REAL ANALYSIS | - LECTURE 13

Sequences of Real Numbers

Introduction

Definition
A sequence is a function whose domain is the set N of natural numbers. If f is such a sequence, let
f(n) = x, denote the value of the function f atn € N. In this case, we denote the sequence [ by (x,)ne,

(or simply by (xp)).
Examples
(] n+1
[2] ((=1)")isthe sequence (—1. 1, —1....).

) is the sequence (3. %. . ...).

[3] (2")is the sequence (2. 4. 8, ...).

Xn+ X
Sequences are also frequently specified by giving a recursion formula. For example, if x,42 = %,
where x; = 0 and x, = 1, then the terms of the sequence (x,) are: (0, 1, % %. L7 )
Remarks

[1] The order of the terms of a sequence is an important part in the definition of a sequence.
For example, the sequence (1. 5. 7. ...) is not the same as the sequence (1, 7. 5. ...).

[2] There is a distinction between the rerms of a sequence and the values of a sequence. A
sequence has infinitely many terms while its values may or may not be finite.

[3] ltis not necessary for the terms of a sequence to be different. For example, (1, 2, 2, 2,...)
is a perfectly good sequence.

Exercise
Write down the first five terms of each of the following sequences.

. n* +2n . COSHIT 1 . . nm
(|) (T) {“} (n—z) ("l) (ﬁ) (|V) (Sln T)
Definition
A sequence (xy) is said to be

[1] bounded above if there is a real number K such that x, < K foralln € N;

[2] bounded below if there is a real number k such thatk < x, foralln € N;

[3] bounded if it is bounded above and bounded below: otherwise it is unbounded.

It is easy to see that a sequence (x,), is bounded if and only if there is a positive real number M such
that |x,| = M foralln € N.

Examples 1 1
[1] The sequence ( ~ ) is bounded since 0 < - < lforalln eN.

1
[2] The sequence ( n+ ;) is bounded below by 2 but is not bounded above.

[3] The sequence ((—1)"r) is not bounded above and it is not bounded below.
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Definition
[1] A sequence (x) is said to converge to a real number { if, given € > 0, there exists a natural number
N (which depends on €) such that

|xn — €| < €eforalln = N.

Symbolically,
(Ve > 0)3N e N)[(Vn = N) = |x, — £] <€l

If (x,) converges to €, then we say that £ is the limit of the sequence (x,) as n increases without
bound, and we write

lim x, =for x, - £ asn — oo.

H—>00

[2] If the sequence (x,) does not converge to a real number, we say that it diverges.

[3] A sequence (x,) is said to diverge to oo, denoted by x, — oo as n — oo, if for any positive real
number M , there is an N € N such that

Xp > M foralln = N.

Similarly, (x,) diverges to —oco, denoted by x, — —oc as n — 0o, if for any negative real number
K, there is an N € N such that
Xp < K foralln = N.

It is clear from the definition that convergence or divergence of a sequence is about the behaviour of
the ‘tail-end’ of a sequence. Therefore, altering a finite number of terms of a sequence does not affect its
convergence or divergence.

Examples
[1] Show that a sequence (x,) converges to zero if and only if the sequence (|x,|) converges
to zero.

Solution: Assume that the sequence (x,) converges to zero. Then, given € > 0, there exists
a natural number N (which depends on €) such that

|x, — 0| = |x,| <€ foralln = N.

Now, for all n = N, we have
|Ixa] = 0] = |xa] <.

That is, the sequence (|x,|) converges to zero.
For the converse, assume that the sequence (|x,|) converges to zero. That is, given € > 0,
there exists a natural number N (which depends on ¢) such that
[|X] =0 ] = |xu| <€ foral n> N.

It now follows that the sequence (x,) converges to zero.

|
[2] Show that lim — = 0.
n—oo g



REAL ANALYSIS | - LECTURE 13

Solution: Let € > 0 be given. We must find an N € N such that

1
——0
n

< e forall n = N.

By the Archimedean Property, there is an N € N such that 0 < # < €. Thus, ifn = N, then
we have that )

-0l
——0l=—=—<e¢.
n- N

n

1
Thatis, lim — = 0.

n—o00 p

[3] Show that lim (1 - 2%) =1

Solution: Let € > 0 be given. We need to find an N € N such that

(-5)-

<e forall > N.

Noting that

(1+1)"= Z(:) = (g)

we have that

— = = < —.
2n (1+1)" — n+1 n

Now, by the Archimedean Property, there is an N € N such that 0 < % < €. Therefore, for

all » = N we have
| 1 | |
l—— ] —-l|=—=<—-—=<—<e.
2n 2n n N

1
Thus, lim (1 — —) = 1.

n—00

[4] Find lim

n—oo i} _2'

Solution: By trying a few values of n, we conjecture that lim i 5 =0. Let us prove this

n—oo 2 —

conjecture. Let € > 0 be given. We need to find an N € N such that

-

— =
P G| <eforallm = N.
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(5]

(6]

(7]

We first note that

=] =
n2 -2 |n2=2|
If we take N = 2, then for all n = N, we have that
n n 1 | 1
= = < < .
n*=2| n*-2 n—-2 n—-17" N-1

If we can choose N so that N > 2 and ﬁ < €, then we are done. That is, we need to
1 1

choose N sothat ¥V > 2and N > 1 + —. Choose N > max (2. 1+ — ) Then, by working
€ €

backwards, we have that

| n
nt—-2

Show that the sequence ((—1)" ) diverges.

