Lecture 11

Topology of Isoparametric Submanifolds

In this chapter we use the Morse theory developed in part Il to prove that any
non-degenerate distance function on an isoparametric submanifold of Hilbert
space 1s of linking type, and so it is perfect. We also give some restriction for
the possible marked Dynkin diagrams of these submanifolds. As a byproduct
we are able to generalize the notion of tautness to proper Fredholm immersions
of Hilbert manifolds into Hilbert space.

Tight and taut immersions in R"

Let o : M™ — R™ be an immersed compact submanifold, and * (M) the the
bundle of unit normal vectors of M. The restriction of the normal map N of M
to 1 (M) will still be denoted by N, i.e., N : v}(M) — 8™ ! is defined be
N(v) = v. There is a natural volume element do on ' (M). In fact, if dV is
a (m —n — 1)-form on v* (M) such that dV restricts to each fiber of ' (M),
is the volume form of the sphere of v(M),, then do = dv A dV, where dv
is the volume element of M. Let da be the standard volume form on §™*~1
normalized so that fsnﬂ_l da = 1. Then the Gauss-Kronecker curvature of

an immersed surface in R® can be generalized as follows:

8.1.1. Definition. The Lipschitz-Killing curvature at the unit normal direction
v of an immersed submanifold M™ in R™ is defined to be the determinant of
the shape operator A,,.

8.1.2. Definition. The total absolute curvature of an immersion ¢ : M" —
R?H _lS

(M, p) = det(A,)| do,
(M,
v1(M)

where do is the volume element of v* (M), and A, is the shape operator of M
in the unit normal direction v.

8.1.3. Definition. An immersion @ : M™ — R™ 1s called tight if
T(ﬁf*s LP) > T(ﬂ,f ‘190)*

for any immersions ¢ : M — R®.
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Chern and Lashof began the study of tight immersions in the 1950’s
[CL1,2]. They proved the following theorem:

8.1.4. Theorem. Ifp: M"™ — R™ is an immersion then, for any field F,

(M. ) > 3 bi(M, F),

where b;(M, F) is the i*" Betti number of M with respect to F.

It is a difficult and as yet unsolved problem to determine which manifolds
admit tight immersions. An important step towards the solution 1s Kuiper’s
[Ku2] reformulation of the problem in terms of the Morse theory of height
functions. Given a Morse function f : M — R, let

px(f) = the number of critical points of f with index £,

u(f) = Zm(f)-

The Morse number (M ) of M is defined by
~(M) =inf{u(f)| f: M — Ris a Morse function}.

Letp : M™ — R™ be an immersion. By Proposition4.1.8, dN, = (—A,, id),
so we have

N*(da) = (=1)" det(A,)do,

and the total absolute curvature 7(M, ) is the total volume of the image
N(v'(M)), counted with multiplicities but ignoring orientation. Let &, de-
note the height function as in section 4.1. Then it follows from Propositions
4.1.1 and 4.1.8 that p € $" ! is a regular value of N if and only if the height
function h,, is a Morse function. In this case N~ (p) is a finite set with p(h,)
elements. But by the Morse inequalities we have yu(hy,) > >, bi(M, F'), and
in particular:

(M, ¢) > 3 bi(M),

(M, ) > (M),

This proves the following stronger result of Kuiper:

8.1.5. Theorem.

(i) v(M) = inf{7(M, ¢)| ¢ : M — R™ is an immersion }.

(ii) An immersion g : M — R™ is tight if and only if every non-degenerate
height functions h,, has (M) critical points.
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Banchoff [Ba] studied the problem of finding all tight surfaces that lie in
a sphere, and later this led to the study of taut immersions by Carter and West
[CW1]. Note thatif ¢ : M™ — R™ is a tight immersion and (M) is contained
in the unit sphere § !, then the Euclidean distance function fp and the height
function h,, have the same critical point theory because f, = 1+ ||p||? — 2h,,.
Taut immersions are “essentially” the spherical tight immersions.

A non-degenerate smooth function f : M — R is called a perfect Morse
function if p(f) = > b;(M, F') for some field F. If we restrict ourself to
the class of manifolds that satisfy the condition that v(M) = > b;(M, F') for
some field F', then an immersion ¢ : M — R™ is tight if and only if every
non-degenerate height function h, is perfect, and it is taut if and only if every
non-degenerate Euclidean distance function f, 1s perfect. There is a detailed
and beautiful theory of tight and taut immersions for which we refer the reader
to [CR2].

8.2. Taut immersions in Hilbert space

In Theorem 7.1.13 we showed that the distance functions f, of PF sub-
manifolds in Hilbert space satisty Condition C, so the concept of tautness can
be generalized easily to PF immersions.

8.2.1. Definition. A smooth function f : M — R on a Riemannian Hilbert
manifold M 1s called a Morse function if f is non-degenerate, bounded from
below, and satisfies Condition C.

For a Morse function f on M let

M,(f) = {x € M| f(z) < 7}.

Then it follows from Condition C that there are only finitely many critical points
of f in M, (f). Let

pi(f,r) = the number of critical points of index k on M,.(f),
Bi(f,r, F) =dim(H,(M,.(f), F)),

for a field F'. Then the weak Morse inequalities gives

.Iu'k(fﬂ T) > .‘-%k(fﬂ r, F)

for all r and F'.



Lecture 11

8.2.2. Definition. A Morse function f : M — R 1s perfect, if there exists a
field F" such that pur.(f,7) = Br(f, 7, F') forall r and k.
It follows from the standard Morse theory in part II that:

8.2.3. Theorem. Ler f be a Morse function. Then f is perfect if and only if
there exists a field F' such that the induced map on the homology

iy Ho(M,(f),F) — H.(M,F)

of the inclusion of M,.(f) in M is injective for all r.

8.2.4. Definition. An immersed submanifold M of a Hilbert space is taut if
M 1s proper Fredholm and every non-degenerate Euclidean distance function
fa on M 1s a perfect Morse function.

8.2.5. Remark. If M is properly immersed in R" then the above definition is
the same as section 8.1.

8.2.6. Remark. Itis easy to see that the unit sphere $” ! is a taut submanifold
in R™. But the unit hypersphere S of an infinite dimensional Hilbert space is
not taut. First, S 1s contractible, but the non-degenerate distance function f,
has two critical points. Moreover .S is not PF.

8.2.7. Example. We will see later that, given a simple compact connected
group (3, the orbits of the gauge group H'(S', ) acting on the space of con-
nections H°(S*, G) by gauge transformations as in section 5.8 are taut.

