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[soparametric Submanifolds

In section 5.7, we defined a submanifold of a space form to be isoparamet-
ric if its normal bundle is flat and if the principal curvatures along any parallel
normal vector field are constant (Definition 5.7.2). These submanifolds arise
naturally in representation theory for, as we saw, an orbit of an orthogonal
representation is isoparametric if and only if it is a principal orbit of a polar rep-
resentations, so in particular principal coadjoint orbits are isoparametric. And
because their local invariants are so simple,isoparametric manifolds are also
natural models to use in the classification theory of submanifolds. Although
the principal orbits of a polar action are isoparametric, not all isoparametric
submanifolds in R™ and 8™ are orbits. Nevertheless, as we will see in this
chapter, every isoparametric submanifold of R™ or §"" has associated to it a
singular, orbit-like foliation, and this foliation has many of the same remarkable
properties of the orbit foliations of polar actions. Thus isoparametric subman-
ifolds can be viewed as a geometric generalization of principal orbits of polar
actions.

There 1s an interesting history of this subject, which explains the origin of
the name “isoparametric”. A hypersurface is always given locally as the level set
of some smooth function f, and then ||V f||?, A f are called the first and second
differential parameters of the hypersurface. So it 1s natural to make the following
definition: a smooth function f : R**! — R is called isoparametric if |V f ||?
and A f are functions of f. The family of the level hypersurfaces of f is then
called an isoparametric family, since clearly the first and second differential
parameters are constant on each hypersurface of the family. It is not difficult
to show that an isoparametric family in R™ must be either parallel hyperplanes,
concentric spheres, or concentric spherical cylinders. This was proved by Levi-
Civita[Lc] forn = 2, and by B. Segré [Se] for arbitrary n. Shortly after this work
of Levi-Civita and Segré, E. Cartan ([Ca3]-[Ca5]) considered isoparametric
functions f on space forms, and discovered many interesting examples for
S$"*T1 Among other things Cartan showed that the level hypersurfaces of f
have constant principal curvatures. And conversely, he showed that if M is
a hypersurface of N !(¢) with constant principal curvatures, then there is
at least a local 1soparametric function having M as a level set. Cartan called
such hypersurfaces isoparametric. In the past dozen years, many people carried
forward this research. Around mid 1970’s, Miinzner [Miil,2] completed a
beautiful structure theory of i1soparametric hypersurfaces in spheres, reducing
their classification to a difficult, but purely algebraic problem. Although many
people have subsequently made significant contributions to this classification
problem, including Abresch [Ab], Ferus, Karcher, Miinzner [FKM], Ozeki and
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Takeuchi [OT1,2], it 1s still far from being completely solved. There have also
been applications of isoparametric hypersurface theory to harmonic maps [Ee]
and minimal hypersurfaces ([No],[FK]). Recently, with the purpose in mind
of constructing harmonic maps, Eells [Ee| gave a definition of 1soparametric
map that generalizes the concept of isoparametric function. Carter and West
[CW2] also gave a definition of isoparametric maps $"* — R¥; their purpose
being to generalize Cartan’s work to higher codimension. Using their definition,
they showed that the regular level of an isoparametric map is an isoparametric
submanifold. They also showed that there is a Coxeter group associated to
each codimension two isoparametric submanifold of a sphere, but they did not
obtain a similar result for higher codimension. This work led Terng [Te2] to the
definition used 1in this section.

6.1. Isoparametric maps

6.1.1. Definition. A smoothmap f = (fos1,.... fusr) : N"T*(c) — RF
is called isoparametric if

(1) f has a regular value,

(2) (Vfa.V f3) and Af, are functions of f for all o, 3,

(3) [V fa, V f3] is a linear combination of V fr+1, ..., V fnik, with coeffi-
cients being functions of f, for all & and 3.

This definition agrees with Cartan’s when & = 1. In the following we will
proceed to prove that regular level submanifolds of an i1soparametric map are
1soparametric.

Hereafter we will use the notation introduced in Chapter 2. Suppose f :
Ntk (c) — RF is isoparametric. Applying the Gram-Schmidt process to
{V f.} we may assume that at any regular point of f, there is a local orthonormal

frame field ey, . . . , €, 4+ with dual coframe w1, ..., wy, 4 such that
dfa = Z Cap Wa, (()11)
3

with rank(c,3) = k, and where the c, 3 are functions of f. So
deas =0 mod (Wnt1y-- - s Wntk)- (6.1.2)
It 1s obvious that w, = 0 defines the level submanifolds of f. Condition (3)

implies that the normal distribution defined by w; = 0 on the set of regular
points of f is completely integrable.
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6.1.2. Proposition. Let f : N"T*(¢) — R* be isoparametric, b = f(q) a
regular value, M = f~'(b), and F the leaf of the normal distribution through
q. Then

(i) F'is totally geodesic,

(ii) v(M) is flat and has trivial holonony group.

