General Relativity

Diffeomorphisms and Lie
derivative

Maps between manifolds

Definition. Let M., N be differentiable manifolds of dimension m. n respectively.
A function ¢ : M — N is smooth if, and only if, 14 0 ¢ 097" is smooth for all
charts ¢, of M and all charts 14 of N (note that this is a map from a subset of
R™ to a subset of R").

If we have such a map then we can "pull-back” a function on N to define a
function on M:

Definition. Let ¢ : M — N and f : N — R be smooth functions. The pull-
back of f by ¢ is the function ¢*(f) : M — R defined by ¢*(f) = fo ¢, ie,
¢0*(f)(p) = f(¢(p)).

Furthermore, ¢ allows us to " push-forward” a curve A in M to a curve ¢o A in
N. Hence we can push-forward vectors from M to N (Figs. 7.1, 7.2)

Figure 7.1: A curve in M Figure 7.2: The curve in N
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General Relativity

Definition. Let ¢ : M — N be smooth. Let p € M and X € T,(M). The
push-forward of X with respect to ¢ is the vector ¢.(X) € Ty (V) defined as
follows. Let A be a smooth curve in M passing through p with tangent X at p.
Then ¢,(X) is the tangent vector to the curve ¢ o A in N at the point ¢(p).
Lemma. Let f: N — R. Then (¢.(X))(f) = X(¢*([))-

Proof. Wlog A(0) = p.
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Exercise. Let z# be coordinates on M and y® be coordinates on N (we use
different indices a, 3 ete for N because N is a different manifold which might not
have the same dimension as M). Then we can regard ¢ as defining a map y®(z*).
Show that the components of ¢.(X) are related to those of X by

dar

(6.(X))" = (‘91"&)?){” (7.2

The map on covectors works in the opposite direction:

Definition. Let ¢ : M — N be smooth. Let p e M and n € T;(P){;’V). The pull-
back of 1 with respect to ¢ is ¢*(n) € T;(M) defined by (¢*(n))(X) = n(¢.(X))
for any X € T,(M).
Lemma. Let f : N — R. Then ¢*(df) = d(¢*(f))-

Proof. Let X € T,(M). Then

(07(df)(X) = (df)(¢.(X)) = (¢.(X))(f) = X (&7(f)) = (d(¢"(H)NX)  (7-3)

The first equality is the definition of ¢*, the second is the definition of df, the
third is the previous Lemma and the fourth is the definition of d(¢*(f)). Since X
is arbitrary, the result follows.

Exercise. Use coordinates x* and y” as before. Show that the components of
¢*(n) are related to the components of 7 by

= (Gu) n (7.4

Remarks.
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1. In all of the above, the point p was arbitrary so push-forward and pull-back
can be applied to vector and covector fields, respectively.

2. The pull-back can be extended to a tensor S of type (0,s) by defining
(0" () (X1, ... Xs) = S(0.(X1), - .. 9:(X,)) where X, ..., X, € T,(M). Sim-

ilarly, one can push-forward a tensor of type (r, 0) by defining ¢.(T)(m1, ..., 1) =

T(¢*(m),...,¢"(n,)) where m,...,n. € T7(N). The components of these
tensors in a coordinate basis are given by

wmmmw=(%mlu(@mlﬁm% (75)
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Example. The embedding of S$* into Euclidean space. Let M = S% and N =
R?. Define ¢ : M — N as the map which sends the point on S? with spherical
polar coordinates z# = (6, ¢) to the point y® = (sin# cos ¢, sin fsin ¢, cos ) € R3.
Consider the Euclidean metric g on R?, whose components are the identity matrix
das. Pulling this back to S? using (7.5) gives (¢*g),.. = diag(1,sin” @) (check!), the
unit round metric on S2.

Diffeomorphisms, Lie Derivative

Definition. A map ¢ : M — N is a diffeomorphism iff it 1-1 and onto, smooth,
and has a smooth inverse.

Remark. This implies that M and N have the same dimension. In fact, M and
N have identical manifold structure.
With a diffeomorphism, we can extend our definitions of push-forward and

pull-back so that they apply for any type of tensor:

Definition. Let ¢ : M — N be a diffeomorphism and T a tensor of type (r, s) on
M. Then the push-forward of T is a tensor ¢.(1") of type (r,s) on N defined by
(for arbitrary m; € T3 (N), Xi € Typ)(N))

(7.7)

Exercises.

1. Convince yourself that push-forward commutes with the contraction and
outer product operations.
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2. Show that the analogue of equation (7.6) for a (1, 1) tensor field is

(0.0 = (55) (52) @, (78)

(We don’t need to use indices a, § etc because now M and N have the same
dimension.) Generalize this result to a (r, s) tensor.