Let R(f) denote the set of all regular values of f, and C'( f) denote the set
of all critical points of f. The fact that the restriction of the end point map Y
of M to the unit disk normal bundle 1s proper gives a uniform condition C for
the Euclidean distance functions as we see in the following two propositions:

8.2.8. Proposition. Let M be an immersed PF submanifold of V, and
a € V. Supposer < s and [r,s| C R(fa.). Then there exists 6 > 0 such that
if ||b— al| < & then [r,s] C R(f).

Proor. If not, then there exist sequences b,, in V' and x,, in M such
that x,, 1s a critical point of f; and

by, —a, 7 < |z, — by <s.

It follows from Proposition 7.1.10 that (x,, —b,,) € v(M ), . Since the endpoint
map Y of M restricted to the disk normal bundle of radius s is proper and
Y(zn,bn — xn) = by, — a, there is a subsequence of x,, converging to a point
xo in M. Then it is easily seen that r < ||z¢ — a|| < s and x( is a critical point
of f,, a contradiction. m
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8.2.9. Proposition. Let M be an immersed PF submanifold of V', and
a € V. Supposer < s and [r,s| C R(f.). Then there exist 61 > 0, d2 > 0
such that if ||b — a|| < 61 and x € M.(fi) \ M, -(fp) then ||V fp(x)| > 2.

PROOF. By Proposition 8.2.8 there exists & > 0 such that [r, s] € R(f»)
if ||b — a|| < . Suppose no such d; and d, exist. Then there exist sequences
b, in V and z,, in M such that b,, — a, x, € M(fp,) \ M,(fs,), and
I fo.) (@) ]| = 0. Then

Y(zn, —(xn —bn)") = xn — (zn — bn)"
= b, + (-T-n - b-n)TNf'r

T — aj
and ||z,, — b,|| < s. Since M is PF, z,, has a subsequence converging to a
critical point xg of f, in M, ( fo) — M, (fa), a contradiction. =

8.2.10. Proposition. Let M be an immersed, taut submanifold of a Hilbert
space V', a € V, and r € R. Then the induced map on homology

iw : Ho(My(fa), F) — H.(M, F)
of the inclusion of M,.(f,) in M is injective.

Proor. If a is a non-focal point (so f, is non-degenerate), then it
follows from the definition of tautness and Theorem 8.2.3 that 7, is an injection.
Now suppose a is a focal point. If there is no critical value of f, in (r,7’],
then M,.(f,) is a deformation retract of M,.(f,). So we may assume that r
1s a regular value of f,, i.e., 7 € R(f,). Then there exists s > r such that
r,s] € R(f,). Choose §; > 0 and 45 > 0 as in Proposition 8.2.9, and
€ > 0 such that ¢ < min{d;, d2, (s — r)/5}. Since the set of non-focal
points of M in V' is open and dense, there exists a non-focal point b such
that ||b — a|| < e. Since f; is non-degenerate, it follows from the definition
of tautness that i, : H.(M,(fy), F) — H.(M,F) is injective for all . So
it suffices to prove that M, (f,) is a deformation retract of M, (f;). Since
€ < (s —r)/b, there exist 7y, 72, s; and so such that vy < s;, ro < s and

r<ry—e<s;t+e<s 11 <Tr9g—€< Sy < S9+ €< S7.
From triangle inequality we have
M, (fo) = My, (fo) C Ms,(fa) = My, (fa) S Ms(fo) — Mr(fo)-

Note that |V fo(x)|| = d2 if x € My(fa) — Mr(fa) and |V fo(x)| > 2
if x € M,(fy) — M,.(fs). Recall that Vf,(z) = (r — a)? and V fi,(z) =
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(z — b)T. Since € < da, (a — b)T is the shortest side of the triangle with three
sides (x —a)”, (x —b)T and (a — b)7 forall z in M, (fa) — My, (f.). Using
the cosine formula for the triangle we have

202 — €2 €2
(VSa(@),Vp(x)) > —5— > =
for xz in M, (fo) — M, (f.). Hence the gradient flow of f, gives a deformation
retract of M, (fa) to Mo, (fs). If [r,s] € R(f), then M, (f) is a deformation
retract of M (f) forall ¢ € [r, s], which proves our claim. u

8.2.11. Corollary. If M is connected and ¢ : M — V is a taut immersion
then p is an embedding.

Proor. Since M is PF, ¢ = Y |M x 0 is proper. So it suffices to prove
that ¢ is one to one. Suppose ¢ (p) = ¢(q) = a. If p # g thenthere existse > 0
such that (0, €) C R(f,) and p, g are in two different connected components of
M (f.). This contradicts to the fact that iy : Ho(M.(f.), F) — Ho(M, F)
is injective. =

8.2.12. Corollary. Suppose M is a connected taut submanifold of V,a € V,
and let D,.(a) denote the closed ball of radius r and center a in V.

(i) For any r € R the set M, ( f,) is connected, or equivalently, M N D, (a)
is connected.

(ii) If z, is an index O critical point of f, then f,(x,) is the absolute minimum
of f., in particular a local minimum of f, is the absolute minimum.

(iii) If x, is an isolate critical point of fo with index 0 and r, = fa(x,), then
M, (fa) ={zo} ie, {z,} = M ND,_(a).

PROOF. By Proposition 8.2.10, the map
io : Ho(My(fa), F) — Ho(M, F)

1s injective. Since Ho(M, F') = F, M, ( fa) is connected, which proves (1).
Next we prove (ii1) for non-degenerate index 0 critical point. Let x, be a
non-degenerate index 0 critical point of f, and r, = f,(z,). Then there is an
open neighborhood U of x, such that M, (f,) " U = {x,}. Since M, _(f.)
is connected, M, (f.) = {z,}. In particular, r, is the absolute minimum of
fa- 1€,
lo = all > [l — all.

If x, is a degenerate critical point, then there is v € v(M ),  such that
a = T, + v and
Hess(fa,z,) =1 — A, > 0.
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Leta; = a+ tvfor(0) <t < 1. Then
Hess(fq,,70,) =1 —1tA, > 0.

So x,, 1s a non-degenerate index 0 critical point of f,,. But we have just shown
that
|z — ail = [|zo — axll (8.2.1)

forallz € M. Lettingt — 11n(8.2.1), we obtain (11). =

8.3. Homology of isoparametric submanifolds

In this section we use Morse theory to calculate the homology of isopara-
metric submanifolds of Hilbert spaces and prove that they are taut.

Let f be a Morse function on a Hilbert manifold M, ¢ a critical point of f of
index m. In Chapter 10 of Part Il we define a pair ( IV, @) to be a Bott-Samelson
cycle for f at g if N 1s a smooth m-dimensional manifoldand ¢ : N — M isa
smooth map such that f o ¢ has a unique and non-degenerate maximum at g,
where ¢(yo) = q. (N, ) is R-orientable for a ring R, if H,,,(N,R) = R.
We say f is of Bott-Samelson type with respect to R if every critical point of
f has an R-orientable Bott-Samelson cycle. Moreover if {g;| i € I} is the set
of critical points of f and (IV;, ;) is an R-orientable Bott-Samelson cycle for
fatg; fori € I then H,(N,R) is a free module over R generated by the
descending cells (@; )« ([N;]), which implies that f is of linking type, and f is
perfect.

