
C7.5: General Relativity I

Problem Sheet 1

Please return solutions (collection boxes in the basement of the mathematical institute) no

later than 25th of October, 5pm.

Practice with Tensors

Imagine we have a tensor Xab and a vector V a with components

Xab =


2 0 1 −1

−1 0 3 2

−1 1 0 0

−2 1 1 −2

 , V a = (−1, 2, 0,−2)

Find Xa
b, X

b
a , X

(ab), X[ab], X
λ
λ, V

aVa, VaX
ab, using ηab = diag(−1, 1, 1, 1).

Summation Convention

Explain why each equation below is ambiguous or inconsistent. Provide a possible correct

version of each one.

1. x′a = Labxb

2. x′a = LbcM
c
dx

d

3. δab = δac δ
c
d

4. x′a = Lac x
c +M c

dx
d

5. x′a = Lac x
c +Madxd

6. φ = (XaAa)(Y
aBa)
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Operations on Tensors

Consider two general coordinate systems {xa} and {x′a} on overlapping regions of flat Minkowski

spacetime. How do the components of a (p, q) tensor transform under the change of coordinates

from {xa} → {x′a}?
What form form does the Jacobian matrix δx′a/δxb take for a Lorentz transformation be-

tween two inertial frames?

• Show that the sum Sab + T ab of two (1, 1) tensors is also a (1, 1) tensor.

• Show that the tensor product SabT
c of a (1, 1) tensor and an (1, 0) tensor is a (2, 1) tensor.

• Show that the contraction Sacbc of a (2, 2) tensor is a (1, 1) tensor.

• Show that the partial derivatives ∂aS
b of a (1, 0) tensor transforms under as a (1, 1) tensor

under Lorentz transformations between inertial frames but not under general coordinate

transformations.

Commutator

The commutator of two vector fields Xa and Y a is defined as

[X,Y ]a := Xb∂bY
a − Y b∂bX

a. (1)

Show that the commutator transforms as a vector field under general coordinate transforma-

tions. Prove that the commutator obeys the Jacobi identity

[X, [Y,Z]] + [Y, [Z,X]] + [Z, [X,Y ]] = 0 .

Levi-Civita tensor

Prove that a completely anti-symmetric (0,m) tensor in n dimensions vanishes unless m ≤ n.

How many independent components does such a tensor have?

In a four dimensional spacetime with metric gab, the Levi-Civita tensor εabcd is defined by

two properties:

1. It is completely anti-symmetric: εabcd = ε[abcd].

2. ε0123 =
√
−g in a right-handed coordinate system {x0, x1, x2, x3} where g is the determi-

nant of the metric.

Show that ε0123 = 1 in a right-handed inertial frame. Prove that εabcd transforms as a (0, 4)

tensor under general coordinate transformations.
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Maxwell’s Equations in an Inertial Frame

Show that

∂[aFbc] = 0 ⇔ ∂aFbc + ∂bFca + ∂cFab = 0

whenever Fab = −Fba.
The electromagnetic field is encoded in an anti-symmetric type (0, 2) tensor field, Fab. The

electric and magnetic fields measured by an observer with 4-velocity V a are extracted from Fab

by

Ea = FabV
b Ba = −1

2
εabcdF

bcV d .

where εabcd is the Levi-Civita tensor. By contracting with the 4-velocity V a, explain why Ea

and Ba each have only 3 independent components. For an observer at rest in an inertial frame,

V a = (1, 0, 0, 0), show that

Ea = (0, ~E) where Ei = Fi0

and Ba = (0, ~B) where Bi =
1

2
εijkF

jk .

Hence show that

∂aF
ab = −4πJb ∂[aFbc] = 0

reproduce Maxwell’s equations for the electromagnetic fields ( ~E, ~B). The vector field Ja has

components (ρ, ~J) where ρ is the electric charge density and ~J is the electric current density

measured by an observer at rest in the inertial frame. Show that ∂aJ
a = 0 and explain the

physical meaning of this equation.

The contribution to the energy-momentum tensor from the electromagnetic field is

T ab =
1

4π

[
F acF bc −

1

4
(F cdFcd)η

ab

]
Assuming Ja = 0, show that this energy momentum tensor is conserved ∂aT

ab = 0. What

happens when Ja 6= 0?

