Lecture 12

Critical Point Theory.
Elementary Critical Point Theory

The essence of Morse Theory is a collection of theorems describing the
intimate relationship between the topology of a manifold and the critical point
structure of real valued functions on the manifold. This body of theorems
has over and over again proved itself to be one of the most powerful and far-
reaching tools available for advancing our understanding of differential topology
and analysis. But a good mathematical theory 1s more than just a collection of
theorems; in addition it consists of a tool box of related conceptualizations and
techniques that have been gradually built up to help understand some circle of
mathematical problems. Morse Theory is no exception, and its basic concepts
and constructions have an unusual appeal derived from an underlying geometric
naturality, simplicity, and elegance. In these lectures we will cover some of the
more important theorems and applications of Morse Theory and, beyond that,
try to give a feeling for and an ability to work with these beautiful and powerful
techniques.

Preliminaries

We will assume that the reader is familiar with the standard definitions
and notational conventions introduced in the Appendix. We begin with some
basic assumptions and further notational conventions. In all that follows f :
M — R will denote a smooth real valued function on a smooth finite or infinite
dimensional hilbert manifold A/. We will make three basic assumptions about
M and f:

(a) (Completeness). M is a complete Riemannian manifold.
(b) (Boundedness below) The function f is bounded below on M. We will let

B denote the greatest lower bound of f, so our assumption is that B > —oc.

(c¢) (Condition C) If {x,, } is any sequence in M for which | f(x,,)| is bounded
and for which ||df,, || — 0, it follows that {x,,} has a convergent subse-

quence, T,, — P.

(By continuity, ||df,|| = 0, so that p is a critical point of f).

Of course if M 1s compact then with any choice of Riemannian metric
for M all three conditions are automatically satisfied. In fact we recommend
that a reader new to Morse theory develop intuition by always thinking of M
as compact, and we will encourage this by using mainly compact surfaces for
our examples and diagrams. Nevertheless it 1s important to realize that in our



Lecture 12

formal proofs of theorems only (a), (b), and (c) will be used, and that as we
shall see later these conditions do hold in important cases where M is not only
non-compact, but even infinite dimensional.

Recall that p in M is called a critical point of f if df,, = 0. Other points
of M are called regular points of f. Given a real number ¢ we call f~'(c) the
c-level of [, and we say it 1s a critical level (and that c 1s a critical value of f)
if it contains at least one critical point of f. Other real numbers ¢ (even those for
which f~!(¢) is empty!) are called regular values of f and the corresponding
levels f~1(¢) are called regular levels. We denote by M.. (or by M_.(f) if there
is any ambiguity) the “part of M below the level ¢”, i.e., f~((—oc,]). Itis
immediate from the inverse function theorem that for a regular value ¢, f~!(¢)
1s a (possibly empty) smooth, codimension one submanifold of M, that M. is
a smooth submanifold with boundary, and that M, = f~!(c¢). We will denote
by C the set of all critical points of f, and by C.. the set C N f~1(¢) of critical
points at the level ¢. Then we have the following lemma.

9.1.1. Lemma. The restriction of f to C is proper. In particular,
for any ¢ € R, C. is compact.

PROOF. We must show that f~!([a,b]) N C is compact, i.e. if {z,} is
a sequence of critical points with a < f(x,) < b then {x,,} has a convergent
subsequence. But since ||V f, || = O this is immediate from Condition C. =

Since proper maps are closed we have:

9.1.2. Corollary. The set f(C) of critical values of f is a closed
subset of R.

Recall that the gradient of f is the smooth vector field V f on M dual to
df, 1.e., characterized by Y f = (Y, Vf) for any tangent vector Y to M. Of
course if Y is tangent to a level f~!(¢) then Y f = 0, so at each regular point x
it follows that V f is orthogonal to the level through z. In fact it follows easily
from the Schwarz inequality that, at a regular point, V f points in the direction
of most rapid increase of f. We will denote by ¢; the maximal flow generated
by —V f. For each = in M ¢, (x) 1s defined on an interval a(z) < t < [((x)
and t +— ;(x) is the maximal solution curve of —V [ with initial condition
z. Thus £o(z) = =V f,, () and so 2 f(,(2)) = =V f(f) = =V ]2, s0
f(p¢(x)) 1s monotonically decreasing in ¢. Since f is bounded below by B it
follows that f(y¢(2)) has a limitas t — 3(x).

We shall now prove the important fact that { ¢, } is a “positive semi-group”,
that 1s, for each  in M [((x) = o0, so ¢, (x) 1s defined for all £ > 0.

9.1.3. Lemma. A C*! curve o : (a,b) — M of finite length has
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relatively compact image.

ProoOF. Since M is complete it will suffice to show that the image
of o is totally bounded. Since f;’ |lo’(t)]| dt < oo, given € > 0 there exist
to=a<t <...<t, <tyy1 = bsuch that f::'“ |o’(t)]| dt < e. Then by
the definition of distance in M it is clear that the x; = o (¢;) are e-dense in the
imageofo. m

9.1.4. Proposition. Let X be a smooth vector field on M and
let o : (a,b) — M be a maximal solution curve of X. If b < oo then

fnb | Xl dt = oo. Similarly if a > —oo then f:’ | X o yl| dt = o0.

PROOF. Since o is maximal, if b < oo then o(t) has no limit point in M
as t — b. Thus, by the lemma, o : [0,b) — M must have infinite length, and
) b
since o' (t) = X1, fo | Xo@)||dt =oc0. m

9.1.5. Corollary. A smooth vector field X on M of bounded length,
generates a one-parameter group of diffeomorphisms of M.

PROOF. Suppose | X| < K < oco. If b < oo then fob | X | dt <
bK < oo, contradicting the Proposition. By a similar argument a > —oo is
also impossible. =

9.1.6. Theorem. The flow {¢:} generated by —V [ is a positive
semi-group; that is, for all t > 0 ; is defined on all of M. Moreover for
any x© in M ¢,(x) has at least one critical point of f as a limit point as
t — oc.

Proor. Let g(t) = f(pi(x)) and note that B < ¢(T) = g(0) +
fni g'(t)dt = g(0) — f; |V f o () ||% dt. Since this holds for all T < 3(z), by
the Schwarz inequality

1
2

B(zx)

Bz)
/{; IV fouioyl dt < /B(@) ( f ||me||2df)

which is less than or equal to \/3(x)(g(0) — B)Z, and hence would be finite
if 3(x) were finite. It follows from the preceding proposition that 3(x) must
be infinite and consequently ||V f_, (.)|| cannot be bounded away from zero as
t — oo, since otherwise [~ ||V f,,, () [|* dt would be infinite, whereas we know
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it is less than g(0) — B. Finally, since f(y;(x)) is bounded, it now follows from
Condition C that ¢, () has a critical point of f as a limit pointast — co. =

9.1.7. Remark. An exactly parallel argument shows that as t — a(x)
either f(y;(x)) — oo or else a(x) must be —oo and ¢, () has a critical point
of f as a limit point as t — —oc.

9.1.8. Corollary. Ifx in M is not a critical point of f then there is
a critical point p of f with f(p) < f(x).

PRrROOF. Choose any critical point of f that is a limit point of ¢, (z) as
t—o00. n

9.1.9. Theorem. The function f attains its infimum B. That is,
there is a critical point p of f with f(p) = B.

PRrROOF. Choose a sequence {x,,} with f(x,,) — B. By the preceding
corollary we can assume thateach x,, 1s a critical point of f. Then by Condition C
a subsequence of {,, } converges to a critical point p of f, and clearly f(p) = B.
]

In order to understand and work effectively with a complex mathematical
subject one must get behind its purely logical content and develop some intuitive
picture of the key concepts. Normally these intuitions are imprecise and vary
considerably from one individual to another, and this often can be a barrier
to the easy communication of mathematical ideas. One of the pleasant and
special features of Morse Theory i1s that it has a generally accepted metaphor
for visualizing many of its basic concepts. Since much of the terminology and
motivation of the theory is based on this metaphor we shall now explain it in
some detail.

Starting with our smooth function f : M — R we build a “world” W =
M xR. We now identify M not with M x {0}, (which we think of as “sea-level”)
but rather with the graph of f; that is we identify x € M with (z, f(x)) € W.
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graph of £

=

The projection z : W — R, (x,t) — z(a,t) = t we think of as “height
above sea-level”. Since z(z, f(x)) = f(x) this means that our original function
[ represents altitude in our new realization of M. And this in turn means that
the a-level of f becomes just that, it is the intersection of the graph of f with the
altitude level-surface z = a in WW. The critical points of f are now the valleys,
passes, and mountain summits of the graph of f, that is the points where the
tangent hyperplane to M is horizontal. We think of the projection of W onto
M as providing us with a “topo map” of our world; projecting the a-level of
fin W into M gives us the old f~!(a) which we now think of as an isocline
(surface of constant height) on this topographic map.