8.3.1. Theorem. Let M be an isoparametric submanifold of the Hilbert
space V', and xq a critical point of the Euclidean distance function f,. Then

(i) there exist a parallel normal field v on M and finitely many curvature
normals v; such that a = xg + v(zg) and {(v,v;) > 1,

(ii) if
(v,vp) = > (v,v1) >1 > (V,0p41) > (V,Up42) > ...,
then

(1) D{Ei(zo)|i < r} is the negative space of f at xo,
(2) (N, u,) is an R-orientiable Bott-Samelson cycle at x for f, where

N’r‘ - {(?;‘11 cee =y¢')|’yl S Sl(£0):y2 S 52(9’1)1 T~ S’r‘(yr—l)}:

Uy : Ny = M, u(y1,---,Y:) = Yr,
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and S;(x) is the leaf of E; through x. Here R = Zifall m; > 1, and R = Z»
otherwise.

PROOF. Since xg 1s a critical point of f,, by Proposition7.1.10 a — zg €
v(M),,- Letvbethe parallel normal field on M suchthatv(xg) = a—zg. Then
(1) follows form the fact that the shape operator A,, is compact, the eigenvalues
of A, are (v, v;),and V2 f,(z0) = I — A(a—uy)-

For (11) 1t suffices to prove the following three statements:
(a) yo = (xo, . .., xo) is the unique maximum point of f o u,..

(b) d(u, )y, maps T(N,),, isomorphically onto the negative space of f at
0.

(c) Ifall m; > 1, then (N,., u,.) is Z-orientable.

To see (b), let N = N,., we note that NV is contained in the product of r
copies of M, T'N,, = @{Fi|i < r}, where F; = (0,,..., Ei(xo),...,0)

is contained in {7T'M,,,|i < r} and d(u,),, maps F; isomorphically onto
Ei(ﬂf(]).

It follows from the definition of V,. that it 1s an iterated sphere bundle. The
homotopy exact sequence for the fibrations implies that if the fiber and the base
of a fibration are simply connected then the total space is also simply connected.
Hence by induction the iterated sphere bundle V,. is simply connected, which
proves (c).

Statement (a) follows from the lemma below. =

8.3.2. Lemma. We use the same notation as in Theorem 8.3.1. Then for any
q = (y1.,...,yy) in N, there is a continuous piecewise smooth geodesic o,
in 'V joining a to vy, such that the length of a4 is ||xo — al|, and aq is smooth if
and only if ¢ = (xq, . . ., Tg)-

Proor. Let [zy] denote the line segment joining = and y in V. Let
{zi} = €;(xp) N [axp]|. Then

[azp] = [az1] U [z122] U . .. [z,20]-
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Leta; = (yi +v(yi)), and zj(i) € £;(y:) N [yiai]. Then z1(1) = z; and
zj(7 — 1) = z;(7). Since y; € S;(y;-1) and z;(5 — 1) = 2;(7),
ag = [az1] U [21(1), 22(1)] N [22(2), 23(2)] U . .. U [20(7), yr]

satisfies the properties of the lemma. =

8.3.3. Corollary. Let M be an immersed isoparametric submanifold in a
Hilbert space V with multiplicities m;, and a € V a non-focal point of M.
Then

(i) fa is of Bott-Samelson type with respect to the ring R = Z, if all the
multiplicities m; > 1, and with respect to R = Z- otherwise,

(ii) M is taut.

It follows from Corollary 8.2.11 that:

8.3.4. Corollary. An immersed isoparametric submanifold of a Hilbert
space V' is embedded.

To obtain more precise information concerning the homology groups of
1soparametric submanifolds, we need to know the structure of the set of critical
points of f,. By The Morse Index Theorem (see Part II) we have

8.3.5. Proposition. Let M C V be isoparametric, and W its associated
Coxeter group. Let a € V, and let C( f,) denote the set of critical points of f,.
(i) Ifxg € C(f,) then W -zo C C(f,), where W - xq is the W -orbit through
xp on xo + V(M )4,
(ii) If ¢ € C(f,) then the index of f, at q is the sum of the m;’s such that the
open line segment (q, a) joining q to a meets £;(q).

Let v, = x + v(M),. Then the closure of a connected component of
v \|U{¥li(q)|i € I} is a Weyl chamber for the Coxeter group W -action on v,..
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In the following we let /A, denote the Weyl chamber of W on v, containing g.
As a consequence of Proposition 8.3.5 and Corollary 8.2.12, we have

8.3.6. Proposition. Suppose M is isoparametric in a Hilbert space and let
q € M. Let A, be the Weyl chamber in vy = (q + v(M )q) containing q, and
a € A,
Then:

(i) q is a critical point of f, with index 0,

(ii) fo(q) is the absolute minimum of f,,

(iii) if a is non-focal with respect to q, then f7'(f.(q)) = {q}.

(ii) if a is a focal point with respect to q and a lies on the simplex o of 1\,
then f7 (fa(q)) = Sq.0 (as in the Slice Theorem 6.5.9).

8.3.7. Theorem. Let M be an isoparametric submanifold of V', and a €
vy N vy . Then a is non-focal with respect to q if and only if a is non-focal with
respectto q’, and q¢' € W - q.

PROOF. Therearep € W -gand p’ € W - ¢’ such thata € A, and
a € A, . By Proposition 8.3.5 (i1), both p and p’ are critical points of f, with
index 0. So by Proposition 8.3.6, f.(p) = fa(p’) is the absolute minimum of
Jfa- If a 1s non-focal with respect to g then by Proposition 8.3.6 (ii1), we have
p = p’ and a is non-focal with respectto p’. =

8.3.8. Corollary. Let M C V be isoparametric, W its associated Coxeter
group. If a € V is non-focal with respect to q in M, then C(f,) = W - q.

8.3.9. Corollary. Let M C V be isoparametric. Then H.(M,R)) can
be computed explicitly in terms of the associated Coxeter group W and its
multiplicities m;. Here R is Z if all m; > 1 and is Z> otherwise.

8.3.10. Corollary. Let M™ C R"** be isoparametric. Then

Z rank(H;(M,R)) = |W/|,

T

the order of W.

8.3.11. Corollary. Let M C V be isoparametric. A pointa € V is non-
focal with respect to q € M if and only if a is a regular point with respect to
the W-action on v,,.
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8.3.12. Corollary. Let M C V be isoparametric. If f, has one non-
degenerate critical point then f, is non-degenerate, or equivalently if a € vy is
non-focal with respect to q then a is non-focal with respect to M .

