisfied automatically if we use the above
rules. Nevertheless, there is still some scope for ambiguity, which arises from the
possibility of including terms in an equation involving the curvature of spacetime
(see later). These vanish identically in Minkowski spacetime. Sometimes, such
terms are fixed by mathematical consistency. However, this is not always possible:
there is no reason why it should be possible to derive laws of physics in curved
spacetime from those in flat spacetime. The ultimate test is comparison with
observations.
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Energy-momentum tensor

in GR, the curvature of spacetime is related to the energy and momentum of
matter. So we need to discuss how the latter concepts are defined in GR. We shall
start by discussing the energy and momentum of particles.

In special relativity, associated to any particle is a scalar called its rest mass
(or simply its mass) m. If the particle has 4-velocity " (again =* denote inertial
frame coordinates) then its 4-momentum is

P* = mu" (5.8)

The time component of P* is the particle’s energy and the spatial components are
its 3-momentum with respect to the inertial frame.

If an observer at some point p has 4-velocity v#(p) then he measures the par-
ticle’s energy, when the particle is at g, to be

E = —nu0"(p) P*(q). (5.9)

The way to see this is to choose an inertial frame in which, at p, the observer is at
rest at the origin, so v#(p) = (1,0,0,0) so E is just the time component of P”(q)
in this inertial frame.

By the equivalence principle, GR should reduce to SR in a local inertial frame.
Hence in GR we also associate a rest mass m to any particle and define the 4-
momentum of a particle with 4-velocity u® as

P* = mu"® (5.10)

Note that
GapP*P* = —m? (5.11)

The EP implies that when the observer and particle both are at p then (5.9) should
be valid so the observer measures the particle’s energy to be

E = —gap(p)v"(p) P*(p) (5.12)

However, an important difference between GR and SR is that there is no analogue
of equation (5.9) for p # ¢. This is because v*(p) and P?(q) are vectors defined
at different points, so they live in different tangent spaces. There is no way they
can be combined to give a scalar quantity. An observer at p cannot measure the
energy of a particle at q.

Now let’s consider the energy and momentum of continuous distributions of
matter.
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General Relativity

Example. Consider Maxwell theory (without sources) in Minkowski spacetime.
Pick an inertial frame and work in pre-relativity notation using Cartesian tensors.
The electromagnetic field has energy density

1
8

and the momentum density (or energy flux density) is given by the Poynting vector:

1
Si = EffjkEjBk- (514)

The Maxwell equations imply that these satisfy the conservation law

% +8;8: = 0. (5.15)
The momentum fux density is described by the stress tensor:
1 [1 -
ti; = = |3 (ExEy + ByBy) 0;; — E;E; — B;B; | , (5.16)
with the conservation law 9.
a_; + d;t;; = 0. (5.17)

If a surface element has area dA and normal n; then the force exerted on this
surface by the electromagnetic field is t;;n;dA.

In special relativity, these three objects are combined into a single tensor, called
variously the ”energy-momentum tensor”, the "stress tensor”, the "stress-energy-
momentum tensor” etc. In an inertial frame it is

! p_ Lo
Tj..[if = E FJ—'—PFV - EF Fpg 'i;l.p.y (518)
where we've raised indices with n#”. Note that this is a symmetric tensor. It
has components Tog = &, T = —=5;, T;j =t
equivalent to the single equation

ij- The conservation laws above are

9T, = 0. (5.19)

The definition of the energy-momentum tensor extends naturally to GR:

Definition. The energy-momentum tensor of a Maxwell field in a general space-
time 1s

1

1
Ty =— | F,.F,* — —F“F.;q, 2
o= 1 (P = §FFua) (5.20)
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Exercise (examples sheet 2). Show that Maxwell's equations imply that

VT, = 0. (5.21)

In GR (and SR) we assume that continuous matter always is described by a con-
served energy-momentum tensor:

Postulate. The energy, momentum, and stresses, of matter are described by an
energy-momentum tensor, a (0, 2) symmetric tensor Ty that is conserved: VT, =

0.

Remark. Let u® be the 4-velocity of an observer O at p. Consider a local inertial
frame (LIF) at p in which O is at rest. Choose an orthonormal basis at p {e,}
aligned with the coordinate axes of this LIF. In such a basis, e = u®. Denote
the spatial basis vectors as e, i = 1,2, 3. From the Einstein equivalence principle,
E=Ty = Tabﬁﬂﬂf; = Tpu®u® is the energy density of matter at p measured by
O. Similarly, S; = —Tj; is the momentum density and ¢;; = T;; the stress tensor
measured by ©@. The energy-momentum current measured by © is the 4-vector
j* = —=T%u®, which has components (£, S;) in this basis.