—0’ < e forall n = N.

b | —

Solution: Assume that this sequence converges to some real number £. Then, with e =
there is an N € N such that

1
(D" —¢| < 3 forall n = N.

In particular,
(D" =] <

P | =

Therefore, foralln = N,
2= (=" = (=D)" = |(=D)"— €|+ [€— ()" | <
which is absurd.

Show that the sequence (1 + (—1)" ) diverges.

Solution: Assume that this sequence converges to some real number £. Then, with e = 1,
there exists a number N € N such that

(1 4+ (=1)")—£ | <1foralln > N.
Now, if n = N is odd, then we have
(14 (=1)")—€]|=1¢] <1, whence —1 < £ <1,
and if n = N is even, we have that
[(1+(=1)")—£|=]|2—£| <1, whence 1 < { < 3.
But this is impossible.

Show thatif x € R and |x| < 1, then lim x" = 0.

Solution: If x = 0, then there is nothing to prove. Assume that x # 0. Since |x| < 1, we
1
have that — > 1. Thus, there is a positive real number a such that

x|

1
— =1+4a.
By

4
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Let € > 0 be given. We want to find an N € N such that

|x" —0] <€ forall » = N.
Now,
1

1
— =1 a = x| = [x|" = ————.
+ "l = I = G

x|
Using the binomial theorem, we have that

AN n(n — a? N
(1 4+ a) =Z X a =1+na—f—T—f—---+a > na,
k=0

and consequently,
1 1

= —< :
(1 +a)m na

X"

1
If we can find an N € N such that — < ¢ for all » = N, then we are done. Since ae > 0, we
nd

. . 1
have, by the Archimedean Property, that there is an N € N such that < ae Hence, for all

n > N, we have that
1

1
—_ = — <
N =

= 1 —_—
- na Na

1
- < €,
n
and so [x"] < e.
[8] Suppose that (x,) is a sequence such that x, > 0 for all » € N. Show that x, — oo as

1
n — oo ifand only if lim — = 0.

n—>00 X,

Solution: By definition, x, — oc as n — oo, if and only if for any € > 0 thereisan N € N
such that 1
Xp > - foralln = N.

This is equivalent to the statement that

1 1
— < eforall n = N, which, in turn, is equivalent to lim — = 0.
Xn n—00 X

Theorem
Let (s,) and (t,) be sequences of real numbers and let s € R. If for some positive real number k and some
N1 € N, we have

|sn — 8| < k|ty]| forall n = N,

and if lim 1, = 0, then lim s, = s.
H—00 n—*00
<Let € > 0 be given. Since 1, — 0 as n — oo, there exists an N, € N such that
€
ltn| < T forall n > N>.
Let N = max{Ny.N>}. Then forall » = N we have

€
Sn—38| = k|ty| < —-k = €.
k

That is, lim s, = s. | |
n—>0oQ
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Example
Show that lim ¥/n = 1.

Solution: Since ¥/n > 1 for each n € N, there is a nonnegative real number «, such that

Vn =1+ ap.
Thus, by the binomial theorem, we have
n
n=(1+an)" = g(z)ak — 1+ nay +”(*"’—2_”'-"3+...+a: . n(n—zuag_
Therefore,
n—1=> M. whence a2 < % ora, < \/g forall n>2.
Now, since

2
|W_]|:|an|:anEJ;

2
and lim \/ — = 0, we have, by Theorem 4.1.9, that lim /n = 1.
n

n—00 N—=00

The next theorem says that a convergent sequence has only one limit. It is therefore unambiguous to

talk of the limit of a convergent sequence.

Theorem
Let (sn) be a sequence of real numbers. If lim s, = {; and lim s, = {>, then {; = (5.
n—»00 H—*D0

<Let € > 0 be given. Then there exist natural numbers N; and N> such that

Isn —€1] < gfora]]n > N;. and

€
Isn —€2] < Efora]]nzN;.

Let N = max{N;. N,}. Then forall n > N we have that
€

€
[€1 — €] = |(sn—€2) + (€1 — su)| = |su— L2 + |sa — 1] < 3+ 3

= E.

Since € > 0 is arbitrary, we have that £; = {,.

Proposition

A sequence (x,) converges to £ € R if and only if for each € > 0, the set {n | x,, & ({ — €, £ + €)} is finite.

<Assume that the sequence (x,) converges to £. Then, given € > 0, there is a natural number N such

that, foralln = N,
[xp — €| <€ = {xp|n=N}Cc({l—eLl+e).

It now followsthat {n e N | x, € ({ —€,£+€)} C {1, 2, ..., N — 1}, a finite set.

Conversely, let € > 0 be given and assume that the set {n € N | x, & ({ —€,£€ + €)} is finite. Let

N=max{neN|x, §d(l—e,l+e€)}+1.1fn =N, then
xnE€l—€el+e) < |xp—{| <e,

and so x, — £ as n — oo.
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Theorem
Every convergent sequence of real numbers is bounded.

<Let (s,) be a sequence of real numbers which converges to s, say. Then, with € = 1, there exists an
N € N such that
|sp —s| <1 forall n > N.

By the triangle inequality, we have that
|$n] < |sn—s|+|s| <1+ |s|foralln > N.