We give W the product Riemannian metric, and recall that the negative
gradient vector field —V f represents the direction of “steepest descent” on the
graph of f; pointing orthogonal to the level surfaces in the downhill direction.
Thus (very roughly speaking) we may think of the flow ; we have been using
as modelling the way a very syrupy liquid would flow down the graph of f under
the influence of gravity. We shall return to this picture many times in the sequel
to provide intuition, motivation, and terminology.

There is a particular Morse function that, while not completely trivial, is
so intuitive and easy to analyze, that it is is everybody’s favorite model, and we
will use it frequently to illustrate various concepts and theorems. Informally it
is the height above the floor on a tire standing in ready-to-roll position. More
precisely, we take M to be the torus obtained by revolving the circle of radius
1 centered at (0, 2) in the (x, y)-plane about the y-axis, and define f : M — R
to be orthogonal projection on the z-axis.
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This function has four critical points: a maximum a = (0,0, 3) at the
level 3, a minimum d = (0,0, —3) at the level —3, and two saddle points
b = (0,0,1), and ¢ = (0,0, —1), at the levels 1 and —1 respectively. The
reader should analyze the asymptotic properties of the flow () of =V f in
this case. Of course the four critical points are fixed. Other points on the circle
Cy:x=0,y2+(2—2)? = 1tend to b, other pointson C5 : y = 0, 22 +y? = 1
tend to ¢, and all remaining points tend to the minimum, d. We shall refer to
this function as the “height function on the torus”.

The study of the flow {; } generated by —V f (or more generally of vector
fields proportional to it) is one of the most important tools of Morse theory. We
have seen a little of its power above and we shall see much more in what follows.

9.2. The First Deformation Theorem

We shall now use the flow {; } generated by —V f to deform subsets of
the manifold M, and see how this leads to a very general method (called “min-

imaxing”’) for locating critical points of f. We will then illustrate minimaxing
with an introduction to Lusternik-Schnirelman theory.

9.2.1. Lemma. IfO is a neighborhood of the set C. of critical points
of f at the level ¢, then there is an ¢ > 0 such that ||V f| is bounded
away from zero on f~(c—e€,c+¢€)\ O.

PROOF. Suppose not. Then for each positive integer n we could choose
an z, in f~'(c— X,c+ =)\ O such that |V f, || < 1. By Condition C, a
subsequence of {x,,} would converge to a critical point p of f with f(p) = ¢,
so p € C,. and eventually the subsequence must get inside the neighborhood O
of C., a contradiction. =

Since C,. 1s compact,
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9.2.2. Lemma. Any neighborhood of C. includes the neighborhoods
of the form N5(C.) = {x € M | p(x,C.) < &} provided § is sufficiently
small.

Now let U be any neighborhood of C.. in M, and choose a 4; > 0 such that
Ns,(Ce) € U. Since ||V fp|| = 0 on C. we may also assume that |V f,,|| < 1
for p € N;, (C..).

If € 1s small enough then, by 2.1, for any 65 > 0 we can choose ;z > 0 such
that |V f,,|| > pforp € f~*([c—¢,c+€])and p(p,C.) > da (ie.,p & Ns,(Ce))-
In particular we can assume d2 < 41, so that N5, (C.) C N, (C.) C U.

9.2.3. First Deformation Theorem. Let U be any neighborhood
of C. in M. Then for € > 0 sufficiently small o1 (M. \U) € M,_..

Proor. Lete = min(%pﬁ, %#2(51 —02)), where 81, d2, and p are chosen

asabove. Letp € f~!([c—¢,c+¢€])\U. We must show that f(y1(p)) < c—ce,
and since f(;(p)) is monotonically decreasing we may assume that ¢, (p) €
f e —€,e¢+€]) for 0 < t < 1. Thus by definition of 5 we can also assume
that if p(¢¢(p), Ce) = 62 then ||V fo, () [| = 1.

Since wo(p) = pand G f(¢:(p)) = —||V fy, () |* we have:

1
F10) = S + [ =1V Foucnll dt
1
"+ € — \Y 2dt,
sc+ fn“ Foumll®dt

so it will suffice to show that

1
/ IV fo, o ||? dt > 2€ = min(p?, p*(6; — 62)) .
0

We will break the remainder of the proof into two cases.

Case 1. p(p¢(t).Ce.) > 2 forall t € [0, 1].

Then ||V f,, (|| = p for 0 < t < 1 and hence
Jo IV foumlI? dt > 1 > min(p?, 1261 — 52)) .

Case 2. p(p¢(t),C.) < d2 for some ¢ € [0, 1].

Let ¢2 be the first such ¢. Since p ¢ U, a fortiori p ¢ N;,(C.), le.,
p(po(p),C.) = &1 > o, so there is a last ¢ € [0, 1] less than ¢ such that
p(eo(p),C.) = &6,. We denote this value of ¢ by #;, so that 0 < t; < t, <
1, and in the interval [t1,¢2] we have &1 > p(pi(p),Cc) > d2. Note that
p(ee, (p),Ce) = 61 while p(p+,(p),Cec) < 2 and hence by the triangle in-
equality p(ps, (p), e, (p)) > 1 — ds. It follows that any curve joining ¢, (p)
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to ¢y, (p) has length greater or equal §; — -, and in particular this is so for
t — pi(p), t1 <t <tz Since %cpg(p) = —V f..(p) this means:

ta
/ ”vf@e(p)” dt > 61 — d2.
ty

By our choice of 8y, ||V f, (|| < 1fortin [t,, 5], since p(p;(p),C.) < 6, for
such ¢t. Thus

to ta
tz—tlz/ 1dt2f IV foimll dt = 61 — 52 .

On the other hand, by our choice of 4, for ¢ in [¢;, ¢;] we also have ||V f, () || =
ft, since p(p¢(p),Ce) = 02 for such ¢. Thus

1 ta
jﬂ 19 f s It > f 19 fon |12 dt

ito
2_/ p? dt = p®(ty —ty)
ty

> 1% (62 — 01)
> min(p?, (6, — 62)) . u

9.2.4. Corollary. If ¢ is a regular value of f then, for some € > 0,
(fol(ﬂ"jfc—}—c) - -p'fr;—c

ProoF. Since(C. =@ wecantake U =@. =

Let F denote a non-empty family of non-empty compact subsets of M. We
define minimax( f, ), the minimax of f over the family F, to be the infimum
over all F' in F of the maximum of f on F. Now the maximum value of f on
F is just the smallest ¢ such that F* C M,.. So minimax( f, F), is the smallest
c such that, for any positive €, we can find an F'in F with F* C M., .. The
family 7 is said to be invariant under the positive time flow of —V f 1f whenever
F € Fandt > 0 it follows that o, (F') € F.

9.2.5. Minimax Principle. If F is a family of compact subsets of
M invariant under the positive time flow of —V f then minimax(f,F) is
a critical value of M.

Proor. By definition of minimax we can find an F' in F with F' C
M_.,.. Suppose ¢ were a regular value of f. Then by the above Corollary
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©01(M.y.) € M._. and a fortiori ¢,(F) € M._.. But since F is invariant
under the positive time flow of —V f, ¢1(F) is also in the family F and it
follows that minimax(f, 7) < ¢ — €, a contradiction. =

Of course any family F of compact subsets of M invariant under homotopy
i1s a fortiori invariant under the positive time flow of —V f. Here are a few
important examples:

e If o 1s a homotopy class of maps of some compact space X into M take

F = {im(f)|f € a}.

e Let o be a homology class of M and let F be the set of compact subsets

F of M such that « is in the image of 7, : H,(F) — H,(M).

e Let o be a cohomology class of M and let F be the set of compact subsets

F of M that support « (i.e., such that « restricted to M\ F is zero).

There are a number of related applications of the Minimax Principle that go
under the generic name of “Mountain Pass Theorem”. Here is a fairly general
version.

9.2.6. Definition. Let M be connected. We will call a subset R of M a
mountain range relative to f if it separates M and if, on each component of
M \ R, f assumes a value strictly less that inf( f|R).

9.2.7. Mountain Pass Theorem. If M is connected and R is a
mountain range relative to f then f has a critical value ¢ > inf( f|R).