Remark. In an inertial frame x* in Minkowski spacetime, local conservation of
T, is equivalent to equations of the form (5.15) and (5.17). If one integrates
these over a fixed volume V in surfaces of constant + = x¥ then one obtains global
conservation equations. For example, integrating (5.15) over V gives

d
&L5=—Lsnm_ (5.22)

where the surface S (with outward unit normal n) bounds V. In words: the rate
of increase of the energy of matter in V is equal to minus the energy flux across
S. In a general curved spacetime, such an interpretation is not possible. This is
because the gravitational field can do work on the matter in the spacetime. One
might think that one could obtain global conservation laws in curved spacetime by
introducing a definition of energy density etc for the gravitational field. This is a
subtle issue. The gravitational field is described by the metric gq. In Newtonian
theory, the energy density of the gravitational field is —(1/87)(V®)? so one might
expect that in GR the energy density of the gravitational field should be some
expression quadratic in first derivatives of g,. But we have seen that we can
choose normal coordinates to make the first partial derivatives of g,, vanish at
any given point. Gravitational energy certainly exists but not in a local sense.
For example one can define the total energy (i.e. the energy of matter and the
gravitational field) for certain spacetimes (this will be discussed in the black holes
course).
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Example. A perfect fluid is deseribed by a 4-velocity vector field «®, and two
scalar fields p and p. The energy-momentum tensor is

Tap = (p + p)uatp + pYap (5.23)

p and p are the energy density and pressure measured by an observer co-moving
with the fluid, i.e., one with 4-velocity u® (check: Tu®u® = p+ p—p = p). The
equations of motion of the fluid can be derived by conservation of T:

Exercise (examples sheet 2). Show that, for a perfect fluid, V*7T,;, = 0 is equiva-
lent to

u'Vap+ (p+ p)Vau" =0, (p+ P)u"Viug = —(gap + taup) V'p (5.24)

These are relativistic generalizations of the mass conservation equation and Euler
equation of non-relativistic fluid dynamics. Note that a pressureless fluid moves
on timelike geodesics. This makes sense physically: zero pressure implies that the
fluid particles are non-interacting and hence behave like free particles.

Curvature

Parallel transport

On a general manifold there is no way of comparing tensors at different points. For
example, we can’t say whether a vector at p is the same as a vector at g. However,
with a connection we can define a notion of ”a tensor that doesn’t change along a
curve”:

Definition. Let X? be the tangent to a curve. A tensor field T is parallelly
transported along the curve if VxT = 0.

Remarks.

1. Sometimes we say " parallelly propagated” instead of " parallelly transported”.
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2. A geodesic is a curve whose tangent vector is parallelly transported along
the curve.

3. Let p be a point on a curve. If we specify T" at p then the above equation
determines T uniquely everywhere along the curve. For example, consider
a (1,1) tensor. Introduce a chart in a neighbourhood of p. Let t be the
parameter along the curve. In a coordinate chart, X# = da# /dt so VxT =10
gives

0 = X°T%,,=X"T",, + " T°, X7 —T0 T" X"
dT*, . .
= — AT TAXT = T0, T4, X (6.1)

Standard ODE theory guarantees a unique solution given initial values for
the components T#,,.

4. If g is some other point on the curve then parallel transport along a curve
from p to g determines an isomorphism between tensors at p and tensors at
q.

Consider Euclidean space or Minkowski spacetime with the Levi-Civita connection,
and use Cartesian/inertial frame coordinates so the Christoffel symbols vanish ev-
erywhere. Then a tensor is parallelly transported along a curve iff its components
are constant along the curve. Hence if we have two different curves from p to g then
the result of parallelly transporting T from p to ¢ is independent of which curve
we choose. However, in a general spacetime this is no longer true: parallel trans-
port is path-dependent. The path-dependence of parallel transport is measured
by the Riemann curvature tensor. For Euclidean space or Minkowski spacetime,
the Riemann tensor (of the Levi-Civita connection) vanishes and we say that the
spacetime is flat.