Let M = max{|sy], |s2].---. [sn|. |s| +1}. Then |s,| < M for all n € N. That is, the sequence (s,) is
bounded. |

The converse of Theorem 4.1.13 is not necessarily true. That is, there are sequences which are bounded
but do not converge. One such example is the sequence ((—1)"). We shall however see later that every
bounded sequence which is monotone will always converge.

Exercise
[1] Show that if s, — s, then |s,| — |s|. Does the converse hold?

[2] Show that if (s,) and (z,) are sequences with "l_iglo sp = s and nl—i>"30 t, =tandifs, <ti, forall
neN,thens <.

[3] Let (s,) and (z,) be sequences such that (s,) is bounded and lim 7z, = 0. Show that
n—oo

lim s,2, = 0.
n—oo

[4] Which of the following sequences are bounded?

0 () o () @ (1-3) @ are

V) (¥m) (i) (#) (vii) (1;2").

Theorem
(Squeeze Theorem). Suppose that (s,)., (tn) and (u,) are sequences such that s, < t, < u, for all
neN.If lim s, = ¢ = lim u,, then lim 1, = £.
n—oo n—oo n—oo
<Let € > 0 be given. Then there exist N; and N in N such that

|sn —€] < € forall n > N; and

| —€| < € forall n > Ns.
That is,
{—e < sp,<4¥€+¢€ forall n> N; and
t—€e < up<4~€+e forall n> N,.
Let N = max{N;, N>}. Then forall » > N, we have
—e<sp<th<up<4¥l+e,

and consequently,
|t — €| < e forallm > N.

That is, lim 7, = £. |

n—»oo
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Examples nm

cos
[1] Show that lim —* = 0.

n—o0 n

Solution: Since

ni
Ccos 5

n?

2
n

1 1
51-—2. and lim—2=0.
n n—oo 1

cos &% '

it follows that lim COSZZ —0. O

n—oo p

[2] Show that for any x, with |x| < I, lim nx™ = 0.

Solution: Without loss of generality, we assume that x # 0 and n > 1. Since |x| < 1, there
there is a positive real number a such that

1
—_—=1+4a.
| x|
Then
1 " (n nn—1)
—=(0+a)" = a > ———4*
|.\’"| ( + ) z (;) - 2
r=0
for some a¢ = 0. Thus,
2
X" £ —
n(n —1)a?
n 2
= nx < —
Inx"l < (n — 1)a?
-2 n 2
_— = ny < ——
(n—1a? ~ ~ (n—1)a?
Since
-2 2
lim ———=0= lim ———,
n—ce (n — 1)a? n—oc (n — 1)a?

we have, by the Squeeze Theorem, that

lim nx"™ = 0.
n—oo

n

[3] Show that for any x € R, lim — = 0.

n—oo n!

Solution: Let N be the first integer greater than |x|. Then, if n > N,

¥ B |X|" B |_\‘|N_I|IIH_N+] _ |X|N_] |x|H—N+]
n! n (N—1DINWN +1)---n (N—=1)! NN +1)---n"
|‘ |N—1

Let K = WD Then K is a constant which is independent of n. Thus,
xn |d\.|n—N+l IX|n—N+| |Y| n—N+1
_— = . < K- =K-|— .
n! N(N +1)---n N-N-N---N N

whence

A N+1 n n—N+1
N n! N
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Since % <landn— N + 1 — oo as n — oo, it follows that

n—N+1
lim (m) =0,
n—oo \ N

lim — =0. O

n—oo J!

and consequently,

Exercise n
[1] Show that lim — = 0.
n—»o0 20

1
[2] Show that lim — = 0.

—+00 H!

Theorem
Let S be a subset of R which is bounded above. Then there exists a sequence (sp) in S such that

rr[1_151010 Sp =sup S.
<Let ¢ = supS. By the characterisation of supremum (Theorem 3.1.9), for each n € N there exists

§, € S such that

C—— < 8§y <cC.
n

1
Since lim (c — —) = ¢ = lim ¢, we have, by the Squeeze Theorem, that

n—»00 " n—o00

lim s, =c =supS. |
H—*00

Algebra of Limits

The following lemma asserts that if the sequence (¢,) converges to ¢ # 0, then the sequence (#,) is “bounded
away from zero™.

Lemma 1|
If the sequence (t,) converges to { # 0, then there is an N € N such that |t,| > > foralln = N.

|7]

<Sincet # 0, |t| > 0. Lete = CR Then there exists an N € N such that

|tn —t] < € forall m = N.

Thus,
7] _ e

ltal =t = —t)| = t] = |t —ta] > |t|—7_ 5 foralln = N.

Theorem
Let (s,) and (t,) be sequences of real numbers which converge to s and t respectively. Then

9
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() lim (s, +1,) =5 +1.
H—OC
(i1) lim suty, = st.
H—00
Ky s
(iii) lim — = = ift, # 0 foralln €e Nandt # 0.
n—=o0o tﬂ 4

=<

(i) Let € > 0 be given. Then there exist Ny and N> in N such that

€
[sn — 5] < Efora]lnle and

€
lth — 1] < 3 forall n = Ns.
Let N = max{Nj, N»}. Then forall n > N, we have

|(SH + 1) — (s +1)] [(sp, —5) + (1, —1)|

€ €
< |s,,—.s-|+|t,,—t|<5+5:5_

Hence, lim (s, + ;) = s + 1.
H—>00

(ii) Let € > 0 be given. Now,

|suly — St| = |Sply — Sty + sty —st| = |(5, — )ty + (L — 1)5]
= |SH _-"'”fn| + |tn - f||S| .