Leta € V. Since f, 1s bounded from below and satisfies condition C on
M, f, assumes its minimum, say at q. So a € v, 1.e.,

8.3.13. Proposition. Let M C V be isoparametric, and 'Y : v(M) — V
the endpoint map. Then' Y (v(M)) = V.

8.4. Rank 2 isoparametric submanifolds in R™

In this section we will apply the results we have developed for isoparametric
submanifolds of arbitrary codimension to a rank 2 isoparametric submanifold
M™ of R"*2. Because of Corollaries 6.3.12 and 6.3.11, we may assume that
M is a hypersurface of $" 1.

Let X : M™ — 8”1 C R""? beisoparametric, and e,,, ; the unit normal
field of M in $”*'. Suppose M has p distinct principal curvatures A, ..., A,
as a hypersurface of $”1! with multiplicities 7;. Then

€q = Ept1, €g = X

is a parallel normal frame on M, and the reflection hyperplanes ¢;(g) on v, =
q+v(M), (weuse q as the origin, e,(q) and eg(q) are the two axes) are given
by the equations:

Aiza — 2 =1, 1 <i<np.

The Coxeter group W associated to M is generated by reflections in #;. By the
classification of rank 2 Coxeter groups, W 1s the Dihedral group of order 2p.
So we may assume that

Ai:cot(ﬁl-l-ﬂ):lﬁiipa
p

for some 61, where —7/p < #; < 0. This fact was proved by Cartan ([Ca3]).
Let R; denote the reflections of v/, in £;(q). It is easily seen that

Rit1(4i) = lita,

ifweletl,,; = {; forl < i < p. By Theorem 6.3.2, we obtain the following

result of Miinzner:
mp =ms—...,

Mo = My =
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In particular, if p is odd then all the multiplicities are equal. So the possi-

ble marked Dynkin diagrams for a rank 2 isoparametric submanifold of the
Euclidean space are

Zy X £y o o

Ty Tro

As o—o0
st Mo

BQ c—o
Ly Tz

Go o —=>3]
Ty Tra

Note that the intersection of #;(q) and the normal geodesic circle of M in
S *1 at ¢ has exactly two points, which will be denoted by =; and ¥;, i.e.,

x; = cos 0; ¢+ sin 6; e, (q),
yi = cos(m + 6;) g + sin(w + ;) ea(q),

where §; = 6, + %

Let A\, denote the Weyl chamber of W on v, containing gq. Then the
intersection of A\, and the normal geodesic circle of M in §"*! at g is the
arc joimning x; to y,. Let M; denote the parallel submanifold of A through
cos t ¢ + sin t e,(q). Then

KM | —7/p+ 61 <t <61} =8
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Note that M; 1s diffeomorphic to M and is an embedded isoparametric hy-
persurface of §”"! if —7w/p + 6, < t < ;. And the focal set I' of M in
8§ 1 has exactly two sheets, M} = My, and My = M (_p+0,)» 50 they are
also called the focal submanifolds of M. The dimension of M; is n — m,; for
i = 1,2. Let v; be the parallel normal fields on M such that 1 = ¢ + v1(q),
Yp = q + v2(q). Then M; = M,, the parallel submanifold. So by Proposition
6.5.1, m; : M — M, defined by 7;(x) = x + v;(x) is a fibration and M is a
S" _bundle over M;.

Let B; be the normal disk bundle of radius r; of M; in.$" "', wherer; = 6,
and ro = w/p — 6. So

B; = {cos t x +sin t v(z) | [t| < r, v is normal to M in $"1},

and 9B, = M. Next we claim that B; U B = S"T!. To see this, let
a € $"T!, Since M is compact, f, assumes minimum, say at zo. So a =
cost xg + sint e, (xqg) for some t. Because xg is the minimum of f,, a must
lie in the Weyl chamber A, of W on v, 1.e., =12 < t < r;. Soa € B if
O0<t<rianda € Bsif —ro <t < 0. This proves the following results of
Miinzner [Miil]:

B, U By = s™1,
0B, = 0By = B; N By = M,
B; is a (m; + 1) — disk bundle over M;.

Using this decomposition of $” ! as two disk bundles and results from algebraic
topology, Miinzner [Mii2] proved that

Z rank(H;(M)) = 2p,

]

which is the same as our result in Corollary 8.3.10, because |W| = 2p. He
also obtained the explicit cohomology ring structure of H* (M, Z>). Using the
cohomology ring structure, Miinzner proved the following:

8.4.1. Theorem. If M is an isoparametric hypersurface of ™' with p
distinct principal curvatures, then p must be 1,2, 3, 4 or 6.

Next we state some restrictions on the possible multiplicities m;. The first
result of this type was proved by E. Cartan:

8.4.2. Theorem. IfM" is an isoparametric hypersurface of 8™ with three
distinct principal curvatures, then my, = my = m € {1,2,4,8}.

Using delicate topological arguments, Miinzner [Mii2] and Abresch [Ab]

obtained restrictions on the m;’s for the case of p = 4 and p = 6. First we
make a definition:
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8.4.3. Definition. A pair of integers (11, m>) is said to satisfy condition (*)
if one of the following hold:
(a) 2% divides (m1 + ma + 1), where 28 = min{27| m; < 2°, 0 € N},
(b) if i is a power of 2, then 2m; divides (ms+1) or 3my = 2(ms+1).

8.4.4. Theorem. Suppose M™ is isoparametric in S™1 with p distinct
principal curvatures.

(i) If p = 4 and m1 < mo, then (m1, m2) must satisfy condition (*).

(ii) If p = 6, then m; = mo € {1,2}.

We will omit the difficult proof of these results and instead refer the reader
to [Mii2] and [Ab].
As consequence of Theorem 8.4.1, we have:

8.4.5. Theorem. If M is a rank 2 isoparametric submanifold of Euclidean
space, then the Coxeter group W associated to M is crystallographic, i.e.,
W = Al X Ala AQ, BQ, or GQ.

8.4.6. Theorem. If M is an irreducible rank 2 isoparametric submanifold
of Euclidean space, then the marked Dynkin diagram associated to M must be
one of the following:

Ao o—o0 me{1,2,4,8}
m m

By o—o (mq,mo) satisfies (x)
Ty T

G2 [e==] me{l,2}
m m

8.5. Parallel foliations

) Although the proof of the existence
of parallel foliation for finite dimensional isoparametric submanifolds does not
work in the infinite dimensional case, the topological results of section 8.3 lead
to the existence of parallel foliation.
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Let M be a PF submanifold of V' with flat normal bundle, and Y the end
point map of M. In general, the parallel set,

M, ={Y(v(z)) =z +v(z) |z € M},

defined by a parallel normal field v, may be a singular set, and F = {M,, |
vis a parallel normal field on M } need not foliate V. The main result of this
section 1s that if M is isoparametric, then each M, 1s an embedded submanifold
of V' and F gives an orbit-like singular foliation on V.