Proor. Take the exterior differential of (6.1.1), and using the structure
equations, we obtain

Z deap Nwg + Z Capwpi A\ wi + Z Capwpy N\ wy = 0. (6.1.3)
B pi By

From (6.1.2), since the coefficient of w; A w., 1n (6.1.3) 1s zero, we obtain

Y cap(—wailey) +wpy(e:) =0. (6.1.4)

But rank(c,3) = k, hence:

wpi(ey) = way(€i)-

From condition (3) of Definition 6.1.1, we have

[€a, €3] = E UaBrCy = Ve, €3 — Vez€a

= Z(wﬁi(ca) —waiep))ei + D (woy(ea) = wary(es))e,.

Hence
wﬁi(ca) = wa‘@'(cﬁ)v
Wiy (€a) — wWay(€g) = Uagy,

where 1,3~ 1s a function of f. In particular, we have
Wi (ea) = Uafas
1s a function of f. Using (6.1.4), we have

wpi(€a) = wga(e:)
= wai(eﬁ) == waﬁ(ei) — _L‘J_ﬁa(ei)-
So wap(e;) = 0and wy;(es) = 0, 1e., wog = 0 on M, and w,; = 0 on F.

This implies that the e, are parallel normal fields on M and that F’ is totally
geodesic.
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Note that e, on M can be obtained by applying the Gram-Schmidt process
to Vfu+i1,..., Vfntk, S0 €, 1s a global parallel normal frame on M, hence
the holonomy of v(M) is trivial. =

6.1.3. Corollary. With the same assumption as in Proposition 6.1.2,

(i) V fo| M is a parallel normal field on M foralln +1 < o < n + k,

(ii) if v is a parallel normal field on M, then there exists ty > 0 such that
{expz(tv(x))| x € M} is a regular level submanifold of f for |t| < to.

In order to prove that a regular level submanifold of an isoparametric
map is isoparametric we need the following simple and direct generalization of
Theorem 3.4.2 on Bonnet transformations.

6.1.4. Proposition. Suppose X : M™ — N"t%(¢) is an isometric im-
mersion with flat normal bundle, and v is a unit parallel normal field. Then
X* = aX + bv is an immersion if and only if (aI — bA,,) is non-degenerate on
M. Here A, is the shape operator of M in the direction v, and (a,b) = (1,t)
for ¢ = 0, is (cost,sint) for ¢ = 1, and is (cosht,sinht) for ¢ = —1.
Moreover:

(i) v(M™) is flat,

(ii)) TMyg = TMj., v(M)q = v(M?™) g+, where ¢* = X™(q),

(iii) v* = —cbX + av is a parallel normal field on M*,

(iv) A% = (cbl + aA,)(al — bA,)~ L.

Proor. We will prove only the case ¢ = (), the other cases being similar.
Let €4 be an adapted frame on M. Taking the differential of X* we obtain

dX* =1—tA, +t(V"v).

Since v 1s parallel, we have dX* = I — tA,. Hence X* is an immersion if
and only if (I — tA,) is invertible. So e 4 is also an adapted frame for M ™, and
the dual coframe is w; = > ;(di; — t(Ay)ij)w;. Moreover, W}, = Wia, S0 We
have A%. = A, (I —tA,)" . =

6.1.5. Proposition. With the same assumptions as in Proposition 6.1.2:
(i) the mean curvature vector of M is parallel,
(ii) the principal curvatures of M along a parallel normal field are constant.

Proor. We choose a local orthonormal frame e 4 as in the proof of
Proposition 6.1.2. Let

d(fa) = Z(fa)A“JAa

A
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Vi o= (fa)anwa ®wp.

AB
Using (6.1.1) we have

(fa)i =0, (fa)s = cap-
Now (1.3.6) gives

(fa)ii = — anﬁhiﬁi:

3
(fa)ss = deap(es) + Y caywys(es),
.
so we have
Afo = Z deap(es) = Y capHp + D caqwqples),
B By

where Hg = ) . h;g; is the mean curvature of level submanifolds of f in the
direction ofez. Since A f,,, ¢, 3 and w- 5(eg) are all functions of f, EJ capHp
is a function of f. However rank(c,3) = k, and hence the H,, are functions
of f,1.e., each H,’s is constant on M. But the e, are parallel normal fields on
M, so (1) is proved.