Since (1, ) is convergent, it is bounded. Therefore there is a positive real number K such that
|tn]| = K forall n € N.

Thus,
|sntn — st| < |su — s|ltn] + 1tn — ClIs] = |sn — s|K + |ty —1]|5] -
Let M = max{K, |s|}. Then

|sutn — st < M(|sy — 5| + |tn —1£])-

Since s, — s and 1, — f as n — o0, there exist Ny and N> in N such that

€
|S,,—S| < mforalln = N; and
lt, —t] < — € forall n > N,.
2(M +1)

Let N = max{N;, N,}. Then for all n = N, we have

€ €
Sply — st < M(|sy, — s Iy —1 M 1 =
|¢ﬂ'ﬂ sI_ (|?H‘ 5|+|" |}<( + )(2(M+1)+2(M+1)‘) €

Hence, lim s,1, = st.
H—»00

10



REAL ANALYSIS | - LECTURE 13

1 1
(iii) It suffices to show that lim =7 ift, # Oforalln € Nand ¢ # 0. Once this has been shown we
H— 00

can then apply (ii). By Lemma 4.2.1, there is an N; € N such that

t
] > |7

— forall n = N;.
2
Again, there exists an N> € N such that
|¢)?
|t — 1| < forall n = N,.

Let N = max{Ny, N>}. Then for alln = N, we have

1 1

th 1

L — 1ty
t,

[t —ta] 2|t —ty] 2 et)?
p— — — =€

=
|12 |1]? e 2

. 1 1
Hence, lim — = —. |
n—o0 [, t

Exercise
[1] Let (s») and (¢,) be sequences of real numbers. Prove or disprove the following statements.

(i) If (sn) converges and (1,) diverges, then the sequence (s, + ¢,) diverges.
(ii) If both (s,) and (z,) diverge, then the sequence (s, + 1,) also diverges.
(iii) If both (s,) and (z,) diverge, then the sequence (s,t,) also diverges.

(iv) If both (s,) and (¢,) diverge and ¢, # 0 for all » € N, then the sequence (;—") diverges.

n

(v) If both (s,) and (s,#,) converge, then the sequence (,) converges.
(vi) If both (s,) and (s.2,) diverge, then the sequence (z,) diverges.

[2] (a) Show that if the sequence (s,) converges to s, then the sequence {s2} converges to s2.

(b) Use (a) and the fact that for all x. y € R, xy = —[(x + »)*> — (x — »)?] to give an alter-

1
4
native proof of Theorem 4.2.2(ii).

Monotone Sequences

Definition
Let (sn) be a sequence of real numbers. We say that (sp) is

(a) increasing if foreachn € N, s, < sp41.

(b) strictly increasing if oreachn € N, s, < sp41.
(c) decreasing iforeachn € N, 5,41 < sy.

(d) strictly decreasing if oreachn € N, 5,47 < 5.
(e) monotone if (s,) is increasing or decreasing.

() strictly moneotone if (s,) is strictly increasing or strictly decreasing.

11
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Remark

An increasing sequence (s,) is bounded below by s,; a decreasing sequence (,) is bounded
above by 1,. It therefore follows that an increasing sequence is bounded if and only if it is bounded
above. Similarly, a decreasing sequence is bounded if and only if it is bounded below.

Examples
[1] The sequence (1,1,2,3.5,...) is increasing.

[2] The sequence (3,1,0,0,—3,—7,...) is decreasing.
[3] The sequence (n?) is strictly increasing.
[4] The sequence (—n) is strictly decreasing.

The regular behaviour of monotone sequences makes it easier to determine its convergence or diver-
gence.

Theorem
(Monotone Convergence Theorem). A monotone sequence converges if and only if it is bounded.

<We have already proved in Theorem 4.1.13 that if a sequence converges then it is bounded.
To prove the converse, let (s,) be a bounded increasing sequence and let § = {s, | n € N}. Since S is
bounded above, it has a supremum, sup S = s, say. We claim that lim s, = 5. Let € > 0 be given. By the
n—0oQ

characterisation of supremum (Theorem 3.1.9), there exists sy € S such that
S—e<sSN <sp<s<s5+e¢€ forall n > N.

Thus, |sp —s| < eforalln = N.
The proof for the case when the sequence (s,) is decreasing is similar. |

Examples n4 1
[1] Show that (T) is a convergent sequence.

1
Solution: We show that the sequence (%) is (1) monotone, and (2) bounded. lis

convergence will then follow from the Monotone Convergence Theorem (Theorem 4.2.7).
1
Monotonicity: Let s, = ~——. Then
n

Snal n+2 n+l _ n+2 n n? 4+ 2n

- = x =
Sn n+1 n n+1 n+1 (n+ 1)2

n+2n+1  (n+1)72
n+1)2  (m+1)2

Thus,

n+1 n—+2
Sp = + > * = sy41 forallm e N,
n n—+1

n+1
Therefore, the sequence ( a ) is monotone decreasing.

x+1

Another proof of monotonicity: Consider f(x) = for all x € [1, 00). Then,

, x—(x+1) —1
f(_r):X—szT{O fora" XE[],OO}.