In what follows M is a rank k isoparametric submanifold of a Hilbert space
V,vy =q+v(M), and A\, is the Weyl chamber of W on v/, containing q.

8.5.1. Proposition. MNv, =W -q.

Proor. Itis easily seenthat W -q C v,. Now suppose thatb € M Ny,.
Then b € vy N v,;. But b 1s non-focal with respect to b, so it follows from
Theorem 8.3.7 that we havebe W -q. n

8.5.2. Proposition. Suppose o is a simplex of /\, and ¢’ is a simplex of /\ 4.
If o No' # (0 then o = o', and the slices S, , and Sy 5+ are equal.

PROOF. Supposea € oMNo’. Then g and ¢’ are critical points of f, with
index zero, nullities m, ., M4 -, and critical submanifolds S, ., Sy, of f,
at ¢ and ¢’ respectively. So it follows from Proposition 8.3.6 that S, , = S,/ .
It then follows from the Slice Theorem 6.5.9 that we have 0 = ¢’. =

8.5.3. Proposition. Let o be a simplex of a Weyl chamber in v,, p € W,
and S, 5 the slice as in Theorem 6.5.9. Then ©(S; 5) = S, (q),0-

Proor. Using Theorem 6.5.9, we see that S,  is the leaf of the distri-
bution {E;| j € I(q,0)} through ¢q. But both ©(S;,,) and S, , are
the leaves of the distribution B{E;| j € I(p(q),0)} through ¢(g). So
#(Sq.0) = Sp(q).0- ™

8.5.4. Theorem. Let M be a rank k isoparametric submanifold of V',
o a simplex of /A, of dimension less than k, and a € o. Then f, is non-
degenerate in the sense of Bott, and the set C(f.) of critical points of f, is

U{Sa:,cr|3: eW- Q}'

Proor. Letx € W -q. Then x 1s a critical point of f,, with nullity m.,.
and S , is the critical submanifold of f, through x. Hence S, ., C C(fa).
Conversely, if y € C(f,) then a € v,. By Theorem 8.3.7, a is a focal point
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with respect to /. so there exists ¢ € W such that ¢~ '(y) = 0. and a simplex
¢’ in the Weyl chamber A, on v, such that a € ¢’. Then it follows from
Proposition 8.5.2 that o = ¢’ and Sy » = Sy,.o. Thus we have

©(Sq,0) = Syp(q).0 = P(Sy,,0) = Sp(yo)e = Sy,e-

8.5.5. Theorem. Let M be an isoparametric submanifold in V', q € M,
and /\, the Weyl chamber of W on v, containing q. Let v be in v(M),, ¥ the

parallel normal vector field on M determined by v(q) = v, and M, the parallel
submanifold M3, i.e.,

M, ={x+v(z)| x € M}.

Then:
(i) if v # w, and q + v and q + w are in 2\, then M, and M,, are disjoint,
(ii) given any a € V there exists a unique v € v(M ), such that q +v € A\,
and a € M,
(iii) each M, is an embedded submanifold of V.

PRrOOF. Suppose (q + v), (g + w) are in /\,, and M,, N M,, # (. Let
a € M, N M, then there exist x,y € M suchthata = =z + v(x) = y + w(y).
Since a € A, and v, w are parallel, (0, v;) and (w,v;) are constant. So
a € A, and a € A,, which imply that = and y are critical points of f,
with index 0. If a i1s non-focal then =z = v, so by Proposition 8.3.6 we have
v = w. If a 1s focal (suppose a lies in the simplex o of A\,) then the two
critical submanifolds S. -, and Sy - are equal. In particular, y € S; ». Using
the same notation as in the Slice Theorem 6.5.9, we note that the slice S, , is
a finite dimensional isoparametric submanifold in = + n(o) C a + v(M,)a,-
Let v = w; + u2, where u; is the orthogonal projection of v along V(o).
Then S, , is contained in the sphere of radius ||u;|| and centered at x + u;.
Soy + u1(y) = « + u1. Since V(o) is perpendicular to S, », U2(y) = ua.
Therefore we have y + ©(y) = = + v(x) = a = y + w(y), which implies that
v=w

To prove (i1), we note that since f, is bounded from below and satisfies
condition C, there exists g € M such that f,(zg) is the minimum. Then
a € A,,, so there exists a parallel normal field ¥ such that v(xg) = a — xy.

Ifr,y € M,and x + v(xr) = y+ v(y) = b, then both x and y are critical
points of f; with index 0. Then, by Proposition 8.3.6 (i11), fy(x) = fi(y) 1s
the absolute minimum of f; and if b 1s non-focal then, by 8.3.6 (1), x = .
If b 1s a focal point of M, then a is a focal point with respect to both x and y
by Theorem 8.3.7. Suppose a lies in a simplex o of /A\,.. Then by Proposition
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8.3.6 again, y € N, ,. Since S, , 1s isoparametric in 77(o ), it is an embedded
submanifold, 1.e, z =y. =

8.5.6. Corollary. Let M be an isoparametric submanifold of V" and q € M.
Then F = {M,| g +v € A,} defines an orbit-like singular foliation on V,
which will be called the isoparametric foliation of M. The leaf space of F is
isomorphic to the orbit space vy /W

8.5.7. Corollary. Ifa € o C A, and a = q + v, then the isoparametric
foliation of Sq.o in (a + v(My)a) is { M, N (a+ v(My)a)| M, € F}.

8.6. Convexity theorem

A well-known theorem of Schur ([Su]) can be stated as follows: Let M be
the set of n X n Hermitian matrices with eigenvalues ay, ... ,an,andu : M —
R" the map defined by u((z;;)) = (11,...,%nyn). Then u(M) is contained
in the convex hull of S, - a, where S, is the symmetric group acting on R" by
permuting the coordinates. Conversely, A. Horn ([Hr]) showed that the convex
hull of S,, - @ is contained in u(M ). Hence we have

8.6.1. Theorem. wu(M) = cvx(S, - a), the convex hull of S,, - a .

Note that Theorem 8.6.1 can be viewed as a theorem about a certain sym-
metric space, because M is an orbit of the isotropy representation of the sym-
metric space SL(n,C')/SU(n,C), and u is the orthogonal projection onto a
maximal abelian subspace. B. Kostant ([Ks]) generalized this to any symmetric
space; his result is :

8.6.2. Theorem. Let G/K be a symmetric space, G = K + P the cor-
responding decomposition of the Lie algebra, T a maximal abelian subspace
of P, W = N(T)/Z(T) the associated Weyvl group of G /K acting on T,
and u : P — T the linear orthogonal projection onto T. Let M be an or-
bit of the isotropy representation of G /K through z, i.e, M = Kz. Then
u(M) = cvx(W - 2).