The Riemann tensor

We shall return to the path-dependence of parallel transport below. First we define
the Riemann tensor is as follows:

Definition. The Riemann curvature tensor R%,.q of a connection V is defined by
R Z°X°Yd = (R(X,Y)Z)*, where X,Y, Z are vector fields and R(X,Y)Z is the
vector field
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R(X,Y)Z =VxVyZ -VyVxZ - Vixy)Z (6.2)

To demonstrate that this defines a tensor, we need to show that it is linear in
XY, Z. The symmetry R(X,Y)Z = —R(Y, X)Z implies that we need only check
linearity in X and Z. The non-trivial part is to check what happens if we multiply
X or Z by a function f:

RUX.Y)Z = VyxVyZ=VyVixZ = Vw2
= fVxVvZ = Vy(fVxZ) = Vixy-vixZ
= fVxVZ = fVyVxZ =Y(f)VxZ = Vyxy)Z + VyxZ
= fVxVyZ - fVyVxZ =Y (f)VxZ - fVixy)Z +Y(f)VxZ
= fR(X.Y)Z (6.3)

R(X,Y)(fZ) = VxVy(fZ)=VyVx(fZ) - Vixy(fZ)
= Vx(fVvZ+Y(f)Z)-Vy(fVxZ+ X(f)Z)
-fVixyZ - [X.Y](f)Z
= VXYY Z+ X(f)VyZ+Y(f)VxZ + X(Y(f))Z

—fVyVxZ =-Y(f)VxZ - X(f)VvZ =Y (X([))Z
-fVixynZ - [X,Y](f)Z
= fRX,Y)Z (6.4)

It follows that our definition does indeed define a tensor. Let’s calculate its com-
ponents in a coordinate basis {e, = d/dz"} (so [e,.e,] = 0). Use the notation

V=V,
R(Ep, Ea)ﬁp = VPVJEU - Vavpﬁu

= Vp(ll.er) — VU{F;,:ET)
= 0,0 e, +1, I e, —0,I e, —1T, ' e, (6.5)

T TR v M vpT TO

and hence, in a coordinate basis,

R:ypo = Q1% — ,T% 4+ T, T%, — 7" (6.6)

VI T vpT TO
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Remark. It follows that the Riemann tensor vanishes for the Levi-Civita connec-

tion in Euclidean space or Minkowski spacetime (since one can choose coordinates
for which the Christoffel symbols vanish everywhere).

The following contraction of the Riemann tensor plays an important role in

GR:

Definition. The Ricci curvature tensor is the (0,2) tensor defined by
Rab = Rcacb (67)

We saw earlier that, with vanishing torsion, the second covariant derivatives of
a function commute. The same is not true of covariant derivatives of tensor fields.
The failure to commute arises from the Riemann tensor:

Exercise. Let V be a torsion-free connection. Prove the Ricci identity:
V Va2 = VgV 2% = R0 2’ (6.8)
Hint. Show that the equation is true when multiplied by arbitrary vector fields

X°¢ and Y4,

Parallel transport again

Now we return to the relation between the Riemann tensor and the path-dependence
of parallel transport. Let X and Y be vector fields that are linearly independent
everywhere, with [X, Y] = 0. Earlier we saw that we can choose a coordinate chart

(s,t,...) such that X = d/ds and Y = 3/dt. Let p € M and choose the coor-
dinate chart such that p has coordinates (0,...,0). Let ¢,r,u be the point with
coordinates (ds,0,0,...), (ds,0%,0,...), (0,0%,0,...) respectively, where ds and ot
are small. We can connect p and ¢ with a curve along which only s varies, with
tangent X. Similarly, ¢ and r can be connected by a curve with tangent Y. p and
u can be connected by a curve with tangent Y, and u and r can be connected by
a curve with tangent X. The result is a small quadrilateral (Fig. 6.1).
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u(0,0t,0,...,0) r(ds,0t,0,...,0)

=

Figure 6.1: Parallel transport

Now let Z, € T,(M). Parallel transport Z, along pgr to obtain a vector
Z, € T,(M). Parallel transport Z, along pur to obtain a vector Z] € T.(M). We
shall calculate the difference Z! — Z, for a torsion-free connection.