12
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(2]

Thus, f is decreasing on [1, co). Therefore

n+4+1 n+2
=

f(n) = f(n+1) ie., forall n € M.
’ n+1
Boundedness:
1 1
nt =1+ —>1foralln € M.
n n
1
Thus, the sequence (n ) is bounded below by 1. O

1 n
Show that ((1 + ;) ) is a convergent sequence.

Solution: We need an easy preliminary result:
rl=2""1 for r = 2.
This follows from the fact that
Pf'=1-2-3-4-5--.r>1.2.2.2.2.-.2=2"14or r > 2.

We establish the existence of the limit by showing that

(a) (1 + %) < 3 for each n € N (boundedness),

1 n 1 n+1
(b) (1 + —) < (1 + —) for each n > 2 (monotonicity).
n n—+1

Now, by the binomial theorem,

n

1\” " (n)\ 1 nn—1)m—-=2)---m—r+1)1
1+ — = 2 _:E: —
( + n) - (r)rz’ = r! n’

SRR ERDD (R o

the first two terms correspond to r = 0 and r = 1, respectively. Then we obtain (a) from (*)
by noting that

1

1 n n 1 n
(1+;) <2+Z;<2+er—l
r=2 r=2

and so . .
" 31 — 55=7)
(l—f—;) <2+%<3.

We obtain (b) from (*) by noting that if we replace n by n + 1, each of the brackets in (*)
becomes bigger, so that each of the terms under the 3" sign becomes bigger; and there is
also one more positive term in the series. That’s all we want! O

1 n
(The limit that the sequence ((1 + E) ) converges to is denoted by the letter ¢.)

13
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Theorem
(Nested Intervals Theorem). For each n € N, let I, = [ay,, by], where —co < a, < b, < oco. If

oo
I, C I, foreachn € N and lim (b, — a,) = 0, then ﬂ I, consists of exactly one point.
H—00

n=1

<Since [,4+1 C I, we have that a, < dpy1 =< bp41 =< b, for all n € N. Thus, (a,) is an increasing
sequence of real numbers. Let A be the set of all endpoints a,, i.e., A = {a, : n € N}.
Claim: a; < by forall k, £ € N. Indeed, if k < £, then ax < ay < bg. On the other hand, if £ < k, then
ag < by < by.
It now follows that A4 is a nonempty set which is bounded above (by every b,). By the Completeness
Axiom, A has a supremum, ¢ = sup A (say). Clearly, a, < a < b, foralln € N. Hence a € I,
oo

for each n € N, and consequently, a € m I,. We showed in the Monotone Convergence Theorem

n=1

(Theorem 4.2.7) that lim a, = a. Assume that b € ﬂ:‘;] I,. Thena, < b < b, forall n € N, and
n—*00
so0 <b—a, <b,—a,foralln € N. Since lim 0 =0 = lim (b, — a,), we have, by the Squeeze
H—00 H—00
Theorem, that lim (b —a,) = 0, whence lim a, = b. Thus, a = b. |
n—+00 n—0o0

Remark
The Nested Intervals Theorem (Theorem 4.2.9) may fail for a decreasing sequence of open or half-

1] or I, = [n,00) foreachn € N, then ;2 I, = 0.

. , 1
open intervals. For example, if I, = (0. T
n

Subsequences
Definition
Let (s,) be a sequence of real numbers and let (ny); <y be a sequence of natural numbers such that n; <
na < n3 < ---. Then the sequence (.s-,,,\_) is called a subsequence of (s,). That is, a subsequence (s,,k) of

the sequence (s,) is a strictly increasing function ¢ : k > sy, .

Example
Let (s.) be the sequence (1.2. .3 %) Then (1. LI ) and (1.2. I ) are subsequences

of (sp).

Theorem
Let (s,) be a sequence which converges to s. Then any subsequence of (s,) converges to s.

<Let (55, ) be a subsequence of (s,) and let € > 0 be given. Then there exists an N € N such that
|sp —s | < € foreachn = N.
Thus, when k > N we have that n; > k > N and so
[sn, —s | <eforallk > N.

That is, lim s, = s. |
k—oo

Now we state and prove the version of the Bolzano-Weierstrass Theorem that applies to sequences.
Compare this with Theorem 3.3.8 (Bolzano-Weierstrass Theorem for sets).

14
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Theorem
(Bolzano-Weierstrass Theorem for sequences). Every bounded infinite sequence (s,) of real numbers
has a convergent subsequence.

<Since (s,) is bounded, there exists M > 0 such that |s;| < M foralln € N, ie.,—M < s, < M for
all n € N. If (s,) has a finite range S = {s, : n € N}, then there is (at least) one term of the sequence (s,)
which occurs infinitely many times in (s,). Call this term x, and let

Spy = Spy = Spz = *r = X.

Therefore, there exists a strictly increasing sequence (ng); of natural numbers such that s,, = x for all
k € N. Thus, {s,, } is a subsequence of (s,) which converges to x.