Remarks.
1. Pull-back can be defined in a similar way, with the result ¢* = (¢71)..

2. We've taken an "active” point of view, regarding a diffeomorphism as a map
taking a point p to a new point ¢(p). However, there is an alternative " pas-
sive” point of view in which we consider a diffeomorphism simply as a change
of chart at p. Consider a coordinate chart x* defined near p and another chart
y* defined near ¢(p) (Fig. 7.3). Regarding the coordinates y* as functions
on N, we can pull them back to define corresponding coordinates, which we
also call y*, on M. So now we have two coordinate systems defined near p.
The components of tensors at p in the new coordinate basis are given by the
tensor transformation law, which is exactly the RHS of (7.8).

Figure 7.3: Active versus passive diffeomorphism.

Definition. Let ¢ : M — N be a diffeomorphism. Let V be a covariant derivative
on M. The push-forward of V is a covariant derivative V on N defined by

VxT = ¢, (Verx) (6°(T))) (7.9)

where X is a vector field and T" a tensor field on N. (In words: pull-back X and
T to M, evaluate the covariant derivative there and then push-forward the result
to N.)

Exercises (examples sheet 3).

1. Check that this satisties the properties of a covariant derivative.
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2. Show that the Riemann tensor of V is the push-forward of the Riemann
tensor of V.

3. Let V be the Levi-Civita connection defined by a metric g on M. Show that

V is the Levi-Civita connection defined by the metric ¢.(g) on N.

Remark In GR we describe physics with a manifold M on which certain ten-
sor fields e.g. the metric g, Maxwell field F' etc. are defined. If ¢ : M — N
is a diffeomorphism then there is no way of distinguishing (M, g, F,...) from
(N, d.(g), ¢«(F),...); they give equivalent descriptions of physics. If weset N = M
this reveals that the set of tensor fields (¢.(g), ¢.(F),...) is physically indistin-
guishable from (g, F,...). If two sets of tensor fields are not related by a diffeomor-
phism then they are physically distinguishable. It follows that diffeomorphisms are
the gauge symmetry (redundancy of description) in GR.

Example. Consider three particles following geodesics of the metric g. Assume
that the worldlines of particles 1 and 2 intersect at p and that the worldlines of
particles 2 and 3 intersect at q. Applying a diffeomorphism ¢ : M — M maps the
worldlines to geodesics of ¢, (g) which intersect at the points ¢(p) and ¢(q). Note
that ¢(p) # p so saying "particles 1 and 2 coincide at p” is not a gauge-invariant
statement. An example of a quantity that is gauge invariant is the proper time
between the two intersections along the worldline of particle 2.

Remark. This gauge freedom raises the following puzzle. The metric tensor
is symmetric and hence has 10 independent components. Consider the vacuum
Einstein equation - this appears to give 10 independent equations, which looks
good. But the Einstein equation should not determine the components of the
metric tensor uniquely, but only up to diffeomorphisms. The resolution is that not
all components of the Einstein equations are truly independent because they are
related by the contracted Bianchi identity.

Note that diffeomorphisms allow us to compare tensors defined at different
points via push-forward or pull-back. This leads to a notion of a tensor field
possessing symmetry:

Definition. A diffeomorphism ¢ : M — M is a symmetry transformation of a
tensor field T iff ¢,(T) = T everywhere. A symmetry transformation of the metric
tensor is called an isometry.

Definition. Let X be a vector field on a manifold M. Let ¢; be the map which
sends a point p € M to the point parameter distance ¢ along the integral curve
of X through p (this might be defined only for small enough t). It can be shown
that ¢ is a diffeomorphism.

Remarks.
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1. Note that ¢q is the identity map and ¢, 0 ¢ = ¢yy¢. Hence ¢y = (¢) . If
¢y is defined for all t € R (in which case we say the integral curves of X are
complete) then these diffeomorphisms form a 1-parameter abelian group.

2. Given X we've defined ¢;. Conversely, if one has a l-parameter abelian
group of diffeomorphisms ¢; (i.e. one satisfying the rules just mentioned)
then through any point p one can consider the curve with parameter t given
by ¢:(p). Define X to be the tangent to this curve at p. Doing this for all
p defines a vector field X. The integral curves of X generate ¢ in the sense

defined above.

3. If we use (¢;). to compare tensors at different points then the parameter ¢
controls how near the points are. In particular, in the limit ¢ — 0, we are
comparing tensors at infinitesimally nearby points. This leads to the notion
of a new type of derivative:

Definition. The Lie derivative of a tensor field T" with respect to a vector field

X at pis
~-T,

{L:XTJP — -}E;-% ((é—tj*fjp

Remark. The Lie derivative wrt X is a map from (r, s) tensor fields to (r, s) tensor

fields. It obeys Lx(aS + 8T) = al xS + BLxT where a and 3 are constants.