The isotropy action of the compact symmetric space G x G/ is just the
adjoint action of GG on G. Moreover, if we identify G to its dual G* via the
Killing form, then these orbits have a natural symplectic structure. In this case,
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the map u in Theorem 8.6.2 1s the moment map. Recently, Theorem 8.6.2 has
been generalized in the framework of symplectic geometry by Atiyah ([At]) and
independently by Guillemin and Sternberg ([GS]) to the following:

8.6.3. Theorem. [Let M be a compact connected symplectic manifold with
a symplectic action of a torus T, and f : M — T* the moment map. Then
f(M) is a convex polyhedron.

The orbits that occur in Kostant’s theorem 8.6.2, are isoparametric. More-
over, as we shall now see, it turns out that the convexity result follows just from
this geometric condition of being isoparametric. Since there are infinitely many
families of rank 2 1soparametric submanifolds that are not orbits of any linear
orthogonal representation, the Riemannian geometric proof of Theorem 8.6.2
gives a more general result [Te3].

8.6.4. Main Theorem. Let M™ C §"tF=1 C R"™* pe isoparametric,
q € M, and W the associated Weyl group of M. Let P denote the orthogonal
projection of R onto the normal plane v, = q+ v(M),, and u = P|M the
restriction of P to M. Then u(M) = cvx(W - q), the convex hull of W - q.

As we said above, our main tool for proving this is Riemannian geometry.
However, the basic idea of the proof goes back to Atiyah ([At]), and Guillemin-
Sternberg ([GS]). Although there is no symplectic torus action around, the height
function of M plays the role of the Hamiltonian function in their symplectic
proofs. In section 8.3, we showed that M is taut (Corollary 8.3.3), 1.e., every
non-degenerate Euclidean distance function f, on M is perfect. Because M C
§" =1 the height function h, and —1/2f, differ by a constant, i.e.,

fo=—2ha + (1 + la|?).

In particular f, and h, have the same critical point theory. Using our detailed
knowledge of the Morse theory of these height functions, Theorem 8.6.4 can be
proved rather easily. It seems that tautness and convexity are closely related,
however, the precise relation is not yet clear.

Henceforth we assume that M"™ C §"T+*~1 C R"** is jsoparametric, W
1s its Weyl group, and we use the same notations as in Chapter 6. In particular,
forx € M, welet /A, denote the Weyl chamber on v, = x+v/(M ), containing
x. First we recall following results concerning the height functions.

8.6.5. Theorem. Leta € R""* be afixed non-zero vector, h, : M — R the
associated height function, i.e.,, h,(xr) = (x,a), and let C(h,) denote the set
of all critical points of h.

(i) x € C(hg) ifand only if a € v,.
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(ii) If xq is an index O critical of h,, then b = h,(x() is the absolute minimum
value of h, on M and h;*(b) is connected. Moreover;
(D ac Ly,
(2) ifa € o, a simplex of /\,,, then h;1(b) = S.., , (the slice through x
with respect to ).
(iii) If © € C(h,) and a is regular with respect to the W -action on v,, then
h, is non-degenerate and C'(h,) = W - x.
(iv) If a is W -singular; then h,, is non-degenerate in the sense of Bott ([Bt]).
More specifically, if t° € C(ha) is a minimum and a lies on the simplex o of
/\ o, then

C(ha) = | J{S2.0l € W -2°}.

8.6.6. Lemma. Weusethesame notationasin Theorem8.6.4. Letu = P|M,
the restriction of P to M, and C' the set of all singular points of w. Then C
is the union of all slices S, 5 for v in W - q and o a 1-simplex of some Weyl
chamber of v,.

PROOF. We may assume that v, = R*. Lett,,...,t. be the standard
base of R*. Then u = (u1,...,ux), where u;(z) = hy,(z) = (x,t;). Itis
easy to see that the following statements are equivalent:

(1) rank(du,) < k.
(2) dui(z), ..., dur(z) are linearly dependent.
(3) there exists a non-zero vector a = (ay, . . ., a;) such that

ayduy (z) + ...+ apdug(x) = 0.

(4) x 1s a critical point of some height function A, .
Then the lemma follows from Theorem 8.5.4. =

8.6.7. Proof of the Main Theorem. We will use induction on k to show that:
() u(M) = cvx(W - q), if M is isoparametric of rank k.

If K = 1, then M is a standard sphere of R""*, so u(M) is the line segment
joining g to —q. Suppose (*) is true when the codimension is less than k, and
M™ is full and isoparametric in R""*. Then we want to show that u(M) = D,
where D = cvx(W - ¢). We divide our proof into five steps.

(1) Let C denote the set of singular points of u. Then u(C') is the union
of finitely many (k — 1)-polyhedra, and 9D C u(C') C D. So in particular,
D \ u(C') is open.
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To see this, we note by Theorem 6.5.9 that if 0 a 1-simplex on v, and
xr € W - g then the slice S, , 1s arank k£ — 1 1soparametric submanifold. So by
the induction hypothesis, u(S, ) isa (k—1)-polyhedron. Thenusing Theorem
8.5.4, we have

’U.(C) = U{P(S:B,O') | reW-q,

o a 1 — simplexof some Weyl chamber of v,}.

But it 1s also easy to see that
oD = U{P(SMH re€W-q, cal—simplex of A,}.

(11) d(u(M)) C u(C). This follows from the Inverse function theorem,
because the image of a regular point of  is in the interior of u (M ).

(iii) w(M) C D. This follows from the fact that u(C') C D.

(iv) If U; 1s a connected component of D \ u(C'), then either U; C u(M),
or U; Nu(M) = (). To prove this, we proceed as follows: Suppose U; Nu(M)°
is a non-empty proper subset of U;, where u( M )° denotes the interior of u(M).
Then there is a sequence y,, € U; N u(M)? such that y,, converges to y, which
is not in U; N u(M)°. Since u(M) is compact, y € u(M). Using step (11),
we have d(u(M)) C u(C). But by definition of U;, U; N u(C) = 0, so we
conclude that y is a regular value of u, hence y € U; Nu(M)?, a contradiction.