Now, suppose that S is infinite. Then either [-M, 0] or [0, M] contains s,, for infinitely many n € N.
Call such an interval /1 = [a;, b1]. Note that |[1| = |by —ai1| = M. Now, bisect /. One of the two
subintervals of /; contains s, for infinitely many » € N. Call that subinterval I = [az, b2]. Clearly,
Iy D Irand | 12| = |b2 —az| = % Bisect /5. One of the two subintervals of /> contains s, for infinitely
many n € N. Call that subinterval I3 = [a3,b3]. Clearly, Iy D I, D I3 and |I3] = |by —as| = z%
Continue in this manner to obtain a sequence of intervals Iy, I, I3,...with Iy D I» D I3 D --- and

M
| In| = |bn —anl = —— — 0as n — oo.

an—1

By the Nested Intervals Theorem (Theorem 4.2.9), we have that [),—, I, consists of exactly one point,
£ say. We obtain a convergent subsequence as follows: choose s,, € [y. Next, choose s,, € I with
na > np. Next, choose s,, € I3 with n3 > n,. Continue in this manner. (Such a selection is possible since
I,; contains infinitely many terms of the sequence (s,).) Then (s,,,\_) is a subsequence of (s,) with s,, € Ij
for all kK € N. Since £ is also in f;, we have that

|$n,, — L] < = Oask — oco.

That is, lim s,, = {. |

k—o0

Cauchy Sequences

Definition
A sequence (s,) is called a Cauchy sequence if, given any € > 0, there exists an N € N such that

|Sn — 8m| < € foralln,m = N.
Symbolically,
(Ve > 0)EAN eN)(Va,m e N)[(n = N)yAa(m =N) = (|Jxn —xm| < €)].

Equivalently. (s,) is a Cauchy sequence if lim |s, —s,| = 0.
n.m—oo

Examples

1
ow that the sequence (s,), where s, = s , is a Cauchy sequence.
[1] Show that th (sn), wh

Solution: For all n,m € N,

(57)- (7)1

15
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Therefore, if m = n, then
m—+n B 2m 2

|$n — Sm| < < = —.
nm nm n

Let e > 0 be given. Then there is an N € N such that % < % Thus, for all » = N, we have

n—+1 m + 1 2{2
n m <H_F{€'

Isn - Sm| =
Hence (s,) is a Cauchy sequence. O
(_l)ﬂ+l
[2] Show that the sequence (s,), where s, = 1 — 21 4+ — is a Cauchy sequence.
Solution: For n,m € N with m = »n, we have that
1 (_l)n-l-l 1 (—1]m+l
Sy — 8 = l—— 4+ —~ V[l — =y
I$n = S| ‘( TR ) ( STRRE )
-1 n+2 -1 n+3 -1 m+1
= ( ) ( } —|— caw + L
(n+ 1)! (n + 2)! m!
= : + : + et :
- (mn+ 1) (n+2) m!
- 1 1 1 1 1 1
=S whtmm T T T | Ty T e
2 " 2 1
= @'z R
. 1 . .
Since —— — 0asn — oo, givenany € > 0 thereis an N' € N such that
! = =
ST = |5 —0| <eforall n=N.
Thus,
_ 1 (_l)n-}-l 1 (_1)m+] 1
|s,,—sm|_‘(l—5+u-+T — l—i+---+ - -c:zn_l<:e
forallm = n = N. That is, (s,) is a Cauchy sequence. 0O
Theorem
Every convergent sequence (s,) is a Cauchy sequence.
<Assume that (s,) converges to s. Then, given any € > 0, there exists an N € N such that
€
|sn — 5| < 3 forallm > N.
Now, for all n, m = N, we have that
€ €
Isn - Sm| = I(Sn —8)+ (s — Sm,}l = |Sn - S| + |3 - leml < E + 5 = €.

That is, (s) is a Cauchy sequence.

16
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Theorem
Every Cauchy sequence (s,) is bounded.

<Let € = 1. Then there exists an N € N such that
|$p —Sm| < 1 foralln,m = N.
Choose a k = N and observe that
Isn]l = 180 — sk + sk | = Isn — sg| + Isk] <1 + |sg| foralln = N.

Let M = max{|s{|. |s2]..... lsnl. Ise] + 1 }. Then |s,] < M for all n € N, and therefore (s,) is
bounded. |

Theorem
Every Cauchy sequence (s,) of real numbers converges.

~<By Theorem 4.2.18, (s,) is bounded, and therefore, by the Bolzano-Weierstrass Theorem (Theo-
rem 4.2.14), (s,) has a subsequence {s,, } which converges to some real number £. We claim that the
sequence (s,) converges to £. Let € > 0 be given. Then there exist natural numbers N; and N> such that

€
|$n — sm| < 3 forall n,m = N; and

€
|$m,, — L] < 3 forall k = N> .
Let N = max{N;. N>}. Then for all n > N, we have
€ €
|$n — €] < |sn — Sy | + |80, — €] < 3 + 3= €.

Therefore, lim s, = £. |
n—oQ

Combining Theorem 4.2.17 and Theorem 4.2.19, we get:
Cauchy’s Convergence Criterion for sequence: A sequence (s,) of real numbers converges if and only if
it is a Cauchy sequence.