It is convenient to introduce a new coordinate chart: normal coordinates at p.
Henceforth, indices p. v, ... will refer to this chart. s and ¢ will now be used as
parameters along the curves with tangent X and Y respectively.

pg is a curve with tangent vector X and parameter s. Along pg, Z is par-
allely transported: VxZ = 0 so dZ¥/ds = —I'},Z"X"? and hence d*Z" [ds* =
—(I'},2¥X*) . X?. Now Taylor’s theorem gives

u EyAL ,
¢ = Z¢+ (ﬂ) ds + % (d z ) ds® + O(ds*)
P P

p ds ds?
1 . .
= 2y — 5 (1%, 2°XPX7) 05 + O(55") (6.9)

where we have used I} (p) = 0 in normal coordinates at p (assuming a torsion-free
connection). Now consider parallel transport along gr to obtain

dze\ 1 [(dZ\ . .
Z¢ = ZV'+ (?) at+§( g ) 5t% + O(6t%)
q g
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' L 1 \ i feg 'y Ty
= Zy = (U4,27Y7) ot — o (T1,2°Y") ;Y7) ot + O(6t7)
=z - [(r-** Z°Y"X") 55 + 0(552)] 5t

o,

_é [({1—'# Z!-'}/PYU)F + O(ﬁs)} ot + 0{(5t3}

vp.o
1 ) 4 o 2 o g2 oy 3
= Zy—3 (Thp0), [27 (XPX765° + YPY75t" + 2Y "X ds0t) ] + O(57)
(6.10)
Here we assume that 0s and ét both are O(d) (i.e. ds = ad for some non-zero

constant a and similarly for 6¢). Now consider parallel transport along pur. The
result can be obtained from the above expression simply by interchanging X with
Y and s with £. Hence we have

L 3,7

= [(re,, =18 ) Z*’XPY"]P dsot + O(5°%)

= (B",pnZ"X"Y7) 456t + O(5%)
(R',pe 2V XPY7) 850t + O(5%) (6.11)

AZF=ZF —ZF = [T* Z"(YPX — XPY")]p §sdt + O(8?)

where we used the expression (6.6) for the Riemann tensor components (remember
that I') (p) = 0). In the final equality we used that quantities at p and r differ
by O(d). We have derived this result in a coordinate basis defined using normal
coordinates at p. But now both sides involve tensors at r. Hence our equation is
basis-independent so we can write

a

. AZ
(a2, = i 5 @12

The Riemann tensor measures the path-dependence of parallel transport.

Remark. We considered parallel transport along two different curves from p to r.
However, we can reinterpret the result as describing the effect of parallel transport
of a vector Z® around the closed curve rgpur to give the vector Z.*. Hence AZ®
measures the change in Z? when parallel transported around a closed curve.

Symmetries of the Riemann tensor
From its definition, we have the symmetry R%,.g = —R%q., equivalently:
Rab(,:d} = (. {6.13)

Proposition. If V is torsion-free then
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R%pea) = 0. (6.14)
Proof. Let p € M and choose normal coordinates at p. Vanishing torsion implies
It (p) = 0 and T'E:,P] = 0 everywhere. We have R*,,, = 0,I', — d,['%, at p.

Antisymmetrizing on vpo now gives I*[,,,] = 0 at p in the coordinate basis defined
using normal coordinates at p. But if the components of a tensor vanish in one
basis then they vanish in any basis. This proves the result at p. However, p is
arbitrary so the result holds everywhere.

Proposition. (Bianchi identity). If V is torsion-free then
R%ca,e) =0 (6.15)
Proof. Use normal coordinate at p again. At p,
RYypor = O R¥ s (6.16)

In normal coordinates at p, dR = doT' — I'OI" and the latter terms vanish at p, we
only need to worry about the former:

R*,peir = 0:0,I  — 0.0, at p (6.17)
Antisymmetrizing gives R*,[,;.; = 0 at p in this basis. But again, if this is true

in one basis then it is true in any basis. Furthermore, p is arbitrary. The result
follows.

Geodesic deviation

Remark. In Euclidean space, or in Minkowski spacetime, initially parallel geodesics
remain parallel forever. On a general manifold we have no notion of "parallel”.
However, we can study whether nearby geodesics move together or apart. In par-

ticular, we can quantify their "relative acceleration”.

Definition. Let M be a manifold with a connection V. A I-parameter family of
geodesics is a map v : I x I’ — M where I and I' both are open intervals in R,
such that (i) for fixed s, v(s,%) is a geodesic with affine parameter £ (so s is the
parameter that labels the geodesic); (ii) the map (s,t) — ~(s,%) is smooth and
one-to-one with a smooth inverse. This implies that the family of geodesics forms
a 2d surface X C M.