(v) U; € u(M) for all i. Suppose not, then we may assume Uy Nu(M) =
(). Using step (i), we know that U is the union of (k — 1)-polyhedra. Let
be a (k — 1)-face of JU1, and ¢ the outward unit normal of U, at . Then by
Euclidean geometry the height function h; on M has local minimum value ¢, on
1t, hence by Proposition 8.3.6, ¢ is the absolute minimum of h; and n C 9D.
But by Euclidean geometry . C 9D implies that ¢ is also a local maximum
value of h; hence the maximum value of h; on M, and hence M is contained
in the hyperplane (x,t) = ¢y, which contradicts the fact that M is full.
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This completes the proof of (*). =

If 2 € v, 1s W-regular, then the leaf M. of the parallel foliation of M
through z is isoparametric of codimension k and v(M.). = v(M),. Hence
(*) implies that P(M.) = cvx(W - z). If z € v, is W-singular, then we
may assume that M. = M, for a parallel normal field v on M, and M,, is
isoparametric for all 0 < ¢ < 1 (or equivalently that g + tv(q) is W -regular for
all0 <t < 1). We define the following smooth map

F:M x[0,1] — R*, by F(z,t) = P(x + tv(x)).

Letu,(z) = F(x,t),thenu, (M) = P(M,,). By(*), P(M;,) = cvx(W-(g+
tv(q))) forall0 < ¢ < 1. Butu; — uj uniformlyas? — 1, soits image u: (M)
converges in the Hausdorff topology to u;(M). But g + tv(g) converges to
qg+v(q) = z,so P(M,,) converges to the convex hull of W-(g+v(q)) = Wz,
hence we obtain

8.6.8. Theorem. With the same assumption as in Theorem 8.6.4. Let
z € vy, and M, the leaf of the parallel foliation of M through z. Then
P(M.) = cvx(W - 2).

8.7. Marked Dynkin Diagrams for Isoparametric Submanifolds

In this section we determine the possible marked Dynkin diagrams for both
the finite and infinite dimensional isoparametric submanifolds.

Let M be arank k irreducible isoparametric submanifold in a Hilbert space
V', {¥;| i € I} the focal hyperplanes, {v;| i € I} the curvature normals, m; the
corresponding multiplicities, and W the associated Coxeter group.

(1) If V is of finite dimension, then we may assume that ¢;,...,f; form a
simple root system for W, and the marked Dynkin diagram has £ vertices (one
for each ¢;, 1 < i < k) such that the i*" vertex is marked with multiplicities 1m;
and there are a(g) edges joined the i*" and j* vertices if the angle between /;
and ¢; is /g, where a(g) = g—2if1 < g < 4and a(6) = 3. So the possible
marked Dynkin diagram for rank £ finite dimensional irreducible isoparametric
submanifolds are:

Ay o—=o0---0—0
ma TIo .
B o—o0--- c—D

my Mo My
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T

Dy o 0.0 I o

ma mo mpg—1
T
F o o .- I o o k=678
mi mo ME—1
F4 < O—0 O
mi 1Mo ms3 my
Go c—
ey o

(2) If V 1s an infinite dimensional Hilbert space, then we may assume that
ly,..., €41 form a simple root system for W, and the marked Dynkin dia-
gram has k& + 1 vertices (one for each /;, 1 < i < k + 1); the i*" vertex is

marked with the multiplicity m;. There are a(g) edges joining the i*" and

50 vertices if the angle between ¢; and ¢; is w/g with g > 1, and there are

infinitely many edges joining i*!' and j*® vertices if ¢; is parallel to /;. So
using the classification of the affine Weyl groups, we can easily write down the
possible marked Dynkin diagrams for rank k infinite dimensional irreducible

isoparametric submanifolds.

Letgq € M,and vy = q + v(M),. Giveni # j € I, suppose ¢; is
not parallel to £; and the angle between ¢; and ¢; is /g. Then there exists a
unique (k — 2)-dimensional simplex o of the chamber A on v, containing g
such that o C £;(g) N £;(g). By the Slice Theorem, 6.5.9, the slice S, is a
finite dimensional rank 2 isoparametric submanifold with the Dihedral group
of 2¢g elements as its Coxeter group, and m;, m; its multiplicities. So use the
classification of Coxeter groups and the results in section 8.4 of Cartan, Miinzner,
and Abresch on rank 2 finite dimensional case, we obtain some immediate
restrictions of the possible marked Dynkin diagrams for rank £ isoparametric
submanifolds of Hilbert spaces. In particular, we have
8.7.1. Theorem. If M™ is isoparametric in R™**, then the angle between
any two focal hyperplanes {; and {; is 7/ g for some g € {2,3,4,6}.

8.7.2. Corollary. If M" is an irreducible rank k isoparametric submanifold
in R" 1%, then the associated Coxeter group W of M is an irreducible Weyl (or

crystallographic) group.



Lecture 11

8.7.3. Proposition. There are at most two distinct multiplicities for an
irreducible isoparametric submanifolds M of V.

PRrROOF. Ifthei'’ and (i+1)!" vertices of the Dynkin diagram are joined
by one edge, then by Theorem 8.4.2, m; = m; 1. But each irreducible Dynkin
graph has at most one ip such that the if,h and (ip + 1)”‘ vertices are joined by
more than one edge. So the result follows. =

8.7.4. Theorem. Let M™ be a rank k isoparametric submanifold in R"*F.

If all the multiplicities are even, then they are all equal to an integer m, where
m € {2,4,8}.

PRrROOF. Ifthei'” and (i+1)!" vertices of the Dynkin diagram are joined
by two or four edges, then by Theorem 8.4.5, m; = miy+1 = 2. =

To obtain further such restrictions we need the more information on the
cohomology ring of M. The details can be found in [HPT2]. Here we will only
state the results without proof.

8.7.5. Theorem. The possible marked Dynkin diagrams of irreducible rank
k > 3 finite dimensional isoparametric submanifolds are as follows:

Ay 0—o0---0—o0 me{1,2,4}
m m m

By o0—0 - C—D (m1,m2) satisfies (*) below.
mey mey m mz

T
Dy, o—o0 --- @—I—o me{1,2,4}
me T m
T
E: o— 0 --- I—O—O me{1,2,4} k=678
e m m

F4 oO—Oo—o—0 mi=mz=2 or mi1=1, ma€{1,2,4,8}
m my mg mz

The pair (mq, m2) satisfies (*) if it satisfies one of the following conditions:
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(1) my = 1, mo is arbitrary,

(2)my =2, mae =2o0r2r+1,

(3)my =4, myg=1,5, ordr + 3,

(4)k =3 m; =8, mo=1,3,7,11, 0r 8 + 7.

As a consequence of Theorem 8.7.5, Theorem 8.4.4 and the Slice Theorem
6.5.9, we have:

8.7.6. Theorem.

The possible marked Dynkin diagrams of irreducible rank
k > 3 infinite dimensional isoparametric submanifolds are as follows:

Ak 40\—0 me{l,2,4}

(mi1,m2), (m2,msz) satisfy (*).