Examples (—1)"
[1] Use Cauchy’s Criterion to show that the sequence (T) converges.

n

) ) is Cauchy. To that end, let ¢ > 0 and

Solution: We must show that the sequence (

_lﬂ
Sp = ) . Then, for all n,m € N with m = n,
n
-1 —1H)m 1 1 1 1
|Sn_5m|='( y D |E—+—E—+—=—.
n m n m_n n n

2
Now, there is an N € N such that N < €. Thus, for alln = N, we have

(=D™

m

—1)" 2 2
|Sn_sm|='g_ =—=<—<e
n n

- N

n

—1
Thus, (( n) ) is a Cauchy sequence. 0O

17
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1 1 1
[2] Show that the sequence (s,), where s, = 1 + 3 - 3 T+ -~ diverges.

Solution: It suffices to show that (s,) is nor a Cauchy sequence. Now, for n,m € N with
n > m, we have

| | 1+1+]+ -i—1 l+l+l+ +1
S — Sm — - -_ - - — -_ -_ - f—
2 3 n 2 3 n

1 | 1 1 |

= + e ey + 44—

m-+1 m-+ 2 n m+ 1 m—+ 2 n

1 | 1 n—m
— 4 -4 == .
n n n

v

n

n—m terms

In particular, if we take n = 2m, we get

_ (4 | 1 1 1 1 1 1 n—m 1
|$n — Sm| = ( +2+3+-~+n)—( +2+3+---+m) > =3
Thus, (s,) is not Cauchy. O
Exercise
[1] Show that if a (x,) contains two subsequences that converge to different limits, then (x,)
diverges.

[2] Show that every subsequence of a bounded sequence is bounded.

[3] Show that if (x,) is a Cauchy sequence, then so is {|x,|}.

Limit Superior and Limit Inferior

Let (x,) be a bounded sequence of real numbers and for each n € N, let
En = {Xn Xnt1, -} = xx |k = n}.
Then E,, is a bounded subset of R. Set
sp = inf E, and S, = sup E,,.
Clearly, E; C E; foralli, j € Nsuchthati < j. Inparticular, Ex 41 C Ej for each k € N. Therefore
Sk < Sk+1 < Sky1 < Sk.

These inequalities show that (s, ) is a monotone increasing sequence of real numbers and (S, ) is a monotone
decreasing sequence of real numbers. Note further that, for each k € N,

51 = Sk = Skt+1 = Sk41 = Sk = S1.

Therefore, the increasing sequence (s,) is bounded above by S; and the decreasing sequence (S,,) is
bounded below by s;. In fact, for each n € N, S, is a upper bound for the sequence (s,) and for each
n € N, s, is a lower bound for the sequence (S,). Therefore, by the Monotone Convergence Theorem

18
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(Theorem 4.2.7), the sequence (s,) converges to the supremum s = sups, and the sequence (S,) con-
n

verges to the infimum S = inf S,,. That is,
n

s = lim s, = lim inf x; =sups, and S = lim S, = lim supx; = inf S,.
n—o0o n—00 k>n n n—0o n—>00 b . n

The number s is called the limit inferior of the sequence (x,) and the number S is called the limit superior
of the sequence (x,). We write

s = liminfx, and S = limsup x,.
n—00 n—o00

We also use the notation lim_x,, for the limit inferior and lim x, for the limit superior.

H—+00 n—0oQ

Definition
Let (x,) be a bounded sequence of real numbers. The limit inferior of the sequence (x,), denoted by
liminfx,, is defined by

H—>0DQ
liminfx, = lim (inf xk) = sup ( inf xk) .

n—o0 n—00 \ k>n n>1 \k=n

Similarly, we define the limit superior of the sequence (x,), denoted by lim sup x,, as

n—oo
limsupx, = lim | supx; | = inf | supxy | .
n—o0o =00 \ k>n n=1 \ p=pn

Examples
[1] Consider the sequence (x,), where, for each n € N, x, = (—1)". Then

inf x; = inf(—l}k =—1 and supx; = sup(—l)"‘ =1.

k=n k=n k=n k=n
Therefore
liminfx, = lim (inf xk) =—1 and
n—oo n—o0 \ k=n
limsupx, = lim [supxg| = 1.
n—-oo =00 \ f>n

[2] Consider the sequence (x,), where, foreach n € N, x, = (=1)" + % Then

liminfx, = lim (inf xk) =—1 and
n—oo n—00 \ k=n

limsupx, = lim [supxg | =1.

n—oo =00 \ f>n

19
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[3] Consider the sequence (x,), where, foreach n € N, x, = % Then

11 1

E, = {1, = — — ..

! ¢ 2°3 4 '
11 1

Ey = f{= — — ...

2 S
11

Ey = {= — ...

o= A5

En = {= ——. ..}

n — n-n+].-..

Therefore

1
supxy = sup E, = — and inf x; = inf E,, = 0.
k>n n k=n

It now follows that

1
limsupx, = lim (sup x;c) = lim (—) =0 and
n—o00 n—00 k>n n—oo \ n
liminfx, = lm (inf xk) = lim (0) = 0.
H—00 n—o0 \ k=n n—00
Lemma
Let (x,) be a bounded sequence of real numbers, « = liminfx,, and 8 = limsupx,. Then there is a

H=00 n—oo
subsequence of (x,) which converges to o and a subsequence of (x,) which converges to f.