To prove (11) we use the method used by Nomizu [No] in codimension one.
Let X be the position function of M in R"T%. By Corollary 6.1.3, there exists
to > 0 such that X* = X + te, is an immersion if |t| < tp, and X*(M) is a
regular level of f. Then, by (1), the mean curvature A} of X* in the direction
of e, = e, 1s constant. Using Proposition 6.1.4 (1v) and the identity:

A(I _ fA)_l — A i FmAm — i Am+1t-m’

m=0 m=0
we have
o0
Hy =) (tr(A7Fh))em. (6.1.5)
m=0

Note that H} is independent of x € M, so the right hand side of (6.1.5) 1s a
function of ¢ alone. Hence tr( A" ™1) is a function of ¢ for all m and this implies
that the eigenvalues of A, are constanton M. =

As a consequence of Propositions 6.1.2 and 6.1.5, we have

6.1.6. Theorem. Let f : N""*(c) — R¥ be isoparametric, b a regular
value, and M = f~1(b). Then M is isoparametric.
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6.2. Curvature distributions

In this section we assume that M ™ 1s an immersed 1soparametric subman-
ifold of R"**. Since v( M) is flat, by Proposition 2.1.2, {A,| v € v(M),} isa
family of commuting self-adjoint operators on 7'M, so there exists a common
eigendecomposition TM, = @?_, E;(q). Let {ea} be a local orthonormal

=
parallel normal frame. By definition of isoparametric, A, (. and A, _,) have
same eigenvalues. So E;’s are smooth distributions and 7'M = P E;. The

FE;’s are characterized by the equation
Aeu |Ez = niaidEg:

together with the conditions that if7 # j then there exists ag with 1., # 1jq,-
Note that the F;(g) are the common eigenspaces of all the shape operators at
g, so they are independent of the choice of the e, and are uniquely determined
up to a permutations of their indices. These distributions F; are called the
curvature distributions of M.

We will make the following standing assumptions:
(1) M has p curvature distributions Fy, ..., E,, and m; = rank(E;).
(2) Let {e;} be a local orthonormal tangent ft_‘ame for M such that E; is
spanned by {e;|pi—1 < j < p;}, where pu; = >_._, ms. So we have
Wap = 0= (()21)
Wiy = )\mw!—, (()22)
where \;,, are constant. In fact, A\j, = njo i p;_1 <7 < ;.
(3)Letv; = > Nin€q. Then
AL|EQ = (U,’Ui)ﬁ-dEﬁ (()23)

for any normal field v. Clearly (6.2.3) characterizes the v;, so in particular v;
1s independent of the choice of ¢, 1.e., each v; 1s a well-defined normal field
associated to F;. In fact, if €., 1s another local parallel normal frame on M and
Ni the eigenvalues of Az  then

v = E NiaCa = E NiaCic-
a o

We call v; the curvature normal of M associated to FE;.

(4)Let n; = (Nint1s-- s Nintk)-

If M is isoparametric in R™ ¥ then M is also isoparametric in R*T**1,
To avoid this redundancy, we make the following definition:
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6.2.1. Definition. A submanifold M of R™** is full if M is not included in
any affine hyperplane of R" 7%,

6.2.2. Definition. Animmersed, full, isoparametric submanifold M "™ of R"TF
is called a rank % isoparametric submanifold in R"**.

6.2.3. Proposition. An immersed isoparametric submanifold M"™ of R"F is
full if and only if the curvature normals vy, . .., v, spans v(M ). In particular,
if M™ is full and isoparametric in R"F then k < n.

PRrROOF. Note that vy, ..., v, span v(M) if and only if the rank of the
k x p matrix N = (n;,) is k. Suppose M is contained in a hyperplane normal
to a constant unit vector ug € R"™T*. Then we can choose €nt+1 = Ug, SO
Nin4+1 = 0 for all 7, and rank(N) < k. Conversely, if rank(/N') < k then there
exists a unit vector ¢ = (¢,) € R"* such that (e,n;) = 0 foralll < i < p.
We claim that v = ) cne, 1s a constant vector b in R"*. To see this, we
note that the eigenvalues of A, are (v,v;) = (c,n;) = 0, r.e., A, = 0. But
dv = —A,, so v is constant on M. Then it follows that

d((X,b)) = (dX,b) = Zwé(e!—, b) = 0.