PROOF. Set o = inf(f|R) and let M and M* be two different com-
ponents of M \ R. Define M} = {x € M*? | f(z) < «}. By assumption
each M is non-empty, and since M is connected we can find a continuous path
o : I — M such that o(i) € M. Let I denote the set of all such paths o and
let 7 = {im(o) | o € '}, so that F is a non-empty family of compact subsets
of M. Since ¢(0) and ¢ (1) are in different components of M \ R it follows that
o(ty) € R forsome ¢y € I,so f(o(ty)) > « and hence minimax(f, F) > a.
Thus, by the Minimax Principle, it will suffice to show thatif e € I"'and £ > 0
then ¢, o0 € T, where ¢, is the positive time flow of —V f. And for this
it will clearly suffice to show that if z is in M then so is ¢,(z). But since
fleo(x)) = f(x) < a, and f(p,(x)) is a non-increasing function of ¢, it fol-
lows that f(¢¢(x)) < a, so in particular p;(x) € M \ R, and hence = and
w¢(x) are in the same component of M \ R. =

In recent years Mountain Pass Theorems have had extensive applications in
proving existence theorems for solutions to both ordinary and partial differential
equations. For further details see [Ra].

We next consider Lusternik-Schnirelman Theory, an early and elegant ap-
plication of the Minimax Principle. This material will not be used in the re-
mainder of these notes and may be skipped without loss of continuity.
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A subset A of a space X i1s said to be contractible in X if the inclusion
mapi : A — X is homotopic to a constant map of A into X. We say that A has
category m in X (and write cat(A, X) = m) ) if A can be covered by m (but
no fewer) closed subsets of X, each of which is contractible in X. We define
cat(X) = cat(X, X). Here are some obvious properties of the set function cat
that follow immediately from the definition.

(1) cat(A, X) =0 ifand only if A = @.

(2) cat(A, X) = 1 if and only if A is contractible in X.

(3) cat(A, X) = cat(A, X)

(4) If Aisclosed in X then cat(A, X) = m if and only if A is the union of m

(but not fewer) closed sets, each contractible in X.

(5) cat(A, X) is monotone; i.e., if A C B then cat(A, X) < cat(B, X).

(6) cat(A, X) is subadditive; 1.e., cat(AU B, X ) < cat(A, X) + cat(B, X).

(7) If A and B are closed subsets of X and A is deformable into B in X (i.e.,
the inclusion i : A — X 1s homotopic as a map of A into X to a map with

image in B), then cat(A, X) < cat(B, X).

(8) If h : X — X is a homeomorphism then cat(h(A), X) = cat(A, X).

To simplify our discussion of Lusternik-Schnirelman Theory we will tem-
porarily assume that M is compact. For m < cat(M) we define F,, to be
the collection of all compact subsets F' of M such that cat(F, M) > m.
Note that F,,, contains M itself and so is non-empty. We define ¢,,,(f) =
minimax( f, F,,,). By the monotonicity of cat( , M) we can equally well
define ¢, (f) by the formula

e (f) = inf{a € R | cat(M,(f), M) > m}.

9.2.8. Proposition. For m = 0,1,...,cat(M), e.(f) is a critical
value of M.

PRrRoOOF. This is immediate from The Minimax Principle, since by (7)
above, F,,, is homotopy invariant. =

Now F,,,+1 1s clearly a subset of F,,,, s0 ¢,,.(f) < ¢m+1(f). But of course
equality can occur (for example if f is constant). However as the next result
shows, this will be compensated for by having more critical points at this level.

9.2.9. Lusternik-Schnirelman Multiplicity Theorem.

If e, 1 (f) = enia(f) = - - cnyr(f) = ¢ then there are at least k critical
points at the level c. Hence if 1 < m < cat(M) then f has at least m
critical points at or below the level ¢,,(f). In particular every smooth
function f : M — R has at least cat(M) critical points altogether.

Proo¥r. Suppose that there are only a finite number r of critical points
T1,...,x, at the level ¢ and choose open neighborhoods O; of the x; whose
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closures are disjoint closed disks (hence in particular contractible). Putting
O = 01U...UO,,clearly cat(O, M) < r. By the First Deformation Theorem,
for some € > 0 M., \ O can be deformed into M,._.. Sincec—e < ¢ = ¢, 41,
cat(M._., M) < n + 1, and so by (7) above cat(M.,. \ O, M) < n. Thus,
by subadditivity and monotonicity of cat,

cat(Meye, M) < cat((Me4e \O)UJUO, M) <n+r
and hence
c<ct+e<inflea e R|cat(M,, M) >n+r+1} =c,i.1(f)-

Since on the other hand ¢ = ¢,, 1 (f), (and ¢, (f) < ¢41(f)) it follows that
n+r+1>n+k,sor>k =

Taken together the following two propositions make it easy to compute
exactly the category of some spaces.

9.2.10. Proposition. If M is connected, and A is a closed subset of
M, then cat(A, M) < dim(A) + 1.

Proor. (Cf. [Pa5]). Let {O,} be a cover of A by A-open sets, each
contractible in M. Letting n = dim(A), by a lemma of J. Milnor (cf. [Pa4,
Lemma 2.4]), there is a an open cover {G,3}, i = 0,1,....n, 3 € B; of
A, refining the covering by the O, such that G;3 N G5 = @ for B8 # 3.
Since each Gia 1s contractible in M, and M is connected, it follows that G; =
U{Gis | B € B;} is contractible in M fori = 0,1,...,n. Let {U;g}, 3 € Bz-

be a cover of A by A-open sets with Uig C Gig. Then forz = 0,1,. n,

= \U{Uis | B € B;} is a subset of G; and hence contractible in M, and

A = L.JA Finally, since the U, are closed in A and locally finite, each A; is
closed in A and hence in M,socat(A, M) <n-+1. =

9.2.11. Proposition. cat(M) > cuplong(M) + 1, provided M is
connected.

Proor. Cf. [BG].

The topological mvariant cuplong(M) 1s defined as the largest integer n
such that, for some field F, there exist cohomology classes v; € H" (M, F),
i =1,...,n, with positive degrees k;, such that v, U ... U~,, # 0. Thus

9.2.12. Proposition. If M is an n-dimensional manifold and for
some field F' there is a cohomology classy € H' (M, F) such that 4™ # 0,
then cat(M) = n + 1.
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9.2.13. Corollary. The n-dimensional torusT" and the n-dimensional
projective space RP" both have category n + 1.

Recall that " 1s the quotient space obtained by identifying pairs of
antipodal points, z and —z, of the unit sphere §” in R™*!. Thus a function on
RP" is the same as a function on 8™ that is “even”, in the sense that it takes the
same value at antipodal points = and —z.

9.2.14. Proposition. Any smooth even function on 8" has at least
n + 1 pairs of antipodal critical points.

An important and interesting application of the latter proposition is an
existence theorem for certain so-called “‘non-linear eigenvalue problems™. Let
® : R" — R" be a smooth map. If A € Rand 0 # = € R" satisfy ®(x) = Az,
then x is called an eigenvector and A an eigenvalue of ®. In applications @ is
often of the form V F’ for some smooth real-valued function F' : R" — R, and
moreover I 1s usually even. For example if A is a self-adjoint linear operator
on R™ and we define F(x) = ;(Axz,x), then F is even, VF = A, and we are
led to the standard linear eigenvalue problem. Usually we look for eigenvectors
on S, ={x €R" ||| =r},r>0.

9.2.15. Proposition. A point x of S, is an eigenvector of VF' if and
only if x is a critical point of F|S,. In particular if F' is even then each
S, contains at least n pairs of antipodal eigenvectors for VF'.

PRrROOF. Define G : R" — Rby G(z) = 1||z||%,so VG, = = and hence
all positive real numbers are regular values of G. In particular S,. = G~ (1r?)
is a regular level of G. By the Lagrange Multiplier Theorem (cf. Appendix A)
x 1n S, 1is a critical point of F'| S, if and only if VF, = AVG, = Az for some

real \. =m

9.3. The Second Deformation Theorem

We will call a closed interval [a,b] of real numbers non-critical with
respect to f if it contains no critical values of f. Recalling that the set f(C)
of critical values of f is closed in R it follows that for some € > 0 the interval
[a — €,b + €] is also non-critical. If [a,b] is non-critical then the set N' =
f~([a, b]) will be called a non-critical neck of M with respect to f. We will
now prove the important fact that A" has a very simple structure: namely it is
diffeomorphic to W x [a, b] where W = f~1(b).
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Since (Vf)f = ||V f]|?, on the set M \ C of regular points, where ||V f|| #
0, the smooth vector field Y = - ng V f satisfies Y f = —1. More generally
if F : R — R is any smooth function vanishing in a neighborhood of f(C), then
X = (Fo f)Y is asmooth vector field on M that vanishes in a neighborhood of
C,and X f = —(F o f). We denote by ®; the flow on M generated by X. Let
us choose F' : R — R to be a smooth, non-negative function that is identically
one on a neighborhood of [a, b] and zero outside [a — €/2,b + €/2].

