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Cardinality: the size of a set

Definition
Two sets A and B are said to have the same cardinality, denoted by |A| = |B|, if there is a one-to-one
function from A onto B. Sets that have the same cardinality are also said to be equipotent or equinumer-
ous.
Examples
[1] No has the same cardinality as [N.
Proof. Define f :No — Nby f(n) =n + 1foreach n € Np.
Claim: f is one-to-one. Let n, m € Ny such that f(n) = f(m) Thenn+ 1 =m + 1, and
consequently n = m.
Claim: fisonto. Letm e N. Thenm —1eNgand f(m—1)=m—1+1=m.
[2] LetE = {2n : n € N} — the set of even natural numbers. Then N and E have the same
cardinality.
Proof. Define f : N — E by f(n) = 2n foreach n € N.
Claim: j is one-to-one. Let n; and n, be elements of N such that f(n;) = f(n2). Then
2n1 = 2n, and consequently n; = n».
Claim: f is onto. Let m € E. Then m = 2k for some k € N. Hence, f(k) = 2k = m.
[3] N and Z have the same cardinality.
Proof. Define f: N — Z by
n . .
-3 if niseven
f(n) = |
> if nisodd.
In tabular form
n | 1| 2] 3] 45| 6| 7
P I I O e e

It is clear that dom( /) = N and ran(f) C Z.

Claim: / is one-to-one. For eachn € N, f(n) < 0if nis even and f(n) > 0if n is odd. Let
my., ma € N such that f(m,) = f(m2). We must show that my = m». If m; and m> are both

even, then
f(my) = f(my) < _%z_ﬂ%
=  my =ms.
If m, and m. are both odd, then
f(my) = f(m2) < ""12_ 1 _ mzz— 1

Hence, f is one-to-one.

< my = ms.
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Claim: [ is onto. If m € Z and is negative, then —2m is in N and is even. Therefore
(—2m)
=m
2
If m € Z and m > 0, then 2m 4+ 1 is in N and is odd. Therefore

2m+1)—1

f2m+1) = — =m.

S(=2m) = (=1)

[4] N and @ have the same cardinality.

Proof. We start by listing nonnegative rational numbers in an infinite matrix as follows:

p

»/¢ 1] o 1 2 3 4 5 &6
1T23?6
%iT_)TT%lT
N N A
S e T Y I ]
515515
\ -y Yy Sy S
S I 1L I ) I A ot I IS I
3 3] |3 3] 3] 3
N N A
o [ 2 I3 4  [s] 6
r]4——————
4 |a] & 4] & |a 4
\ -y Yy Sy S
C 1 I D I R [ I
N A O
e |2 (23 & 3 8
6 |6 666
Y S Y

0
Starting with 1 at the top left corner, we follow the arrows, putting a box around a rational

number that occurs for the first time. This assigns a unique natural number to each nonneg-
ative rational number. That is, this defines a function g from Ny to the set of nonnegative
rational numbers Q* U {0} given by the following table:

n | o | 1| 2] 3] 4| 5| 6|
2 1 4

—g (ﬁ) if niseven

g(n_kl) if nis odd.

g(n)

el =]
—] o

—_] =
W —

Define f : Ny — Q by
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In tabular form

n o v | 2] 3] 45| 6|

J(n) 0

1

2
Then f is a bijection between Ny and Q. Since N and Ny have the same cardinality, there is
a bijection h : N — N,. Therefore f o h is a bijection from N onto (.

[5] Rand (—3. %) have the same cardinality.
Proof. Define / : R — (—%.%) by f(x) = arctan x.

Claim: f is one-to-one. Let x; and x;, be elements of R such that f(x;) = f(x2) Then

arctan x;y = arctan x;

= tan(arctan x)

= X1 = Xa.

tan(arctan xz)

Claim: f is onto. Let y € (—%.%). Then, tany € R and, since y € (—%.%), we have that
arctan(tan y) = y. Let x = tan y. Then f(x) = y.

[6] The intervals (0. 1) and (—%. 5) have the same cardinality.

<Define f : (0.1) - (—3.%) by f(x) = nx — %. ltis easy to show that / is a well-defined
bijection from (0. 1) onto (—%. ¥).

We immediately deduce from examples 5 and 6 that (0, 1) and R have the same cardinality.

Definition
A set S is said to be

(a) finite if S = @ or if there is ann € N such that |S| = |{1, 2, 3, ..., n}].
(b) infinite if S is not finite.