- o (m,m1) satisfies (=).
m m m m m1
Ck' a—o— 0 -+ O——OT—0 (m,my), (m,ms) satisfy (=).
my m m m m Mo
m m
Dy o O e i[ o] me{l,2,4}
m m m m m m
m
m
FEg o O o ¢] me{l,2,4}
m m m m m
m
E- o o . o o me{l,2,4}
m m m m m m m
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FEg (o} O I O O O . o me{l,2,4}

M, =mg=2 or

Fy o0—O0—Oo—o0—0 mo=1,m1€{1,2.4} or
M1 m1 ma mz mz mi=1,m=2€{1,2,4,8}
G2 o0——Cc—D me{1,2,4}
m m m

Let G/K be a rank k symmetric space, G = K + P, A the maximal
abelian subalgebra contained in P, and ¢ € A a regular point with respect
to the 1sotropy action K on P. Then M = Kgq 1s a principal orbit, and 1s a
rank £ 1soparametric submanifold of P. The Weyl group associated to M as
an 1soparametric submanifold is the standard Weyl group associated to G/ K,
re, W =N(A)/Z(A). Ifz; € £;(q) and x; lies on a (k — 1)-simplex, then
m; = dim(M ) —dim(K z;). Itis shown in [PT2] that these principal orbits are
the only homogeneous isoparametric submanifolds (i.e., a submanifold which
1s both an orbit of an orthogonal action and is isoparametric). So from the
classification of symmetric spaces, we have (for details see [HPT2])

8.7.7. Theorem. The marked Dynkin diagrams for rank k, irreducible, finite
dimensional, homogeneous isoparametric submanifolds are the following:

As o—0 me{1,2,4,8}
m m
Ak o0—o0 -+ 0—0 me{l,2,4}
m m m
By oO—o0--- O—=D (mq,msz) satisfies (=)
My 1y ey Mo
m
Dy o—o0 --- O—I—O me{1,2}
m M m

E, o—=o0 --- I—o—o me{1,2} k=6,7,8
m

™ m
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F4 oO—Oo——o O mi1=mz=2 or mi1=1, m2€{1,2,4,8}
] 5t M2 ma

G2 o=+ me{1,2}
m m

The pair (my, ms) satisfies (*) in all of the following cases:
(1) my1 = 1, mo is arbitrary,
(2)my =2, mo =20r2m+ 1,
(3) my =4, my = 1.5,4m + 3,
() my1 =8 my =1,
(5) k=2 m; =6 my=09.

8.7.8. Corollary. The set of multiplicities (my,ms) of homogeneous,
isoparametric, finite dimensional submanifolds with Bs as its Coxeter groups
is

{(1,m), (2,2m +1), (4,4m +3), (9,6), (4,5), (2,2)}.

8.7.9. Open problems. If we compare Theorem 8.7.5 and 8.7.7, it is natural
to pose the following problems:

(1) Is 1t possible to have an irreducible, rank 3, finite dimensional 1soparametric
submanifold, whose marked Dynkin diagram is the following?

4
Dy O—I—Q
4 4 4

(It would be interesting if such an example does exist, however we expect that
most likely it does not. Of course a negative answer to this problem would also
imply the non-existence of marked Dynkin diagrams with uniform multiplicity
4 of Dy-type, k > 5 or Ejp-type, k = 6,7, 8.

(2) Is 1t possible to have an 1soparametric submanifold whose marked Dynkin
diagram is of the following type with m > 1:

B;; O—OC—0
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(3) Let M™ C R""* be an irreducible 1soparametric submanifold with uniform
multiplicities. Is it necessarily homogeneous ?

If the answer to problem 3 1s affirmative and if the answers to problem 1
and 2 are both negative, then the remaining fundamental problem would be:

(4) Are there examples of non-homogeneous irreducible isoparametric subman-
ifolds of rank & > 3 ?

It follows from section 6.4 that if n = 2(my +ms + 1),and f : R" — R
1s a homogeneous polynomial of degree 4 such that

Af(x) =8(mz —ma) |lz]?, [V f(2)|* =16 ||z|°, (8.7.1)

then the polynomial map x +— (|z|?, f(x)) is isoparametric and its regular
levels are isoparametric submanifolds of R" 2 with

BQ [ —

as its marked Dynkin diagram, i.e., B 1s the associated Weyl group with
(m1, m2) as multiplicities. Solving (8.7.1), Ozeki and Takeuchi found the first
two families of non-homogeneous rank 2 examples. In fact, they constructed
the 1soparametric polynomial explicitly as follows:

8.7.10. Examples. (Ozeki-Takeuchi [OT1,2]) Let (1my,ms2) = (3,4r) or
(7,8r), FF = H or Ca (the quarternions or Cayley numbers) for m; = 3 or 7
respectively, and let n = 2(m1 + ma + 2). Let u +— % denote the canonical
involution of F'. Then

1
(u,v) = E(uﬁ + va)
defines an inner product on F’, that gives an inner product on F". We let
fo:R" = p20+h) = pl+r o pi4T L R,
fo(u,v) = 4([[uv"||* = (u,v)?) + (lur[|* = [l || + 2(uo, v0))?,
where u = (ug, u1), v = (vo,v1) and ug,vg € F, uy,v, € F". Then
flu,v) = (lull?® + [[v]1*)? = 2fo(u,v)

satisfies (8.7.1). So the intersection of a regular level of f and ! is isopara-
metric with Bs as the associated Weyl group and (3, 47) or (7, 87) as multiplic-
ities. These examples correspond to (3, 4r) and (7, 8r) are non-homogeneous.
But there is also a homogeneous example with B as its Weyl group and (3, 4)
as its multiplicities. So the marked Dynkin diagram does not characterize an
1soparametric submanifold.
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8.7.11. Examples. Another family of non-homogeneous rank 2 isoparametric
examples is constructed from the representations of the Clifford algebra C'¢" 1
by Ferus, Karcher and Miinzner (see [FKM] for detail). It is known from
representation theory that every irreducible representation space of C/™ "1 is
of even dimension, and it is given by a “Clifford system” (P, ..., P,) on R?",
Le., the P!s are in SO(2r) and satisfy

Pﬁ'Pj -+ PJPE = 2(5531(,{

Let f : R*” — R be defined by

m

f(@) = e = S(P(2), 2)>.

i=0

Then f satisfies (8.7.1) withm; = mand mo =r —m1 — 1. lf my,ma > 0,
then the regular levels of the map = — (||z||2, f(x)) are isoparametric with
Coxeter group Bj and multiplicities (m;,m3). Most of these examples are
non-homogeneous.

8.7.12. Remark. The classification of isoparametric submanifolds is still far
from being solved. For example we do not know

(1) what the set of the marked Dynkin diagrams for rank 2 finite dimensional
1soparametric submanifolds is,

(1) what the rank & homogeneous infinite dimensional isoparametric sub-
manifolds are.