Hence (X, b) = ¢( a constant, 1.e., M is contained in a hyperplane. =

Recall that the endpoint map Y : v(M) — R"¥ is defined by Y (v) =
x + v forv € v(M),. Using the frame e 4, we can write

Y=Y(z,2) =z + Z ZaCa(X).

The differential of Y is

dY = dX + Z 2ades + Z dZoCa

P
= Z(l - (.Z,’Tl@))t-d}_:,‘i + Zdzo_»ca-
i=1 at

Now recall also that a point y of R"** is called a focal point of M if it is a
singular value of V', that is if it is of the form y = Y (v) where dY,, has rank
less than n + k. The set I' of all focal points of M is called the focal set of M

6.2.4. Proposition. Let M be animmersedisoparametric submanifold M™ of
R"F andT its focal set. Foreachq € M let ', denote the intersection of I" with
the normal plane q+v (M), to M at q. Then I, is the union of the I, and each



Lecture 9

T, is the union of the p hyperplanes £;(q) = {q+v|v € v(M),, (v,v;) = 1}
inq+v(M),. These l;i(q) are called the focal hyperplane associated to E; at
q.

6.2.5. Corollary.

(1) The curvature normal v;(q) is normal to the focal hyperplane {;(q) in
q+ v(M),.

(2) The distance d(q, ¢;(q)) from q to £;(q) is 1/||v;||.

6.2.6. Proposition. Let X : M™ — R"™* be an immersed isoparametric
submanifold, and v a parallel normal field. Then X + v is an immersion if and
only if (v;,v) # 1 forall 1 < i < p. Moreover,

(i) the parallel set M,, defined by v, i.e., the image of X + v, is an immersed
isoparametric submanifold,

(ii) let ¢* = q + v(q), then TM, = T(M,) 4, v(M), = v(M,),, and
qg+v(M), =q¢ +v(M,)y

(iii) if {en} is a local parallel normal frame on M then {€,} is a local
parallel normal frame on M, where €,(q*) = ea(q),

(iv) Ef (q*) = FEi(q) are the curvature distributions of M, and the corre-
sponding curvature normals are given by

v; (¢7) = vi(q)/(1 = (v, vi)),

(v) the focal hyperplane £ (q*) of M, associated to E is the same as the
focal hyperplane {;(q) of M associated to E;.

PrROOF. Since v is parallel, there exist constants z, such that v =
> o Za€a- The differential of X + v 1s

d(X +v) =dX + ) _ zadeq

(a1
= E Wi€i — E ZaWiati
i

1,00

= Z(l — Z ZaNia )Wi€;.
2 x

So we may choose the following local frame on M,,:

ey =e€ex, w, =(1— Zza/\m)wi—.

¥
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Then w¥ g = (de’, €) = wap. In particular, we have

1 -_ Z,ﬁ z_ﬁ)\iﬁ v

*
Wia = AiqW; =

which proves the proposition. =

Next we will prove that the curvature distributions are integrable. First we
need some formulas for the Levi-Civita connection of M in terms of E;. Using
(6.2.1), (6.2.2) and the structure equations, we have

dwm = d(,\mwi) = )\mdwa- = )\1‘0: ZL:JIJ A L;JJ

J
= E wt‘? A wja = E )\‘}CEL"JIJ A I'.,L.:'j,
J J

SO

Z(/\{a - )\ja)w.;j N wj = U
J
Suppose wj; = Zm YijmWm, then we have

Z(’\iﬂ - )‘j&)ﬁ!'ijmwm Nwj = 0.
7.1

This implies that
6.2.7. Proposition. Lefw;; = Zm YijmWm- Then
(/\ia - )\ja)'ﬁ'j-m = ()\m - /\-ma)q’imja lf.? 7£ m.

In particular, if e;, e,, € E;,, ej € E;,, and iy # i3, then 7;j, = 0.

272

6.2.8. Theorem. Let M™ be an immersed isoparametric submanifold of
R" %, Then each curvature distribution E; is integrable.