(c) countably infinite if |.S| = |N|.

(d) countable if S is finite or is countably infinite.

(e) uncountable if S is not countable.

The cardinality of N is called 8, (aleph nought).
We have shown that the sets E, Z and (@ are countably infinite.

Theorem
There does not exist a surjection from a set X onto its power set P(X).

Proof. (By Contradiction). Suppose there were such a surjection f/ : X' — P(X). Let 4 be the subset of
X defined by

A={xe X : x & f(x)}.
Then A € P(X). Since f is assumed to be surjective, there exists an ¢« € X such that f/(a) = A. Either
a € Aora & A. If a € A, then by definition of 4, a € f(a) = A, a contradiction. Therefore, ¢ & A.
But now again by definition of A, it follows that @ € A, a contradiction again. We conclude that there is no
function from X onto P(X). |
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Corollary
P(N) is uncountable.

Theorem
The set of real numbers in the interval (0, 1) is uncountable.

<(By contradiction). Assume that (0, 1) is countable. Let {x;, x2, X3, ...} be the enumeration of
elements of (0, 1); that is, there is a bijection /" : N — (0, 1) given by f(k) = xx. Each x, € (0, 1) hasa
decimal expansion of the form

x1 = 0Ouanapaiasags---
x2 = 0O.axarazzazsass---
x3 = 0.asiazzazzdaadas---
Xn = 0amanrapidpsans---

where a;; € {0, 1, 2, 3, 4, 5, 6, 7, 8, 9}. Let b be the real number that has the decimal expansion:

b = 0.b1b2b3bsbs - --

where
2 ifay,=1
by =
1 if apy # 1.
Then, clearly, b € (0,1) and b # xy, for all k € N since b and x; differ at the k-place after the decimal
point. Hence, the function f : k + xg is not surjective. |
Corollary

The set R of real numbers is uncountable.

<This follows immediately from examples 2.5.2 (5 and 6).
In order to establish the next set of important results, we shall need the following result called the Well
Ordering Principle or Least Natural Number Principle:

Theorem
Every nonempty subset A of natural numbers has a least member - a number ay € A such that ay < a for
alla € A.

The Least Natural Number Principle is equivalent to the Principle of Mathematical Induction. That
is, assuming one principle you can prove the other. Below we prove that the Principle of Mathematical
Induction implies the Least Natural Number Principle. We leave the proof of the converse of this statement
as an exercise.

Theorem
The Principle of Mathematical Induction implies the Least Natural Number Principle.

Proof. Let T be a subset of N with no least element. We prove that 7 is an empty set. Let
S={nelN:{1,2,..., nyN7T = @}.

Claim1: 1 € S. If | ¢ S, then {1} NT # @. Butthen 1 € T and 1 would be the least element of T,
contradicting the fact that 7" has no least element. Hence 1 € S.
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Claim2: k € S = k+1 € S. Since k € S (by the assumption), it follows that {1,2,. .., kKyNnT = 0.
This says that no positive natural number less than or equal to k& belongs to 7. We must show that k + 1
does not belong to T or equivalently, kK + 1 € S. If k + 1 & S, then {1,2,..., k.k+1,NnT # 0.
Since {1,2,..., k}yNT = @, it follows that kK + 1 € T. But then k + 1 would be the least element of T,
contradicting the fact that 7" has no least element. Hence k + 1 € S.

By the Principle of Mathematical Induction, we have that S = N. This, of course, means that no natural
numbers belongs to T',ie., T = 0. |

We are now ready to establish some important results.

Theorem
A subset of a countable set is countable.

<Let A be a subset of a countable set B. If A is finite, then it is obviously countable. Assume that 4
is infinite. Then B is countably infinite. Let {b, b2, b3, ...} be an enumeration of elements of B That is,
there is a bijection / : N — B given by f(k) = by.

Let M = {n € N| b, € A}. Then M is a nonempty subset of N. By the Least Natural Number
Principle, M has the least element #1. Similarly, Ml — {m2;} has the least element m7,. In general, having

chosen my, ma, ..., my, let my, be the least element of Ml — {m, mz, ..., my}. Define g : N — N
by g(n) = my. Since A is infinite, g is defined for each n € N.