9.3.1. Proposition. With the above choice of F', the vector field
X on M has bounded length and hence the flow ®; it generates is a
one-parameter group of diffeomorphisms of M.

ProOOF. From the definition of Y it is clear that |Y|| = ||v—1f|| so that

1 X = —IIV}fII |F" o f|. Since F' has compact support it is bounded, and since
|F o f| vanishes outside f~!([a—e€/2, b+¢€/2]), it will suffice to show that ||vf||

is bounded on f~!([a — €/2,b + €/2]), or equivalently that ||V f|| is bounded
away from zero on f~1([a — €/2,b + ¢/2]). But if not, then by Condition C we
could find a sequence {x,,} in f~!([a — ¢/2,b + ¢/2]) converging to a critical
point p of f. Then f(p) € [a — €/2,b + €/2], contrary to our assumption that
the interval [a — €, b + €] contains no critical valuesof f. =

Denote by 7(t,c¢) the solution of the ordinary differential equation % =
—F(+) with initial value ¢. Since £(f o ®(z)) = Xag,)f = —F(f o
®,(x)), it follows that f(®,(x)) = ~(¢, f(x)), and hence that ®,(f~(c)) =
f=Y(y(t,¢)). In particular the flow ®, permutes the level sets of f. From
the definition of (t, ¢) it follows that v(t,¢) = ¢ — t for ¢ € [a,b] and ¢ —
t > a, while y(t,c) = cif¢ > b+ eorc < a—e. Since ®,(f(c)) =
F=Y(~(t, ¢)), it follows that if we write W for the b level of f, then ®,_. maps
W diffeomorphically onto f~!(c¢) for all ¢ in [a, b] while, for all ¢, ®; is the
identity outside the non-critical neck f~'([a — €/2,b + €/2]).

In all that follows we shall denote by I the unit interval [0, 1], and if
G : X x I — Y 1s any map, then for ¢ in I we shall write G; : X — Y for
the map G (x) = G(x,t). Recall that an isotopy of a smooth manifold M is a
smooth map G : M x I — M such that GG; 1s a diffeomorphism of M for all ¢
in I and G|, 1s the identity map of M. If A and B are subsets of M with B C A
then we say GG deforms A onto B if G;(A) C Aforalltand Gy(A) = B. And
we say that GG fizes a subset S of M if G;(x) = x forall (x,¢) in S x [. Finally
if f : M — R then we shall say G pushes down the levelsof f if forall c € R
and t € I we have G;(f~1(c)) = f~1(c), where ¢/ < .

9.3.2. Second Deformation Theorem. If the interval [a, b] is non-
critical for the smooth function f : M — R then there is a deformation
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G of M that pushes down the levels of f and deforms M, onto M,. If
e > 0 then we can assume G fixes the complement of f~'(a — e,b + ¢).

ProoO¥. Using the above notation we can define the deformation G by
G(ill'., t) = (I)(b—ajt(:c)- ]

9.3.3. Non-Critical Neck Principle. If [a,b] is a non-critical
interval of a smooth function f : M — R and W is the b-level of f,
then there is a diffeomorphism of the non-critical neck N = f~([a,b])
with W x [a, b], under which the restriction of f to N corresponds to the
projection of W x [a, b] onto [a,b].

PROOF. We define the map G of W x [a,b] into N by G(z,t) =
@,y (7). Sincex € W, f(x) = band hence f(G(x,t)) = (b—(b—1)) =t. If
v € TW, then DG (v, &) = D®,(v)+ X. Now ®, maps W diffeomorphically
ontoW = f~1! (t) and T' Mg, () 1s clearly spanned by the direct sum OfT‘f‘i’?@z ()
and X, (). It now follows easily from the Inverse Function Theorem that G 1s
a diffeomorphism. =

A Non-Critical Neck.
The ellipses represent the level
surfaces, and the vertical curves
represent flowlines of the gradient
flow.

The intuitive content of the above results deserves being emphasized. As a
ranges over a non-critical interval the diffeomorphism type of the a-level of f,
the diffeomorphism type of M, , and even the diffeomorphism type of the the pair
(M, M,) is constant, that is it is independent of a. Now, as we shall see shortly,
if we assume that our function f satisfies a certain simple, natural, and generic
non-degeneracy assumption (namely, that it is what is called a Morse function)
then the set of critical points of f is discrete. For simplicity let us assume for the
moment that M is compact. Then the set of critical points is finite and of course
the set of critical values of f is then a fortior: finite. Let us denote them, in
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increasing order, by ¢y, ¢, . . ., ¢, and letus choose real numbers ag, a4. . .., ax
withag < g <ay <ex < ... < ap—1 < ¢p < ag. Notice that ¢; must be the
minimum of f, so that M,, 1s empty. And similarly ¢ 1s the maximum of f so
that M, 1s all of M. More generally, by the above remark, the diffeomorphism
type of M. does not depend on the choice of a; in the interval (¢;, ¢; 1), so we
can think of a Morse function f as providing us with a specific
method for “building up” our manifold M inductively in a finite
number of discrete stages, starting with the empty M, and then, step
by step, creating M, , out of M,, by some “process” that takes place at the
critical level ¢, 1, finally ending up with M. Moreover the “process” that gives
rise to the sudden changes in the topology of f~!(a) and of M, as a crosses a
critical value is not at all mysterious. From the point of view of M, it is called
“adding a handle”, while from the point of view of the level f~!(a) it is just
a “cobordism”. From either point of view it can be analyzed fairly completely
and 1s the basis for almost all classification theorems for manifolds.

9.4. Morse Functions

An elementary corollary of the Implicit Function Theorem is an important
local canonical form theorem for a smooth function f : M — R in the neigh-
borhood of a regular point p; namely f — f(p) is linear in a suitable coordinate
chart centered at p. Equivalently, in this chart f coincides near p with its first
order Taylor polynomial: f(p) + df,.

But what if p 1s a critical point of f? Of course f will not necessarily be
locally constant near p, but a natural conjecture is that, under some “generic”
non-degeneracy assumption, we should again have a local canonical form for
f near p, namely in a suitable local chart, (called a Morse Chart), f should
coincide with its second order Taylor polynomial near p. That such a canonical
form does exist generically is called The Morse Lemma and plays a fundamental
role in Morse Theory. Before stating it precisely we review some standard linear
algebra, adding some necessary infinite dimensional touches.

Let V' be the model hilbert space for M, and let A : V xV — Rbea
continuous, symmetric, bilinear form on V. We denote by f L V — R the

associated homogeneous quadratic polynomial; f A(I) = %A(:tr,:r). Now A
defines a bounded linear map A : V — V* by A(z)(v) = A(z,v). Using
the canonical identification of V with V* we can interpret A as a bounded
linear map A : V' — V/, characterized by A(z, v) = (Az,v), so that f, (z) =
T(Az,z). Since A is symmetric, A is self-adjoint. The bilinear form A is
called non-degenerate if AV -v* (or A:V — V)isalinear isomorphism,
1.e., if 0 does not belong to Spec(A), the spectrum of A. While we will be
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concerned primarily with the non-degenerate case, for now we make a milder
restriction. Let VY = ker(A). The dimension of V' is called the nullity
of the quadratic form f n There 1s a densely-defined self-adjoint linear map

A~ (VoL — (V9L But of course A~! may be unbounded. Since
|A|| = sup{|A| | A € Spec(A)} and Spec(A~') = (Spec(A))~!, equivalently
Spec(A) might have 0 as a limit point. It is this that we assume does not happen.

9.4.1. Assumption. Zero is not a limit point of the Spectrum of
A. Equivalently, if A does not have a bounded inverse then V° = ker(A)
has positive dimension and A has a bounded inverse on (V9)1.

(Of course in finite dimensions this is a vacuous assumption).

Choose € > 0 so that (—e, ¢) N Spec(A) contains at most zero. Let p™ :
R — R be a continuous function such that p™ (z) = 1 forz > eand p™ () =0
for # < 5. And define p~ : R — R by p~(x) = p*(—x). Finally let
p” : R — R be continuous with p°(0) = 1 and p°(z) = 0 for |z| > £.
Then using the functional calculus for self-adjoint operators [La], we can define
three commuting orthogonal projections P+ = pt(A), P° = pY(A), and
P~ = p~(A) such that P* + PY + P~ is the identity map of V. Clearly
VY = im(PY) and we define V* = im(P*) and V= = im(P~), so that V
is the orthogonal direct sum V* @ V' @ V. (In the finite dimensional case
V* and V'~ are respectively the direct sums of the positive and of the negative
eigenspaces of A). The dimension of V™ is called the index of the quadratic
form f, and the dimension of VT is called its coindex.