Motion in an EM field

Consider a curve xa(s) in flat Minkowski space parametrized by a real parameter s1 ≤ s ≤ s2.

What is the condition for this curve to be time-like?

The proper time of a time-like curve is the time experienced by an observer moving along

it. In an inertial reference frame, this is given by the functional

∆τ =

∫ s2

s1

ds

√
−ηab

dxa

ds

dxb

ds

where ηab = diag(−1, 1, 1, 1). Consider the variational problem for this functional and show

that the curve of extremal proper time between two points xa(s1) and xa(s2) is a straight line.
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Is this a minimum or a maximum? In solving this problem you should explain why one may

always reparametrize the curve such that
√
−ηab ẋaẋb is constant. Such a parameter is called

an affine parameter.

Why is extremizing the functional

S = −1

2

∫ s2

s1

ηab
dxa

ds

dxb

ds

equivalent to extremizing the proper time?

Now consider the modified functional

S = −
∫ s2

s1

[
m

2
ηab

dxa

ds

dxb

ds
− qAa

dxa

ds

]
.

Show that the solution of the variational problem is

d2xa

ds2
=

q

m
F ab

dxb

ds
with Fab = ∂aAb − ∂bAa .

This equation describes the motion of a particle of massm and electric charge q in an electromag-

netic field Fab. Contract the equation of motion with ẋa and therefore show that
√
−ηab ẋaẋb

remains constant in the presence of an electromagnetic field.

Energy momentum tensor of a perfect fluid

Consider some distribution of matter with energy momentum tensor T ab. What is the 4-

momentum per-unit-volume and directional pressure measured by an observer with 4-velocity

V a?

The energy momentum tensor of a perfect fluid is given by

T ab = (ρ+ P )UaU b + Pηab

where ηab is the inverse metric in Minkowski space and Ua is the 4-velocity of the fluid. By

considering an observer at rest with respect to the motion of the fluid, explain the physical

meaning of ρ and P .

The equation of motion of a perfect fluid in an inertial frame is

∂aT
ab = 0 .

In the remainder of the question you will show how the equations of fluid mechanics are com-

pactly encoded in this single expression.

First show that the tensor

hab = δab + UaUb

obeys

1. habU
b = 0
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2. habh
b
c = hac

3. haa = 3

and therefore explain why hab is a projector onto the 3-dimensional hypersurfaces perpendicular

to the fluid’s 4-velocity Ua. What is the meaning of the symmetric tensor hab = ηach
c
b?

By projecting the equation of motion parallel and perpendicular to the 4-velocity of the

fluid Ua, derive the equations

∂a(ρU
a) + P∂aU

a = 0 (ρ+ P )
dUa

dτ
+ hab∂bP = 0 (2)

where τ is the proper time of a particle moving with the fluid. The equations are the relativistic

versions of the continuity and Euler equations of fluid mechanics. Show that the fluid particles

move along geodesics when P = 0.

We now consider the non-relativistic approximation to equations (2). In the non-relativistic

approximation you will need to assume that

1. Ua = (1, ~u) | ~u | � 1

2. P � ρ

3. | ~u | ∂tP � | ~∇P | .

What is the physical intuition behind each of the approximations? (It may be helpful to restore

the speed of light c in the equations.) Using the approximation, show that

∂tρ+ ~∇ · (ρ~u) = 0 ρ
(
∂t + ~u · ~∇

)
~u = −~∇P .

Uniform Acceleration and the Equivalence Principle

Let us start from a global inertial frame O in Minkowski space with coordinates xa = (t, x, y, z).

Now consider the transformation to a non-inertial frame O′ with coordinates x′a = (t′, x′, y′, z′)

such that

t =

(
1

g
+ z′

)
sinh

(
gt′
)

z =

(
1

g
+ z′

)
cosh

(
gt′
)
− 1

g

x = x′

y = y′

where g is a constant with units of acceleration.

1. For t′ � 1/g show that this transformation corresponds to a uniformly accelerated refer-

ence frame in Newtonian mechanics.

2. Plot the trajectory of the point z′ = 0 in the inertial frame O.
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3. Show that a clock at rest at z′ = h runs fast compared to a clock at rest at z′ = 0 by the

factor (1 + gh).

4. Use the equivalence principle to interpret this result in terms of gravitational time dilation.

5. What is the line element ds2 of a uniform gravitational field?
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