Claim: g is injective. Indeed, if i < j, then m; # mj since m; & {my, ma, ..., m;}. Thus
g(i) # g(j)-

We have the diagram:
N5 NL B
It now follows that / o g is injective. Since each element of A appears somewhere in the enumeration
of elements of B, we have that g(IN) includes all the subscripts of elements of 4. Thus, / o g is a bijection
from N onto A. Hence, A is countable. |
Here is another argument that R is uncountable: Assume that R is countable. Then, by Theorem 2.5.10,

every subset of R would be countable. In particular, the set or real numbers in the interval (0, 1) would be
countable. This contradicts Theorem 2.5.6. Hence, R is countable.

Corollary
An intersection of any collection of countable sets is countable.

<Let {A; | A € I} be a collection of sets such that 4; is countable for each A € I. Choose and fix

« € I. Then
() 4% C Aa.
rel
Since A, 1s countable, it follows from Theorem 2.5.10 that m Aj, 1is countable. |
rel
Theorem

Let A be a nonempty set. The following statements are equivalent:
(a) A is countable;
(b) There is a surjection [ : N — A.

(c) There is an injection f : A — N.

<(a) = (b): Assume that A4 is countable. If A is finite, then there is nothing to prove. Assume that A is
infinite. Then A is countably infinite. Thus, there is a bijection f* : N — A. Therefore, f is a surjection
from N onto A.

(b) = (c): Assume that there is a surjection / : N — A. Then the set

[ @:={neN| f(n) = a} #0
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foreach a € A.
Define g : A — N by
g(a) = the least element of the set /™ (a)

for each a € A. By the Least Natural Number Principle, we have that g is well-defined. We show that g is
injective. Note first that since g(a) € /< (a), it follows that f(g(a)) = a.
Let a, b € A such that g(a) = g(b). Then

a= f(g(a) = f(g(b)) =b.

Thus, g is injective.

(c) = (a): Assume that there is an injection g : A — N. Then g is a bijection from A onto g(A4) :=
{n € N| g(a) = nforsome a € A}. Since N is countable and g(4) C N, it follows from Theorem 2.5.10
that g(A) is countable. Thus A is countable. |

Theorem
N x N is countable.

<Define f : N x N — Nby
S(n,m)y =2".3"

We show that f is an injection. To that end, let (1, m) and (k, £) be elements of N x N such that

fn.m) = f(k.0).

Then

2ﬂ' . 3!?1’ — 2k . 3£ . > 2ﬂ'—k — 3£—m
Hence, n —k = 0 and £ —m = 0 and, consequently, n = k and m = £. That is, (n,m) = (k,£). This
shows that f is injective. By Theorem 2.5.12(c), we conclude that N x N is countable. |

Corollary
If A and B are countable sets, then A x B is also countable.

<Since A and B are countable, there are bijections /' : N — Aand g : N — B. Define i : Nx N —
A x B by
h(n,m) = (f(n), g(m)) forall (n,m) e N xN.

Clearly, & is well-defined.

Claim 1: / is injective. Assume that i(n,m) = h(k,£). Then, by definition of h, (f(n), g(m)) =
(f(k), g(£)). Therefore f(n) = f(k)and g(m) = g(£). Since f and g are injective, it follows thatn = k
and m = { and, consequently, (n, m) = (k, {).

Claim 2: / is surjective. Let (a,b) € A x B. Since f and g are surjective, there are natural numbers i
and j such that /(i) = a and g(j) = b. Hence, (i, j) € N x N and

h(i. j) = (/D). g(j)) = (a.b).

Thus, & is surjective. |
We give another proof that the set (Q of rational numbers is countable.

Corollary
The set Q@ of rational numbers is countable.

<Since Z and N are countable, we have, by Corollary 2.5.14, that Z x N is countable. So there is a surjection
f N —-ZxN.Define g : ZxN — Qby

p
g(p.q) =—.
q
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Clearly, g is surjective (by the definition of rational numbers). We have the following diagram:

NL zxN250Q.
Since the function go f is a surjection from N onto @, it follows from Theorem 2.5.12 that ( is countable.ll

Theorem
A countable union of countable sets is countable.

oo

<Let {4, | n € N} be a collection of sets such that A4, is countable for each n € N and let A = U Ap.

n=1
We show that A is countable. Since A4, is countable for each n € N, there is a surjection f, : N — A, for
eachn € N. Define /' : Nx N — A4 by

S(n,m) = frp(m).