Let ¢ : R — R be a continuous strictly positive function with () =

|2T| for |[A| > €, and ¢(0) = 1. Then ® = ¢(A) is a self-adjoint linear
diffeomorphism of V' with itself. Since Lp(A)Ap(A) = sgn(A) = pt(A) —
p~ () for all A in Spec(A), it follows that L A® = P+ — P~, so that
[(@(x)) = 1(ADz, @)
= (%@A@ffj x)
= (PYtz,2) — (P x,x)
= [|P*2|* - [|P~=|*.

9.4.2. Proposition. Let A : V — V be a bounded self-adjoint
operator and ‘& : V' — R the homogeneous quadratic polynomial _&(1) =

3 (Az,z). If 0 is not a limit point of Spec(A) then V has an orthogonal
decomposition V. =V* @ V@V~ (with V® = ker(A)) and a self-adjoint
linear diffeomorphism ® : V =~ V such that

f(@(@) = I[P (@)]* = [P~ (2)]*,
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where P* and P~ are the orthogonal projections of V on V' and V'~
respectively.

We now return to our smooth function f : M — R. (For the moment we
do not need the Riemannian structure on M.)

‘We associate to each pair of smooth vector fields X and Y on M, a smooth
real valued function B(X.Y) = X (Y f). We note that B(X, Y )(p) is just the
directional derivative of Y f at p in the direction X,,, so in particular its value
depends on X only through its value, X, at p. Now if p is a critical point
of f then B(X,Y)(p) — B(Y, X)(p) = X,(Y f) — Y, (X f) = [X, Y], (f) =
dfp([X.,Y]) = 0. It follows that in this case B(X.Y)(p) = B(Y. X)(p) also
only depends on Y through its value, Y,, at p. This proves:

9.4.3. Hessian Theorem. If p is a critical point of a smooth
real valued function f : M — R then there is a uniquely determined
symmetric bilinear form Hess( f), on T'M, such that, for any two smooth
vector fields X and Y on M, Hess(f),(X,.Y,) = X, (Y f).

We call Hess( f),, the Hessian bilinear form associated to f at the crit-
ical point p, and we will also denote the related Hessian quadratic form by
Hess(f)p (ie., Hess(f)p(v) = % Hess(f)p(v,v)). (Given a local coordinate
system x,...,x, for M at p, evaluating Hess(f)p(a‘f—il, %) we see that the
matrix of Hess( ['),, is just the classical “Hessian matrix” of second partial deriva-
tives of f.)

We shall say that the critical point p is non-degenerate if Hess(f), is
non-degenerate, and we define the nullity, index, and coindex of p to be respec-
tively the nullity, index, and coindex of Hess( f),. Finally, f is called a Morse
Function 1f all of its critical points are non-degenerate.

Using the Riemannian structure of M we have a self-adjoint operator
hess(f)p, defined on T'M,, and characterized by (hess(f),(X),Y) =
Hess(f)p(X,Y). Then the nullity of p is the dimension of the kernel of
hess( f),, p 1s a non-degenerate critical point of f when hess( f),, has a bounded
inverse, and, in finite dimensions, the index of p is the sum of the dimensions
of eigenspaces of hess( f), corresponding to negative eigenvalues.

Let V denote any connection on 7'M (not necessarily the Levi-Civita
connection). Then V induces a family of associated connections on all the
tensor bundle over M, characterized by the fact that covariant differentiation
commutes with contraction and the “product rule” holds. The latter means that,
for example given vector fields X and ¥ on M,

Vx(Y®@df) =Vx(Y)®df +Y ® Vx(df).
Contracting the latter gives:

X(Y f) = df(VxY) + iy (Vdf).
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If we define Hess V() to be Vdf then we can rewrite this equation as
Hess ¥V (f)(X.Y) = X(Yf) —df(VxY).

This has two interesting consequences. First, interchanging X and Y and sub-
tracting gives:

Hess Y (f)(X,Y) — Hess ¥V (f)(Y, X) = df (¥ (X,Y)),
where 7V is the torsion tensor of V. Thus if V is a symmetric connection
(i.e. 7V = 0), as is the Levi-Civita connection, then Hess V (f) is a symmetric
covariant two-tensor field on M. And in any case, at a critical point p of f,
where df, = 0, we have:

Hess v(f)(X'p? Yy) = Xp(Yf) = Hess(f),(Xp, Yy).

9.4.4. Proposition. If V denotes the Levi-Civita connection for

def
M, then Hess V (f) = Vdf is a symmetric two-tensor field on M that at
each critical point p of f agrees with Hess(f),.

9.4.5. Corollary. hess V(f) Lef V(Vf) is a field of self adjoint

operators on M that at each critical point p of f agrees with hess(f),.

There is yet another interpretation of Hess( f),, that is often useful. The
differential df of f is a section of 7" M that vanishes at p, so its differential,
D(df)p, is a linear map of T'M,, into T(T*M)o, (where 0,, denotes the zero
element of T%M,). Now T(T*M )o, 1s canonically the direct sum of two
subspaces; the “vertical” subspace, tangent to the fiber 7* M,,, which we identify
with T% M. »» and the “horizontal™ space, tangent to the zero section, which we
identify with T°M,,. If we compose D(df ), with the projection onto the vertical
space we get a linear map 7'M, — T*M,, that, under the natural isomorphism of
bilinearmaps V xV — Rwithlinearmaps VV — V¥, is easily seen to correspond
to Hess( f),. With this alternate definition of Hess( f),, the condition for p to
be non-degenerate is that Hess( f),, map 7"M,, isomorphically onto 7% M,,.

It is clear that at the critical point p of f, Hess(f), determines the second
order Taylor polynomial of f at p. But what is less obvious is that, at least in the
non-degenerate case, f “looks like” its second order Taylor polynomial near p,
a fact known as the Morse Lemma.

LetusputV = T"M,, A = hess(f),.andletV*, V" and V ~ beasabove,
1.e., the maximal subspaces of V' on which A is positive, zero, and negative.
Recall that a chart for M centered at p is a diffeomorphism ® of a neighborhood
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O of 0 in V onto a neighborhood U of p in M with ®(0) = p. We call ® a
Morse chart of the first kind at pif f(®(v)) — f(p) = Hess(v) = 1 (Av,v).
And @ is called a Morse chart of the second kind at p (or simply a Morse
chart at p) if f(®(v)) — f(p) = ||PTv||? — ||P~v||?, where P* and P~ are
the orthogonal projections on V' and V' ~. It is clear that a Morse chart of the
second kind is a Morse chart of the first kind. Moreover, by the proposition at
the beginning of this section, if a Morse chart of the first kind exists at p, then
so does a Morse chart of the second kind. In this case we shall say simply that
Morse charts exist at p.

9.4.6. Morse Lemma. If p is a non-degenerate critical point of a
smooth function f : M — R then Morse charts exist at p.

PROOF. Since the theorem is local we can take M to be V' and assume
p is the origin 0. Also without loss of generality we can assume f(0) = 0.
We must show that, after a smooth change of coordinates p, f has the form
f(z) = 3(Az,z) in a neighborhood O of 0. Since df, = 0, by Taylor’s
Theorem with remainder we can write f near O in the form f(z) = 3 (A(x)z, ),
where x +— A(x) is a smooth map of O into the self-adjoint operators on V.
Since A(0) = A = hess(f)g 1s non-singular, A(x) is also non-singular in a
neighborhood of 0, which we can assume 1s (0. We define a smooth map B of O
into the group GL(V) of invertible operators on V by B(z) = A(x)~tA(0), and
note that B(0) is 7, the identity map of V. Now a square root function is defined
in the neighborhood of I by a convergent power series with real coefficients, so
we can define a smooth map C' of O into GL(V') by C'(xz) = \/B(x). Since
A(0) and A(x) are self-adjoint it is immediate from the definition of B that
B(z)*A(z) = A(x)B(z). This same relation then holds if we replace B(x)
by any polynomial in B(x), and hence if we replace B(x) by C'(z) which is a
limit of such polynomials. Thus

C(x)*A(x)C(x) = A(x)C(x)? = A(x)B(z) = A(0)

or A(z) = C1(x)*AC (z), where we have put C () = C(x)~!. Ifwedefine a
smoothmap ¢ of @ into V by ¢(x) = Cy(x)x,then f(z) = (C1(x)*AC, (x)x, x) =
(Ap(x), @(x)), so it remains only to check that ¢ is a valid change of coordi-
nates at 0, i.e., that Dy is invertible. But Dy, = C1(z) + D(C1)z(x), so in
particular Dy = C1(0) = 1. u

9.4.7. Corollary 1. A non-degenerate critical point of a smooth
function f : M — R is isolated in the set C of all critical points of f. In
particular if f is a Morse function then C is a discrete subset of M.