Proor. For simplicity, we assume ¢ = 1 and m = m,. E; is defined
by the following 1-form equations on M:

w; =0, m<i<n.
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Using the structure equation, we have
Tre T
du.)i = Zw” AUJJ = Z %—jsws /\L;JJ
j=1 j,s=1
Since w;; = —wj, Vijs = —7Vjis» Which 1s zero by Proposition 6.2.7. So Ej is
integrable. =

6.2.9. Theorem. Let M" be a complete, immersed, isoparametric subman-
ifold of R"**, E; the curvature distributions, v; the corresponding curvature
normals, and ¢;(q) the focal hyperplane associated to E; at q € M. Let S;(q)
denote the leaf of E; through q.
(1) If v; # 0 then
(i) E;(x) ® Rv;(x) is a fived (m; + 1)-plane &; in R"* forall z € S;(q),
(ii) = + (vi(x)/||vi(x)||?) is a constant ¢y € &; for all x € Si(q),
(iii) S;(q) is the standard sphere of co + £; with radius 1/||v;|| and center
at co,
(iv) B;(z)®v (M), is afived (m; +k)-planen; in R*™* forall x € S;(q),
W) L;(x) = L;(q) for all x € S;(q), which is the (k — 1)-plane perpen-
dicular to co + &; in co + 1; at co,
(vi) given y € {;(q) we have ||z — y|| = ||q — y|| for all z € S;(q).
(2) If vi = 0 then E;(x) = E;(q) is a fixed m;-plane for all x € S;(q) and
S;(q) is the plane parallel to E;(q) passes through q.

Proo¥F. It suffices to prove this theorem for £;. Let m = m;. To obtain
(1), we compute the differential of the map f = e; A ... Ae,, Avy from Sy(q)
to the Grassman manifold Gr(m + 1,n + k). Since

e1N...Nem Ndvy =0
on S1(q), we have
dleg N...Nepm ANvy) =
Z €1 AN AN (Z w.ijej-l-Zwmea) A €it+1 AN AN Cin N v1.
i<m i>m o
Using Proposition 6.2.7, we have w;; = > ecm Yijsws = 01f ¢ < m and
j > m. So we have
df: Z €1 /\.../\wmea/\ci_H/\.../\cm/\vl
1<,
= Z e1 N ... NNiawi€qa Neijr1 N... Nem ANi1gega

i<m,o,3

= E NiaNigwier A...eqg Ne€iy1...e, Neg =0,

i<m,a,3
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which proves (1)(1). Similarly one can prove (1)(1v) by showing that
d(el A PR A em /\ B-n__f_]_ .. A B,1+k) == U

on S (q). Next we calculate the differential of X + (v1/||v1]|?) on S1(q):

m 1
d X+—‘) — Idp, — ——A,,|E.
( G B~ o B

Since A, |E; = (v, v;)idpg,, (1)(i1) follows, and (1)(ii1) is a direct consequence.
Note that vy (x) 1s normal to #;(x) in ¢g + &;, so it follows from (1)(1) and
(1)(1v) that #; () is perpendicular to co + &7 In ¢g + 1 at ¢ for all z € S;(q).
Hence (1)(v) and (v1) follow.

If v; = O then w;, = 0 for 7 < m. By Proposition 6.2.7, w;; = 0 on
Si(q)ifi < mand j > m. Sod(e; A\ ... ANe,,) = 0on S;(q), which proves
(2). =

Because an mg-plane is not compact, we have

6.2.10. Corollary. If M" is a compact, immersed, full isoparametric
submanifold of R" %, then all the curvature normals of M are non-zero.

6.2.11. Proposition. Lefw;; = Zm YijmWm- Then
(i) (Mia — Aja)Vijm = Riajm,
(ii) ife; € E;,, e; € E;, and iy # 19, then y;;; = .

Proor. Using (2.1.19), we obtain

0= E h‘jaj'mwﬂu
m

(}\m = )\ja)wij = thjmwm- u

6.3. Coxeter groups associated to isoparametric submanifolds

In this section we assume that X : M"™ — R™"* is an immersed full
1soparametric submanifold. Let Ey, 'y, ..., E, be the curvature distributions,
v; the corresponding curvature normals, and ¢;(¢) the focal hyperplane in g +
v(M ), associated to E;. We may assume vg = 0, so v; # 0 foralli > 0. We
will use the following standing notations:
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(Dvy=q+v(M),.
(2) R? denotes the reflection of v, across the hyperplane ¢;(q).
(3) T denotes the linear reflection of v/( M), along v;(q), i.e.,

Ti(v) =v— 2%@;@).

(3) Let ; be the diffeomorphism of M defined by ¢;(g) = the antipodal
point of g in the leaf sphere S;(q) of E; for i > 0. Note that (? is clearly the
identity map of M ; we call it the involution associated to F;.