<Let Ey = {xp. Xgt1. ---f ={xu | n =k}, sp = inf E; and S = sup E. Then
limsupx, = = lim S. 4.1)
n—o0o k—oo

Since Sg is the supremum of the set E, given € > 0, there is an index nx > k such that
€ € €
S;(—E < Xp, < Sp < Sk—f—E — |Sk—x,,k}<5. (4.2)

Also, since lim S = f, there is a natural number N such that, forall k > N,
k—oo

€
ISk — Bl < 3 (4.3)
From (4.2) and (4.3), we have that foralln; = k = N,
€ €
|xn, = Bl = |xXme = Sk| + Sk — Bl < 5 + 5 =€

Thus, (x,, :.-) is a subsequence of (x,) which converges to f.
The proof of the second part is similar. |

20
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Theorem
Let (x,) be a bounded sequence of real numbers. Then

(1) liminfx, <limsupx,.
n—oo n—oo

(ii) limsup x, = —liminf(—2x,).
H—> 00 =00

(iii) The sequence (x,) converges if and only liminf x,, = lim sup x,,. In this case,

n—=0oo H—00

lim x, = liminfx, = limsup x,.
n—oo n—o0 H—>00

(i) For each n € N, inf x; < sup xj. Therefore
kzn k=n

liminfx, = lim (inf x;c) < lim (supxk) = limsup x,,.

n—oo n—oo \ k=n n—>00 \ pop, =00

(ii) Foreach n € N, inf (—x;) = — sup xy. Therefore
k=n k=n

liminf(—x,) = lim (inf (—xk)) = lim (— supxk) = — lim sup x.
oo H— =n H—>00

n— o0 \k k=n n—oco

(ii1) Assume that the sequence (x,) converges to x. By Lemma 4.2.24, there are subsequences (x,,k) and
( Vn f} of (x,) which converge to liminf x,, and lim sup x, respectively. Since every subsequence of a

H=00 n—00
convergent sequence converges to the same limit as the sequence itself, it follows that

liminfx, = lim x,, =x = lim y,, = limsup x,.
n—00 k—o0 £—0o0 n—00

Conversely, assume that liminf x, = lim sup x,. Then for each n € I,
H—D0

n—»0o0
Sp = Inf{Xp,, Xp41, ...} = Xp < Sp = suUp{Xn, Xnt1s ---f-

Since
lim s, = liminfx, = limsupx, = lim S,,

n—o00 n—o00 n—00 n—o0

it follows, by the Squeeze Theorem, that the sequence (x,) converges and lim x, = liminfx, =

lim sup x,,. e e |
Exercise
[1] For each of the following, find the limit superior, limit inferior and the limit of the sequence.
=D”"

(a) (xn), where x, =

n+1°
{b) (xn), where x, = (—1)" + (_l}n-{-l_

n n
(€) (xn), where x, = 2(—1)" + - T

21
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Sequential Characterization of Closed Sets

Theorem
Let K be a nonempty subset of R and x € R. Then

(a) x € K if and only if there is a sequence (x,) C K such that x, — x asn — oco.
(b) K is closed if and only if K contains the Iimit of every convergent sequence in K.
-

(a) Assume that x € K. Then either x € K or x € K’. If x € K, then the constant sequence
(x, x, x, ...)in K converges to x. If x € K’, then, for each n € N, the interval (x — :—I x4+ %)

contains a point x, € K distinct from x. It now follows that |x, — x| < :7 Clearly, (x,) C K and
Xn —> X @S — 00.

Conversely, assume that there is a sequence (x,) C K such that x, — x as n — oo. Then, either
x € K orevery e-neighbourhood of x contains a point x,, 7 x, in which case x € K’ Thus x € K.

(b) By Corollary 3.2.18, K is closed if and only if K = K. Hence, (b) follows from (a). |

Sequential Compactness
Definition
A subset K of R is said to be sequentially compact if every sequence in K has a subsequence that converges
to a pointin K.

The following theorem asserts that for subsets of R compactness and sequential compactness are equiv-
alent. In fact, this is true in any “metric space”. We shall discuss metric spaces later.

Theorem
A subset K of R is compact if and only it is sequentially compact.

<Assume that K is compact and let (x,) be a sequence in K. Then, by the Heine-Borel Theorem (The-
orem 3.3.7), K is closed and bounded. Therefore the sequence (x,) is bounded. By Bolzano-Weierstrass
Theorem (Theorem 4.2.14) (x,) has a subsequence (x,,k) which converges to some x € R. Since K is
closed, we have by Theorem 7.3.6, that x € K. Hence, K is sequentially compact.

Conversely, assume that X is not compact. Then, by the Heine-Borel Theorem (Theorem 3.3.7), either
K is not closed or X is not bounded. If K is not closed, then there is a sequence (x,) in K that converges
to a point outside of K. But then every convergent subsequence of (x;) will converge to a point outside of
K. Therefore K is not sequentially compact. If K is not bounded, then there is a sequence (x,) in K such
that |x,| > n for each n € N. Thus, every subsequence of (x,) is unbounded, and so, by Theorem 4.1.13,
no subsequence of (x,) converges (to a pointin K). Hence K is not sequentially compact. |

Exercise
[1] Let a sequence (x,) of real numbers be defined recursively by

3x 1
x; =0, Xpt1 = n¥ 2 forall n > 1.

Xn

(a) Show, by induction, that0 < x, < 1 forall n € N.
(b) Show that the sequence (x,) is monotonically increasing.
(c) Does the sequence (x,) converge? If so, find its limit.

(d) Does sup{x, | n € N} exist? If so, find it.
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