Proor. Maintaining the assumptions and notations introduced in the
proof of the Morse Lemma we have f(x) = 1(Ax, z) in a neighborhood O of
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0, and hence df,. = Ax for x in O. Since A is invertible, df, does not vanish in
O exceptat(. =

9.4.8. Corollary 2. If a Morse function f : M — R satisfies
Condition C then for any finite interval [a,b]| of real numbers there are
only a finite number of critical points p of f with f(p) € [a,b]. In
particular the set C of critical values of [ is a discrete subset of R.

PROOF. We saw earlier that Condition C implies that f restricted to C is
proper, so the set of critical points p of f with f(p) € [a, b] is compact. But by
Corollary 1 it is also discrete. n

Since we are going to be focusing our attention on Morse functions, a
basic question to answer 1s, whether they necessarily exist, and if so how rare
or common are they. Fortunately, at least in the finite dimensional case this
question has an easy and satisfactory answer; Morse functions form an open,
dense subspace in the C? topology of the space C?( M, R) of all C? real valued
functions on M. The easiest, but not the most elementary, approach to this
problem is through Thom’s transversality theory. Let £ be a smooth vector
bundle of fiber dimension m over a smooth n-manifold M . Recall that if s,
and s are two C! sections of £ with s1(p) = s2(p) = v, then we say that
these sections have transversal intersection (or are transversal) at p if, when
considered as submanifolds of M, their tangent spaces at v span the entire
tangent space to £ at v. We say s; and s, are transversal if they have transversal
intersection wherever they meet. Since each section has dimension 7, and £ has
dimension m + n the condition for transversality is that the intersection of their
tangent spaces at v should have dimension (n+n)—(n+m) = n—m. Soif¢ has
fiber dimension n then this intersection should have dimension zero and, since
Ds; maps T'M,, isomorphically onto the tangent space to s; at v, this just means
that Dsi(u) # Dsz(u) for u # 0 in T M. In particular for £ the cotangent
bundle 7*M, a section s vanishing at p is transversal to the zero section at p if
and only i1f im(Ds) 1s disjoint from the horizontal space at p, or equivalently if
and only if the composition of Ds with projection onto the vertical subspace,
T*ﬂ-fp 1s an isomorphism. Recalling our alternate interpretation of Hess(f),
above we see:

9.4.9. Lemma. The critical point p of f : M — R is non-degenerate
if and only if df is transversal to the zero section of T*M at p. Thus f
is a Morse function if and only if df is transversal to the zero section.

Thom’s k-jet transversality theorem [Hi, p.80] states that if sg is a C**!
section of a smooth vector bundle £ over a compact manifold M and J*¢ is the
corresponding bundle of k-jets of sections of &, then in the space C*+1(¢) of
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C**1 sections of ¢ with the C**! topology, the set of sections s whose k-jet
extension j, s is transversal to j.sg 1s open and dense. If we take for £ the trivial
bundle M x R then a section becomes just a real valued function, and we can
identify J'¢ with 7™M so that j,fis just df. Finally, taking & = 1 and letting
sg be the zero section, Thom’s theorem together with the above lemma gives
the desired conclusion, that Morse functions are open and dense in C?(M, R).

As a by-product of the section on the Morse Theory of submanifolds of
Euclidean space, we will find a much more elementary approach to this question,
that gives almost as complete an answer.

9.5. Passing a Critical Level

We now return to our basic problem of Morse Theory; reconstructing the
manifold M from knowledge about the critical point structure of the function
f: M — R.

To get a satisfactory theory we will supplement the assumptions (a), (b),
and (c) of the Introduction with the following additional assumption:

(d) f is a Morse function.

As we saw 1n the preceding section this implies that for any finite interval
la, b] there are only a finite number of critical points p of f with f(p) in [a, b],
and hence only a finite number of critical values of f in [a, b].

Our goal is to describe how M, changes as a changes from one non-
critical value a to another b. Now, by the Second Deformation Theorem, the
diffeomorphism type of M, is constant for o in a non-critical interval of f,
hence we can easily reduce our problem to the case that there is a single critical
value ¢ in (a, b), and without loss of generality we can assume that ¢ = 0. So
what we want to see is how to build M, out of M _, when 0 1s the unique critical
value of f in [—e, €]. In general there could be a finite number of critical points
P1,---,pp at the level 0, and eventually we shall consider that case explicitly.
But the discussion will be greatly simplified (with no essential loss of generality)
by assuming at first that there is a unique critical point p at the level 0. We will
let & and / denote the index and coindex of f at p and n = k + [ the dimension
of M. If n = oc then one or both of & and [ will also be infinite; nevertheless
we shall write R*, and R’ for the Hilbert spaces of dimension & and [, and
R" =R' x R".

As 1n all good construction projects we will proceed in stages, and start
with some blueprints before filling in the precise mathematical details.
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e We will denote by D¥(€), and D'!(€) the disks of radius /¢ centered at the
origin in R* and R' respectively. We will write D* and D' for the unit
disks. The product D' x D¥, attached in a certain way to M_, will be
called a handle of index k.

Rk

———— . ———

e We will construct a smooth submanifold N of M with M_, C N C M,.
Namely, N = M_.(g) = {z € M|g(x) < —e€}, whereg : M — R is
a certain smooth function that agrees with f where [ is greater than € (so
that M, = M_.(f) = M_.(g)). Moreover the interval [—e, €] is non-critical
for g, so by the Second Deformation Theorem there i1s an isotopy of M
that deforms M, = M,(g) onto M_.(g) = N.

e The manifold NV has a second description. Namely, N is an adjunction
space that consists of M__ together with a subset H, (called the “handle™)
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that 1s diffeomorphic to the above product of disks and 1s glued onto M _ .,
the boundary of M_,, by a diffeomorphism of D! x D* onto HNOM_..

Thus when we pass a critical level f~!(c) of f that contains a
single non-degenerate critical point of index k, M., is obtained
from M._. by attaching to the latter a handle of index k.

Now for the details. We identify a neighborhood O of p in M with a
neighborhood of the origin in R" = R' x R*, using a Morse chart (of the
second kind). We will regard a point of @ as a pair (x,y), where = € R' and
y € R*. We suppose ¢ is chosen small enough that 0 is the only critical level
of f in [—2e, 2¢|, or equivalently so that p is the only critical point of f with
|f (py < 2¢. We can also assume € so small that the closed disk of radius 2./€
in R**! is included in ©. Thus f is given in @ by f(z,y) = ||z||Z — ||y||%
Choose a smooth, non-increasing function A : R — R that is identically 1 on
t < %, positive on ¢ < 1, and zero for ¢ > 1. Then the function g is defined in

O by g(z,y) = f(z,y) — ZX(||z]|?/€).

9.5.1. Lemma. The function g can be extended to be a smooth
function g : M — R that is everywhere less than f and agrees with f
wherever f > € and also, outside O, wherever f > —2e. In particular

M.(g) = M.(f).

PRrROOF. Suppose (z,y) in O, f(x,y) > —2¢, and g(x,y) # f(x,y).
Then A(||z||?/e) # O and hence ||z||? < e. It follows that ||z||2 + ||y||? =
2||x||? = f(x,y) < 2¢+2e,i.e., (x,y) is inside the disk of radius 2,/¢. Recalling
that the latter disk is interior to © it follows that if we extend g to the remainder
of f~1([—2¢, c0)) by making it equal f outside O, then it will be smooth. Since
g < f everywhere on the closed set f~!([—2¢, o0)) we can now further extend
it to a function g : M — R satisfying the same inequality on all of M. If
f(g) > e then either ¢ 1s not in O, so g(q) = f(g) by definition of g, or else
g = (x,y) is in O, in which case ||z||? > f(x,y) > ¢, so A(||z]|?/e) = 0, and
again g(q) = f(gq). =
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9.5.2. Lemma. For the function g, extended as above, the interval
[—¢, €| is a non-critical interval. (In fact p is the only critical point of g
inS =g~ ([~2¢,¢€]), and g(p) = —%).

ProoFr. Recalling that f > g everywhere, and that, outside O, f = g
wherever f > —2e, it follows that f = g on S\(@. Thus any critical point
of g in S\O would also be a critical point of f in f~![—2¢, 2¢]. But by our
choice of ¢, the only such critical point is p, which belongs to O. Thus it will
suffice to show that, inside of O, the only critical point of g 1s p = (0, 0), where

g(z,y) = f(z,y) — Z—E)\(W) is clearly equal to —3\(0) = —3¢ < —e. But
in0,dg = (2— 3}\"(@ ))& dx+ 2y dy and, since A’ is a non-positive function,
this vanishes only at the origin. =

Now it is time to make the concept of “attaching a handle” mathematically
precise.