(7.10)

The easiest way to demonstrate other properties of the Lie derivative is to
introduce coordinates in which the components of X are simple. Let ¥ be a
hypersurface that has the property that X is nowhere tangent to X (in particular
X # 0on X). Let ', i = 1,2,...,n — 1 be coordinates on ¥. Now assign
coordinates (t,z*) to the point parameter distance t along the integral curve of X
that starts at the point with coordinates z* on ¥ (Fig. 7.4).

(t, ')
[

Figure 7.4: Coordinates adapted to a vector field

This defines a coordinate chart (¢, x") at least for small ¢, i.e., in a neighbour-
hood of ¥. Furthermore, the integral curves of X are the curves (t,z") with fixed
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r* and parameter . The tangent to these curves is /9t so we have constructed
coordinates such that X = d/dt. The diffeomorphism ¢; is very simple: it just
sends the point p with coordinates =# = (t,, :r,;,} to the point ¢;(p) with coordinates
y* = (t, +t,x}) hence dy* /0x" = 5. The generalization of (7.8) to a (r, s) tensor
then gives

(@) (T 1My i) gy = [T ], (7.11)
and hence
(@)« (T)) 1ty ]y = [T L)) (7.12)
It follows that, if p has coordinates (s, ") in this chart,
1 : .
(LT g = BT (Tt (3 ) = T, (5, 29)
t—0 '
e (7.13)
ot (s.2%)

So in this chart, the Lie derivative is simply the partial derivative with respect to
the coordinate ¢. It follows that the Lie derivative has the following properties:

1. It obeys the Leibniz rule: Lx(S®7T) =(LxS)@T + 5@ LxT.
2. It commutes with contraction.

Now let’s derive a basis-independent formula for the Lie derivative. First con-
sider a function f. In the above chart, we have Ly f = (9/0t)(f). However, in
this chart we also have X (f) = (9/dt)(f). Hence

Lxf=X(f) (7.14)

Both sides of this expression are scalars and hence this equation must be valid in
any basis. Next consider a vector field Y. In our coordinates above we have

N
(LxY)* = % (7.15)
but we also have oyn

If two vectors have the same components in one basis then they are equal in all
bases. Hence we have the basis-independent result

LxY =[X.Y] (7.17)

Remark. Let's compare the Lie derivative and the covariant derivative. The
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former is defined on any manifold whereas the latter requires extra structure (a
connection). Equation (7.17) reveals that the Lie derivative wrt X at p depends
on X, and the first derivatives of X at p. The covariant derivative wrt X at p
depends only on X, which enables us to remove X to define the tensor VT, a
covariant generalization of partial differentiation. It is not possible to define a
corresponding tensor LT using the Lie derivative. Only L£xT makes sense.
Exercises (examples sheet 3).

1. Derive the formula for the Lie derivative of a covector w in a coordinate
basis:
(Lxw), = X"O,w, + w,0,X" (7.18)
Show that this can be written in the basis-independent form (where V is the
Levi-Civita connection)
{-[-:Xw)a = vabwa + mbvaXb (719)
2. Show that the Lie derivative of the metric in a coordinate basis is
(‘ng)#u = Xpapgpu + gpp'auXP + gpuapxp (72[}.]

and that this can be written in the basis-independent form

(Lxg)ab = VaXp + VX, (7.21)

Remark. If ¢; is a symmetry transformation of 7" (for all £) then LxT = 0. If ¢,
are a l-parameter group of isometries then Lxg = 0, 1.e.,

VaoXp + VX, =0 (7.22)

This is Killing’s equation and solutions are called Killing vector fields. Consider
the case in which there exists a chart for which the metric tensor does not de-
pend on some coordinate z. Then equation (7.20) reveals that /9= is a Killing
vector field. Conversely, if the metric admits a Killing vector field then equation
(7.13) demonstrates that one can introduce coordinates such that the metric tensor
components are independent of one of the coordinates.

Lemma. Let X* be a Killing vector field and let VV* be tangent to an affinely
parameterized geodesic. Then X,V* is constant along the geodesic.
Proof. The derivative of X,V along the geodesic is
d
g{XaV“) =V(X,V?) = V(X V) =VV,(X, V%)
= VVVLX, + X VPV, Ve (7.23)
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The first term vanishes because Killing’s equation implies that V, X, is antisym-
metric. The second term vanishes by the geodesic equation.

Exercise. Let J* = 7%, X" where T,; is the energy-momentum tensor and X is
a Killing vector field. Show that V,J% =0, i.e., J® is a conserved current.