Let T be the tangent vector to the geodesics and S to be the vector tangent
to the curves of constant ¢, which are parameterized by s (see Fig. 6.2). In
a chart ", the geodesics are specified by z#(s,t) with S* = 9x*/ds. Hence


admin
Pencil

admin
Pencil


General Relativity

5 = const

T

}t = const

Figure 6.2: l-parameter family of geodesics

x#(s + ds,t) = x#(s,t) + dsS*(s,t) + O(ds*). Therefore (6s)S® points from one
geodesic to an infinitesimally nearby one in the family. We call S* a deviation
vector.

On the surface ¥ we can use s and t as coordinates. We can extend these to
coordinates (s,f,...) defined in a neighbourhood of ¥. This gives a coordinate
chart in which S = 3/0s and T'= 9/t on £. We can now use these equations to
extend S and 7" to a neighbourhood of the surface. S and T are now vector fields
satisfying

[S,T] =0 (6.18)

Remark. If we fix attention on a particular geodesic then Vp(dsS) = dsVpS
can be regarded as the rate of change of the relative position of an infinitesimally
nearby geodesic in the family i.e., as the "relative velocity” of an infinitesimally
nearby geodesic. We can define the "relative acceleration” of an infinitesimally
nearby geodesic in the family as dsV VS, The word "relative” is important: the
acceleration of a curve with tangent 7" is V7', which vanishes here (as the curves
are geodesics).

Proposition. If V has vanishing torsion then
VrVrS = R(T,S)T (6.19)
Proof. Vanishing torsion gives V7S — VT = [T, S| = 0. Hence
VeVpS =VeVsT =VeVeT + R(T, S)T, (6.20)

where we used the definition of the Riemann tensor. But VT = 0 because T is
tangent to (affinely parameterized) geodesics.



General Relativity

Remark. This result is known as the geodesic deviation equation. In abstract
index notation it is:

TV (T°VpS*) = Red T S* (6.21)

This equation shows that curvature results in relative acceleration of geodesics.
It also provides another method of measuring R%,.4: at any point p we can pick
our l-parameter family of geodesics such that T and S are arbitrary. Hence by
measuring the LHS above we can determine R®g.)4. From this we can determine
Rﬂbcd'l

Exercise. Show that, for a torsion-free connection,

2

R%eq = 3 (R®beya — B (bae) (6.22)

Remarks.

1. Note that the relative acceleration vanishes for all families of geodesics if,
and only if, R%.4 = 0.

2. In GR, free particles follow geodesics of the Levi-Civita connection. Geodesic
deviation is the tendency of freely falling particles to move together or apart.
We have already met this phenomenon: it arises from tidal forces. Hence the
Riemann tensor is the quantity that measures tidal forces.

Curvature of the Levi-Civita connection

Remark. From now on, we shall restrict attention to a manifold with metric,
and use the Levi-Civita connection. The Riemann tensor then enjoys additional
symmetries. Note that we can lower an index with the metric to define R, .

Proposition. The Riemann tensor satisfies
Rabeda = Redab, Rapyea = 0. (6.23)

Proof. The second identity follows from the first and the antisymmetry of the
Riemann tensor. To prove the first, introduce normal coordinates at p., so 9,g,, = 0
at p. Then. at p,

0=20,0, = 0,(9""9sp) = 95,0,9" - (6.24)

Multiplying by the inverse metric gives d,¢"? = 0 at p. Using this, we have

T 1 T
aPFua = 59 a (g.uu.-::rp + Quowp — .';"wa_.pp) at p (525}
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And hence (as I'), = 0 at p)

1
Rywps = ) {:.‘:'f'pcr,up + Guvppe — Guopp — .‘i'pp_-ucr) at p (6.26)
This satisfies Ry,,p0 = Rpopyw at p using the symmetry of the metric and the fact that
partial derivatives commute. This establishes the identity in normal coordinates,

but this is a tensor equation and hence valid in any basis. Furthermore p is
arbitrary so the identity holds everywhere.

Proposition. The Ricei tensor is symmetric:
Ra, = Ry, (6.27)

Proof. Ray = g Raact = §°Repda = Rpea = Rpa where we used the first identity
above in the second equality.

Definition. The Ricci scalar is
R = g¢™Rg, (6.28)

Definition. The Einstein tensor is the symmetric (0, 2) tensor defined by

1
Gap = Ray, — §R_(}a:, (6.29)

Proposition. The Einstein tensor satisfies the contracted Bianchi identity:
VeGa =0 (6.30)
which can also be written as

1
VRay~ SV4R =0 (6.31)

Proof. Examples sheet 2.

Einstein’s equation

Postulates of General Relativity.