9.5.3. Definition. Let P and N be smooth manifolds with boundary,
having the same dimension n = k + [, and with P a smooth submanifold of N.
Let o be a homeomorphism of D! x D onto a closed subset H of N. We shall
say that N arises from P by attaching a handle of index k and coindex 1
(or a handle of type (k,l)) with attaching map « if:

(1) N=PUH,
(2) a|(D' x §%71) is a diffeomorphism onto H N P,
(3) a|(D! x Bk) is a diffeomorphism onto N\ P.

Here f)k denotes the interior of the k-disk. Of course D! x D* is not a
smooth manifold (it has a “corner” along D' x D), but both D! x $*~! and

D! x D¥ are smooth manifolds with boundary.

Note that if £ < oo, (so, in particular, if n < oco) then! = n — k 1s
determined by k, so in this case it is common to speak simply of attaching a
handle of index k.

The following example (with & = [ = 1) i1s a good one to keep in mind: P
is the lower hemisphere of the standard $? in R, (think of it as a basket), and
H, the handle of the basket, 1s a tubular neighborhood of that part of a great
circle lying in the upper hemisphere. Of course, where the handle and basket
meet, the sharp corner should be smoothed.
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Another example that can be easily visualized (k = 1,1 = 2) is the “solid
torus” formed by gluing a 1-handle D? x D! to the unit disk in R® (a bowling
ball with a carrying handle).

Recall that, in the case of interest to us, P = M_.(f), N = M_.(g),
and we define the handle H to be the closure of the set of (z,y) € O such
that f(x,y) > —e and g(x,y) < —e. Then recalling that, outside of O, f and
g agree where f > —e, it follows from the definition of N as M_.(g) that
N = M_.(f) UH. What remains then is to define the homeomorphism « of
D! x D* onto H, and prove the properties (2) and (3) of the above definition.
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We define v by the explicit formula:

a(z,y) = (eo(llyl*) 7z + (eo(lyl*)llz]* + €) 7y

where o : I — I is defined by taking o(s) to be the unique solution of the

equation
A
(@) _ E(1 — s)
(14 0) 3
M) e o)

7
|u|,_. — =
-

Q

-

)

Clearly A(o)/(1 + o) 1s a smooth function on I with a strictly negative
derivative on [0,1). It is then an easy consequence of the Inverse Function
Theorem that o is smooth on [0, 1) and strictly increasing on I. Moreover
o(0)=1/2and o(1) = 1.

9.5.4. Lemma. Define real valued functions F and G on R* by
F(x,y) = 2% — y? and G(z,y) = F(x,y) — (Z—C))\(%) (so that, in O,
f(u,v) = F(||u|l. ||v|]) and g(u,v) = G(||u]|.||v|[)). Then in the region U
that is the closure of the set {(x,y) € R* | F(x,y) > —e and G(z,y) <

—e} we have
2
1
2 < €0 J .
€+ x2

PrROOF. We must show that the function h : R*> — R, defined by
h(z,y) = 2% — ea(y?/(e + x?)), is everywhere non-positive in U4. Now for
fixed y, h is clearly only critical for x = 0, where it has a minimum. Hence h
must assume its maximum on the boundary of ¢/ and it will suffice to show that
everywhere on this boundary it is less than or equal to zero. But the boundary
of U 1s the closure of the union of the two curves &y = {(z,y)|F(x,y) =
—e, G(z,y) < —e}and 9y = {(x,y)|F(z,y) > —e, G(x,y) = —e€} and
we will show that &~ < 0 both on @; and on 0s.

Indeed on 1, since G < F, (—3¢/2)A(x?/€) < 0so A(x?/e) > 0, which
implies 7% /e < 1 or z? < €. On the other hand, since x? —y? = F(x,y) = —e,
y2 /(e + x2?) = 1so o(y?/(e + x2)) = 1 and hence h(x,y) = 22 — e < 0.
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On J, we again have G < F, so as above 2°/¢ < 1. The equality
G(x,y) = —e gives

v (?) A/
e+a22 (;) (1+22/€)

Now z%/e < 1/2 would imply both A(z?/e) = 1 and 1 + 2%/e < 3, so
the displayed inequality would give the impossible y2/(e + 22) < 0. Thus
1/2 < 2%/e < 1, so x?/e is in the range of o, say z%/e = o(p). Then by
definition of o,

L= (g = -0 D a-n=

and hence

2

h(il,y) = 3:2 — €T (ﬁ) = (—_g‘(p) — EU(,O) =0,

soh<0ondyaswell. =n

The remainder of the proof is now straightforward. We will leave to the
reader the easy verifications that if (u,v) = a(x,y) then f(u,v) > —e and
g(u,v) < —¢, so that @ maps D! x DF into H.

Conversely, suppose that (u, v) belongs to H. Then F'(||ul[, ||v]]) = |lu]*—
[0l > —e and G([lull, [lv]) < —e. Thus [[v]|?/(e + [lull?) < 1, s0y =
(e + ||u||?)=Y/2v € D*. Also o(||v||%/(e + ||u||?)) is well defined, and by the
preceding Lemma ||u||?/ec(||v||?/ (e + ||u]|?)) < 1 so that x = (eo(||v]|?/(e +
|lul|?)))~Y2u € D'. It follows that 3(u,v) = (z,y) defines amap 3 : H —
D! x DF¥, and it is elementary to check that o and 3 are mutually inverse maps,
so that o is a homeomorphism of D! x D¥ onto H. Since o is smooth and has

positive derivative in [0, 1) it follows that « is a diffeomorphism on D! x D*.
On D' x $*~! the map « reduces to

a(z,y) = %z + (e(||z]* + 1)) ?y

which is clearly a diffeomorphism onto H N M _,. This completes the proof
that M., . 1s diffeomorphic to M,._, with a handle of index £ attached.

Finally, let us see what modifications are necessary when we pass a critical
level that contains more than one critical point. First note that the whole process
of adjoining a handle to M _, took place in a small neighborhood of p (the
domain of a Morse chart at p). Thus if we have several critical points at the
same level then we can carry out the same attaching process independently in
disjoint neighborhoods of these various critical points.
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9.5.5. Definition. Suppose we have a sequence of smooth manifolds
N = Ny, N1, ..., Ne = M such that N, arises from /N; by attaching a handle
of type (ki, ;) with attaching map «;. If the images of the «; are disjoint then
we shall say that M arises from N by the disjoint attachment of handles

9.5.6. Theorem. Let f be a Morse function that is bounded below
and satisfies Condition C on a complete Riemannian manifold M. Sup-
pose ¢ € (a,b) is the only critical value of f in the interval [a, b], and that

P1,.-..,ps are all the critical points of f at the level ¢. Let p; have index
k; and coindex l;. Then M, arises from M, by the disjoint attachment
of handles of type ((k1,11),...,(ks,1s)).

Let us return to our example of the height function on the torus. That is, we
take M to be the surface of revolution in R®, formed by rotating the circle z2 +
(y—2)? = 1 about the z-axis. The function f : M — R defined by f(x,y, z) =
z is a Morse function with critical points at (0,0, —3), (0,0, —1), (0,0, 1), and
(0,0,3), and with respective indices 0,1,1,2. Here is a diagram showing the
sequence of steps in the gradual building up of this torus, starting with a disk (or
0-handle), adding two consecutive 1-handles, and finally completing the torus
with a 2-handle.

v
A —
- - i i
9.6. Morse Theory of Submanifolds

As we shall now see, there 1s a more detailed Morse theory for submanifolds
of a Euclidean space. In this section proofs of theorems will often be merely
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sketched or omitted entirely, since details can be found in the first two sections
of Chapter 4.

We assume in what follows that M i1s a compact, smooth n-manifold
smoothly embedded in R, and we let k denote the codimension of the em-
bedding. (We recall that, by a classical theorem of H. Whitney, any abstractly
given compact (or even second countable) n-manifold can always be embedded
as a closed submanifold of R*"*!, so for k > n we are not assuming anything
special about M. We will consider M as a Riemannian submanifold of R,
i.e., we give it the Riemannian metric induced from R™.

Let L(RY ,R") denote the vector space of linear operators from R" to
itself and L*(R", RN) the linear subspace of self-adjoint operators. We define
amap P : M — L*(R"™,R"), called the Gauss map of M by P,, = orthogonal
projection of RY onto T'M,. We denote the kernel of P, (that 1s the normal
space to M at ) by v,. We will write P.- for the orthogonal projection I — P,
of R" onto v,. Since the Gauss map is a map of M into a vector space, at each
point = of M it has a well-defined differential (DP), : TM, — L*(R™ ,RY).

9.6.1. Definition. For each normal vector v to M at = we define a linear
map A, : TM, — RY, called the shape operator of M at x in the direction
v, by Au(u) = —(DP)(u)(v).