(4) S, will denote the group of permutations of {1, ..., p}.

It follows from (1) of Theorem 6.2.9 that

U._
7 [[va]2

pi(q) = Ri(q).
Since ¢; is a diffeomorphism it follows from Proposition 6.2.6 that:

6.3.1. Proposition. Ifv; # 0 then 1 — 2((v;,v;)/||vi||?) never vanishes for
0<j=<p

6.3.2. Theorem. There exist permutations oy, . ..,0, in S, such that

(1) Ej(vi(q) = Es,(j(q). ie, ¢I(E;) = Es, ). in particular we have
my; = Mo, (j),

<t"i7va.- 3 >
2 vo(@) = (1= 2 5555920 v;(4i(9))

{-u.;,vc,£ i ) -1
(3) T} (v;(q)) = (1 -2 "1,7"”) Vo, (5)(4)-

Proor. It suffices to prove the theorem for ;. Note that ¢p; = X + v
and M, = ¢1(M) = M, where v = 2v, /||v1]|? is parallel. So by Proposition
6.2.6 (1v), there exists o € S, such that (1) 1s true.

By Proposition 6.2.6 (iii), €n(x) = ea(w1(x)) gives a parallel normal
frame on M. So the two parallel normal frames €, and e, differ by a constant
matrix C' in O(k). To determine C', we parallel translate e, (g) with respect to
the induced normal connection of M in R"** to ¢* = ©1(q). Let &1, 11, co be
as in Theorem 6.2.9. Then the leaf S| (g) of E; at ¢ is the standard sphere in
the (mj + 1)-plane ¢y + &, which is contained in the (m; + k)-plane c¢q + 11,
and e, |S;(q) is a parallel normal frame of S| (q) in ¢y + 7;. In particular, the
normal parallel translation of e,(q) to ¢* on S1(gq) in ¢g + 11 1s the same as
the normal parallel translation on M in R"*". Note that the normal planes of
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S1(q) at g and ¢* in ¢g + 7); are the same. Let 7 denote the parallel translation
in the normal bundle of S (g) in ¢g + 1 from g to ¢*. Then it is easy to see that
m(v1(q)) = —v1(q) and 7(u) = w if w 1s a normal vector at g perpendicular to
v1(q), 1.e., 7 is the linear reflection R of v(M ), along v1(g). So

ea(q”) =TV (ealq)) = TV (2a(q"))-
Since (T{)~! = T7,

Ealq®) = qu(ea(q*)) = ealq®) — 2{Tfl(ﬁl);fﬁ;(q*)}vl(q).

But v, (¢*) = —v1(gq), so we have

€nsV
o = a2
1
N5y gMams (6.3.1)
~ S, :
200 ™ H g2

Let )\, and \;,, be the eigenvalues of A._ and Az_ on FE; respectively. Then
(6.3.1) implies that

3 NiaNip
Xia = Y (S — QW)A@
e

We have proved that E;(¢*) = E,(;)(q), so using Proposition 6.2.6 (iv) we
have
/\cr(z)a

1_2(1’1: o ))

lo [

Aia = (6.3.2)

Note that

v;(p1(q)) = T} (vi(q)), since v; is parallel

= (=2 o) @)

= Z NiaBa(£1(2)) = D Niatalq), by (6.3.2)

—Z ”f,?‘:,(,> eal).

ol
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As a consequence of Theorem 6.3.2 (3) and Corollary 5.3.7, we have

6.3.3. Corollary. The subgroup W9 of O(v(M ),) generated by the linear
reflections T}, . . ., T is a finite Coxeter group.

From the fact that the curvature normals are parallel we have:

6.3.4. Proposition.  Let w44 : V(M)y — v(M)y denote the parallel
translation map. Then w, , conjugates the group W1 to W' In particular,
we have associated to M a well-defined Coxeter group W.