We show that /" is surjective. Indeed, if a € A, then a € A, for some n € N. Since f; is surjective, there
is an m € N such that f,(m) = a. Therefore (n,m) € N x N and f(n,m) = fy(m) = a. Thus, f is
surjective. Since N x N is countable, there is a surjection g : N — N x M. We have the following diagram:

N-5 NxN-Ls 4.
Thus, g o f is a surjection from N onto A. By Theorem 2.5.12, A is countable. |

Exercise
[1] Show that the set of irrational numbers is uncountable.

2.5.1 The Cantor-Schrider-Bernstein Theorem

When we started the section on cardinality, we said that two sets A and B have the same cardinality if there
is a bijection (one-to-one and onto function) between them. It is usually easier to find an injection than a
bijection between two sets. The Cantor-Schroder-Bernstein Theorem asserts that if A and B are sets for
which we can find an injection from A into B and an injection from B into A4, then there is a bijection
between A and B.

Lemma
Let A and B be sets such that B C A. If there is an injective function f : A — B, then there is a bijective
functiong : A — B.

Proof. If A = B, then the identity function i 4 works. Assume that B g A. We inductively define a
sequence (C,) of sets as follows:
Co = A\B
G = f(G)=[(4\B)
G = [f(C1) = [HA\B)
G = [f(C)=/*4\B)

G = J(Cy) = f"(A\ B)

o0 o0
Let C = U Cy = U f™(A\ B), where f° is the identity map on A. Note that A \ B = Cp C C and

n=0 n=0
Gi=J /" 4\B) < B
n=1 n=1
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Claim 1: If j, k € Nog and j # k, then C;j N Cy = @; that s, the sets C, are pairwise disjoint. To prove
the claim, assume that j < k and that C; N C # 0. Letz € C; NCk; thatis, z € f/(4\ B)N ¥\ B).
Then there are x and y in 4 \ B such that /7 (x) = z = f*(y). Therefore

F@ =10 = (7o) = (7 w).

Since f is injective, sois f7. Hence x = f*=J(y). But,since x € 4\ B and f¥~/(y) € B, the equality
x = f*=J(y) means thatx = %=/ (y) € (4\ B)N B = @. This is a contradiction. Hence, C; N C; = 0.
Claim 2: f(C) C C. Indeed,

1 =r (U Cﬂ) =Jren=J G cc
n=0

n=0 n=0

Define g : A — B by
flx) ifxecC
g(x) =
X if xeAd\C.

Claim 3: g is injective. Let x,y € A such that g(x) = g(y). If x,y € C, then f(x) = f(»).
Since [ is injective, it followsthat x = y. If x ¢ C and y &€ C, then x = g(x) = g(y) = y. That is,
x=yp.IfxeCandye A\ C,thenx # yand f(x) € f(C) C C. Therefore g(x) = f(x) € C and
g(y) =y € A\ C. Hence g(x) # g(y).

Claim 4: g is surjective. Let y € B. If y € C,then y € f"(A\ B) forsome n = {1, 2, ...}. Hence,
thereisanz € A\ B suchthat y = f"(z). Let x = ™" '(z). Thenx € f""'(4\ B) C C. Hence, by
definition of g,

g =)=/ (/"'@) = ") = .
If y € A\ C, then, by definition of g, g(y) = y. |

Theorem
(Cantor-Schroder-Bernstein Theorem). Let A and B be sets. If there exist two injections f : A — B
and g : B — A, then there is a bijectionh : A — B.

Proof. Since / and g are injective functions, the composite function g o /" is an injection from A into
g(B). Also, g(B) € A. By Lemma 2.5.18, there is a bijection k : A — g(B). Since g is an injection from
B into A, itis a bijection from B onto g(B). The inverse function g lisa bijection from g(B) onto B.
We now have the diagram

k —1
A — g(B) ¢, B.

1

The composite function 7 := g~ o k is a bijection from 4 onto B. |

Example
We use the Cantor-Schroder-Bernstein Theorem to show that the sets [—1, 1] and R have the
same cardinality. Let /' : [-1,1] - R and g : Rt — [-1,1] be given by f(x) = x + 3 and

glx) = " respectively. The function f is clearly injective and maps the interval [—1, 1] onto

the interval [2, 4]. This function is not onto - for example, for 5, which is in R™, thereis no x € [—1, 1]
such that f(x) = 5.

The function g is also injective and maps R onto the interval (0. 1). This function is not onto -
for example, for 0, which is in [—1, 1], there is no x € R such that g(x) = 0.

By the Cantor-Schroder-Bernstein Theorem, there is a bijection between [—1, 1] and R. Hence,
these sets have the same cardinality.