Since the tangent bundle 7'M and normal bundle v ( M) are both subbundles
of'the trivial bundle M x RN, the flat connection on the latter induces connections
VT and V¥ on TM and on v(M). Explicitly, given u € TM,, a smooth
curve o : (—e,e) — M with ¢'(0) = u, and a smooth section s(t) of "M
(resp. v(M)) along o, we define V1(s) (resp. V%(s)) by P.(s'(0)) (resp.
P-(s'(0))). Clearly V7 is just the Levi-Civita connection for M.

The following is an easy computation.

9.6.2. Proposition. Given u in TM, and e in v(M), let o :
(—e€,€) — M be a smooth curve with ¢'(0) = u and let s(t) and v(t) be
respectively tangent and normal vector fields along o with v(0) = e. Let
Pe denote the section x v+ P,(e) of T(M). Then:

(i) Ac(u) = —P,v'(0); hence each A, maps T'M, to itself.

(ii) Ac(u) = VI(Pe),
(iii) (A, (u), 5(0)) = (e, 5/(0)).

Suppose F' : R — R is a smooth real valued function on R and f =
F|M is its restriction to M. Since df = dF|T M,, it follows immediately from
the definition of the gradient of a function that for x in M we have V[, =
P,(VF,), and as a consequence we see that the critical points of f are just
the points of M where VF is orthogonal to M. We will use this fact in
what follows without further mention. Also, as we saw in the section on Morse
functions, at a critical point = of f Hess(f), = VT (Vf).
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We define a smooth map H : $¥~! x RY — Rby H(a,z) = (a.z)
and, for each a € $”V !, we define H, : R — Rand h, : M — R by
H,(x) = H(a,z) and h, = H,|M. Each of the functions h, is called a
“height” function. Intuitively, if we think of a as the unit vector in the *“vertical”
direction, so (a, ) = 0 defines the sea-level surface, then h, () represents the
height of a point 2 € M above sea-level. Similarly we define F : RN x M — R
by F(a,z) = L||z —a||?, and for a € R" we define F, : RV — R and
fa: M — Rby F,(x) = F(a,x) and f, = F,|M. Somewhat illogically we
will call each f, a “distance” function.

For certain purposes the height functions have nicer properties, while for
others the distance functions behave better. Fortunately there is one situation
when there is almost no difference between the height function h, and the
distance function f,,.

9.6.3. Proposition. If M is included in some sphere centered at the
origin, then h, and f_, differ by a constant; hence they have the same
critical points and the same Hessians at each critical point.

PROOF. Suppose that M i1s included in the sphere of radius p, 1.e., for =
in M we have ||z||2 = p?. Then

fal@) = 3lla+al?
= Szl + lal®) + (2, a)

5 (0% + lal®) + ha(a). =

Thus if the particular embedding of M in Euclidean space is not important
we can always use stereographic projection to embed M in the unit sphere in
one higher dimension and get both the good properties of height functions and
of distance functions at the same time.

9.6.4. Proposition. The gradient of h, at a point x of M is P,a, the
projection of a on T'M,., so the critical points of h, are just those points
x of M where a lies in the space v,, normal to M at x. Similarly the
gradient of f, at x is P,(x — a), so the critical points of f, are the points
x of M where the line segment from a to x meets M orthogonally.

PROOF. Since H, is linear, d(H,).(v) = Ha.(v) = (a,v), so that
(VH,), = a. Similarly, since F}, is quadratic we compute easily that d(F, ). (v) =
(x —a,v)so(VF,), =z—a. n

By another easy computation we find:
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9.6.5. Proposition. At a critical point x of h,, hess(hy), = A,.
Similarly at a critical point x of fq, hess(fo)s =1 + As—q.

Thus, because the hessian of h,, is self-adjoint we see

9.6.6. Corollary. For each v in v(M), A, is a self-adjoint operator
onTM,.

We recall that for v in v(M )., the second fundamental form of M at = in
the direction v is the quadratic form /7, on T'M, defined by A4, i.e.,

II.U(H]_-, ?-LQ) = (Avu]_: u?):‘

and the eigenvalues of A, are called the principal curvatures of M at = in the
normal direction v.

9.6.7. Proposition. Givene inv(M),, let v(t) = x+te. Then for all
real t, x is a critical point of f,) with hessian I —tA.. Thus the nullity
of fy1) at x is just the multiplicity of t—! as a principal curvature of M at
x in the direction e. In particular, x is a degenerate critical point of f,)
if and only if t=! is a principal curvature of M at x in the direction e.
If 1 is not such a principal curvature then x is a non-degenerate critical
point of f.., and its index is

Z nullity of f,«) at x.

0<i<1

PROOF. The first statement follows directly from the above propositions
by taking a = x + te, and 1t 1s then immediate that the nullity of f, ;) 1s p(t=1),
where ;1(\) denotes the multiplicity of A as an eigenvalue of A.. On the other
hand, the multiplicity of A as an eigenvalue of hess( f,4¢c), = 1 — A, is clearly
p(1 — X). Since A < 0 if and only if 1 — X equals t~! for some ¢ in (0, 1), the
formula for the index of f, . at x follows. =

We will denote by YV : v(M) — R" the “exponential” or “endpoint” map
(x,v) — x + v of the normal bundle to M into the ambient R .

9.6.8. Definition. Ifa = Y (x,e) then a is called non-focal for M with
respect to = if DY{, .) is a linear isomorphism. If on the contrary DY/, .) has
a kernel of positive dimension m then a is called a focal point of multiplicity
m for M with respect to 2. A point a of RY is called a focal point of M if,
for some & € M, a is focal for M with respect to x.
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9.6.9. Proposition. The point a = Y (x,e) is a focal point of
multiplicity m for M with respect to = if and only if x is a degenerate
critical point of f, of nullity m.

Proor. Let~(t) = (o(t),v(t)) be a smooth normal field to M along a
smooth curve o(t), with 0(0) = = and v(0) = e. Then:

DY o) ((0)) = (i) Y (o(t), v(t))

- (3 ) (o(8) + v(1))

= o'(0) + v'(0)
a’(0) + P.v'(0) + P'(0)
= (I — A.)d’(0) + P;2'(0).

since by a proposition above A.0’(0) = —P,v’(0). Now taking o(t) = x and
v(t) = e + tv gives the geometrically obvious fact that DY{, .) reduces to the
identity on the subspace v(M ). It then follows by elementary linear algebra
that ker(DY(, .)) and ker(/ — A.) have the same dimension. Since we have
seen that hess(f,) = I — A, the final statement follows. =

9.6.10. Corollary. If a € RY is not a focal point of M then the
distance function f, is a Morse function on M.

9.6.11. Morse Index Theorem. If M is a compact, smooth
submanifold of RN, z € M, e € v(M),, and a = x + e is non-focal for
M with respect to x, then x is a non-degenerate critical point of the

“distance function” f, : M — R, v+ (%) ||v — a||?, and the index of x
as a critical point of f, is just equal to the number of focal points for M
with respect to x along the segment joining x to a, each counted with its
multiplicity.

Proor. Immediate from the above. =

Next recall Sard’s Theorem. Suppose X and Y are smooth, second count-
able manifolds of the same dimension and F' : X — Y isa C! map. A point
p of X is called a regular point of F' if DF}, : TX,, — TYj(, 1s a linear
1somorphism, or equivalently if F' is a local diffeomorphism at p. A point g of
Y is called a regular value of F if all points of F'~1(q) are regular points of F’;
other points of NV are called critical values of F. Then Sard’s Theorem [DR,
p.10] states that the set of critical values of F' has measure zero, so
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that in particular regular values are dense. Taking X = v(M), Y = RY, and
F =Y, the critical values are those points of R” which are focal points of M.
Thus, by the above Corollary, the distance function f,, is a Morse function for
almost all « € R™. In particular if f, is not itself a Morse function, that is if a
1s a focal point of M, we can nevertheless choose a sequence a,, of non-focal
points converging to a, and then f, will be a sequence of Morse functions
converging to f, in the C'°*° topology.

As an easy application of this fact we can now give a simple proof that
any smooth real valued function on M, G : M — R, can be approximated in
the C°° topology by Morse functions. From the above remark it will suffice to
show that G can be realized as a distance function, and of course it does no harm
to change G by adding a constant. Define an embedding of M in the sphere of

radius r in RN 72 by z +— (:L G(z),\/r? = ||z|2 - G(a:)?), where of course
r is chosen greater than the maximum of \/||z||2 + G(x)2. Then, looked at in

RVN*2, G is clearly the height function h,, where a = (0, 1,0). So, by an earlier
remark, (& differs by a constant from the distance function f_,.