6.3.5. Theorem. RY(¢;(q)) = Ly, (y(q)-

Proor. It suffices to prove the theorem for i = 1,57 = 2. We may
assume that o, (2) = 3. In our proof ¢ is a fixed point of M, so we will drop the
reference to ¢ whenever there is no possibility of confusion. Let £/ = R;(¢5).
Since v; 1s normal to ¢;, it follows from Theorem 6.3.2(3) that ¢ is parallel
to /3. Choose ¢’ € {3 and Q € ¢ such that ||q — ¢'|| = d(q,¢3) = c and
lg — Q|| = d(q,¥) respectively. Let 1/a = ||v,|| and 1/b = ||vs|. By
Theorem 6.2.9, a;’ = v3/||v3||?. Note that 6.3.2(3) gives

Ty (v2) = (1 EPACTLE) ) T (6.3.3)

We claim that gTq_} = @, which will prove that £ = £3. It is easily seen that gTq_}
and g@ are parallel. We divide the proof of the claim into four cases:

(Case 1) ¢1 || #2 and vy, ws are in the opposition directions.

—_——— e —— — W
-

Let n be the unit direction of v. Then ¢Q = —(2a + b)n. Note that vs
is equal to (¢/c)n for e = 1 or —1. Using (6.3.3), we have

1 1
Ti(v2) =T (En) = —En

2\ 7 —1
= (1 —Q(UI’U‘Q) vz = (1-!—2%) “n.

EAE c) e
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So
—1/b = 5(1 + 2ae/c)L. (6.3.4)

If ¢ = 1 then the right hand side of (6.3.4) 1s positive, a contradiction. So
€ = —1. Then (6.3.4) implies ¢ = 2a + b, which proves the claim.

(Case ii) £1 N €y # O, and (vy, v9) < 0.

@ 1s the angle between
Cq and CQ

Note that (77 (v2),v1) = (v2,T1(v1)) = (v2, —v1) > 0 and T} (v2) and
qQ@ are in the same direction. We claim that v3 and 7" (v2) are in the same
direction. If not then it follows from (7% (v2),v1) > O that {(vs,v1) < 0. By
(6.3.3), T (v2) and vg are in the same direction, a contradiction. So (vy, v3) >
0. Let # denote the angle between v, and v4, which is also the angle between
vy and 71 (v2). Let ||vs|| = 1/¢; computing the length of both sides of (6.3.3)
gives

1
—(1—=2acosf/c)™*,
c

1/b =

1e.,c = b+ 2acosf. Let o and ~y be the angles shown in the diagram. Then

q_QI = rsin(f + «a)
= r(sin(f — a) + 2 cos #sin )

= b+ 2a coséb.

This proves q—Q = gTq_}" .
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The proofs of the claim for the following two cases are similar to those for
(1) and (11) respectively and are left to the reader.
(1i1) #7 || #2 and vy, vs are in the same direction.

(iv) £y Nly # (), and (vy,v3) > 0. =

As a consequence of Corollary 5.3.7, we have:

6.3.6. Corollary. If M™ is a rank k isoparametric submanifold of R" ¥,
then:

(i) the subgroup of isometries of v, = q+v (M), generated by the reflections
R? in the focal hyperplanes ¢;(q) is a finite rank k Coxeter group, which is
isomorphic to the Coxeter group W associated to M,

(ii) (W 4i(q)|1 < i < p} consists of one point.

Let A, be the connected component of v, — ({¢;|1 < i < p} containing
q. Then the closure ./E.Q is a simplicial cone and a fundamental domain of W
and {v;| £;(¢) contains a (k — 1) — simplex of A,} is a simple root system
for W. If ¢ € W and ¢(¢;) = ¢; then by Theorem 6.3.2 we have m; = m,;.
So we have

6.3.7. Corollary. We associate to each rank k isoparametric submanifold
M™ of R"* a well-defined marked Dynkin diagram with k vertices, namely
the Dynkin diagram of the associated Coxeter group with multiplicities m,;.

6.3.8. Examples. Let (G be a compact, rank £ simple Lie group, and G its Lie
algebra with inner product ( , ), where —( , ) is the Killing form of G. Let T
be a maximal abelian subalgebra of G, a € 7 aregular point, and M = Ga the
principal orbit through a. Since this orthogonal action is polar (7 is a section),
M 1s 1soparametric in G of codimension k. Note that

TM, = {[¢,z]| £ € G},
V(M) gag-1 = gTg L.
Givenb € 7, b(gag™') = gbg~" is a well-defined normal field on M. Since
dbq([€, a]) = [€,b] and
([€.0],t) = (=[b. €], t) = (&, [b,]) = (€,0) =0
forall t € v(M),, b is parallel and the shape operator is
Ay([€.a) = —[6. 8] (6.3.5)

To obtain the common eigendecompositions of { A; }, we recall that if AT is a
set of positive roots of G then there exist =, Y, in G for each @ € AT such
that