1. Spacetime is a 4d Lorentzian manifold equipped with the Levi-Civita con-
nection.

2. Free particles follow timelike or null geodesics.
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3. The energy, momentum, and stresses of matter are described by a symmetric
tensor T, that is conserved: VT, = 0.

4. The curvature of spacetime is related to the energy-momentum tensor of
matter by the Einstein equation (1915)

1
Gap = Rap — §R§ab = 877G Tap (6.32)

where ¢ is Newton's constant.

We have discussed points 1-3 above. It remains to discuss the Einstein equation.
We can motivate this as follows. In GR, the gravitational field is described by
the curvature of spacetime. Since the energy of matter should be responsible
for gravitation, we expect some relationship between curvature and the energy-
momentum tensor. The simplest possibility is a linear relationship, i.e., a curvature
tensor is proportional to T,,. Since T, is symmetric, it is natural to expect the
Ricci tensor to be the relevant curvature tensor.

Einstein’s first guess for the field equation of GR was R,, = CT,, for some
constant C'. This does not work for the following reason. The RHS is conserved
hence this equation implies V*R,, = 0. But then from the contracted Bianchi
identity we get V,R = 0. Taking the trace of the equation gives R = CT (where
T =T",) and hence we must have V,T = 0, i.e., T is constant. But, T vanishes
in empty space and is usually non-zero inside matter. Hence this is unsatisfactory.

The solution to this problem is obvious once one knows of the contracted
Bianchi identity. Take Gy, rather than R, to be proportional to T,,. The coefhi-
cient of proportionality on the RHS of Einstein’s equation is fixed by demanding
that the equation reduces to Newton’s law of gravitation when the gravitational
field is weak and the matter is moving non-relativistically. We will show this later.

Remarks.

1. In vacuum, T, = 0 so Einstein’s equation gives (G, = (0. Contracting indices
gives R = 0. Hence the vacuum Finstein equation can be written as

Ray =0 (6.33)

2. The "geodesic postulate” of GR is redundant. Using conservation of the
energy-momentum tensor it can be shown that a distribution of matter that
is small (compared to the scale on which the spacetime metric varies), and
sufficiently weak (so that its gravitational effect is small), must follow a
geodesic. (See examples sheet 4 for the case of a point particle.)
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3. The Einstein equation is a set of non-linear, second order, coupled, partial
differential equations for the components of the metric g,,. Very few phys-
ically interesting explicit solutions are known so one has to develop other
methods to solve the equation, e.g., numerical integration.

4. How unique is the Einstein equation? Is there any tensor, other than G,
that we could have put on the LHS? The answer is supplied by:

Theorem (Lovelock 1972). Let H,, be a symmetric tensor such that (i) in any
coordinate chart, at any point, H,, is a function of gu.. guw, and gu. .. at that
point; (ii) V*Hgy, = 0; (iii) either spacetime is four-dimensional or H,, depends
linearly on g, pr. Then there exist constants o and 3 such that

Hy, = (_l‘Gab + ﬁgab {634}

Hence (as Einstein realized) there is the freedom to add a constant multiple of g,
to the LHS of Einstein’s equation, giving

Gap + Agab = 871G T, {635)

A is called the cosmological constant. This no longer reduces to Newtonian theory
for slow motion in a weak field but the deviation from Newtonian theory is unob-
servable if A is sufficiently small. Note that |A|~!/2 has the dimensions of length.
The effects of A are negligible on lengths or times small compared to this quantity.
Astronomical observations suggest that there is indeed a very small positive cos-
mological constant: A=/2 ~ 107 light years, the same order of magnitude as the
size of the observable Universe. Hence the effects of the cosmological constant are
negligible except on cosmological length scales. Therefore we can set A = 0 unless
we discuss cosmology.

Note that we can move the cosmological constant term to the RHS of the
Einstein equation, and regard it as the energy-momentum tensor of a perfect fluid
with p = —p = A/(87G). Hence the cosmological constant is sometimes referred
to as dark energy or vacuum energy. It is a great mystery why it is so small because
arguments from quantum field theory suggest that it should be 10" times larger.
This is the cosmological constant problem. One (controversial) proposed solution
of this problem invokes the anthropic principle, which posits the existence of many
possible universes with different values for constants such as A. If A was very
different from its observed value then galaxies never would have formed and hence
we would not be here.

Remark. We have explicitly written Newton’s constant G throughout this section.
Henceforth we shall choose units so that G = ¢ = 1.