G=T & {Rzy ® Ry,|a € AT},
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[t, 4] = a(t)Ya, [t Ya] = —a(t)za, (6.3.6)
where a(t) = (a,t), and ¢ € 7. Using (6.3.5) and (6.3.6), we have

a(b
Av(Ta) = ‘%%* As(ya) = —
This implies that the curvature distributions of M are given by F,, = Rx, @
Ry, for « € AT and the curvature normals are given by v, = —a/{«, a). So
the Coxeter group associated to M as an isoparametric submanifold is the Weyl
group of (G, and all the multiplicities are equal to 2.

a(b)
ala) Yo

Ifv € v(M),, then ¢ + v € ¢;(g) if and only if (v,v;) = 1, so as a
consequence of Corollary 6.3.6 (i1), we have:

6.3.9. Corollary. If M™ is a rank k isoparametric submanifold of R" T,
then there exists a € R such that {a,n;) = 1forall 1 <i < p.

6.3.10. Corollary. Suppose X : M™ — R"'F is a rank k immersed
isoparametric submanifold and all the curvature normals are non-zero. Then
there exist vectors a € R* and ¢y € R"* such that M is contained in the
sphere of radius ||al|| centered at ¢ in R" ™ so that

X+ Z AnCo = Cp-
¥

In particular, we have

(ti(q)l g € M, 1<i<p}={co}.

PROOF. By Corollary 6.3.9, there exists @ € R* such that (a,n;) = 1.
We claim that the map X + >  a.e, is a constant vector ¢, € R"% on M,

because )
d (X +> a.aca) =) (1 —(a,n;)) idg, = 0.
¥ i=1

So we have
| X = co

2 2 2
=) aaeal®* = [la]*.
[

6.3.11. Corollary. The following statements are equivalent for an immersed
isoparametric submanifold M™ of R"



Lecture 9

(i) M is compact,
(i) all the curvature normals of M are non-zero.
(iii) M is contained in a standard sphere in R"TF

6.3.12. Corollary. If M™" is a rank k isoparametric submanifold of R"**
and zero is one of the curvature normals for M corresponding to the curvature

distribution Ey, then there exists a compact rank k isoparametric submanifold
M, of R"T*=™m0 such that M = Ey x M.

PROOF. By Corollary 6.3.9, there exists @ € R* such that (a,n;) =1
forall 1 < ¢ < p. Consider the map X* = X + Za An€q : M — Rk
Then

P
dX* = 2(1 — (a,n;)) idp, = idg,,
i1=0

and M* = X*(M) is a flat mg-plane of R"**, So X* : M — M* isa
submersion, and in particular the fiber is a smooth submanifold of M. But the
tangent plane of the fiber is @le FE;, so it 1s integrable. On the other hand
P_| E; is defined by
wi =0, 7 < myg,

so we have

U = du.)-g = Z u.)-gj FA u.)j = Z "}'-ijm Wm N uJJ-.

J=mao J.m>=>1mo

Hence
Yijm = Yimj, fori < mg, j #m > my. (6.3.7)

By Proposition 6.2.7, we have
)\jaﬁf‘ijm = ’\maﬁf'imja for i < my. (638)

Ife;, e, € E, for some s > 0, then Proposition 6.2.7 imply that ~;;,,, = 0. If
e; and e, belong to different curvature distributions, then there exists ap such
that Ao, # Aimao- S0 (6.3.7) and (6.3.8) implies that ;;,,, = 0. Therefore we
have proved that

Wij :01 Wiy :Us 35 myo, .5" = My,

on M. Let M; = (X*)~'(g*). Then both M and M; x Ey have flat normal
bundles and the same first, second fundamental forms. So the fundamental
theorem of submanifolds (Corollary 2.3.2) implies that M = M, x Ej. =
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Next we discuss the irreduciblity of the associated Coxeter group of an
1soparametric submanifold, which leads to a decomposition theorem for isopara-
metric submanifolds.

If M** is isoparametric in R™ % with Coxeter group W, on R*: for
i = 1,2, then My x Mo is isoparametric in R™* T2 tF15k2 with Coxeter group
W, x Wo on R¥* x R*2. The converse is also true.

6.3.13. Theorem. Let M" be a compact rank k isoparametric submanifold
of R" %, and W its associated Coxeter group. Suppose R* = R* x R*? and
W = W, x Wy, where W, is a Coxeter group on R*:. Then there exist two
isoparametric submanifolds M, M, with Coxeter groups Wy, W5 respectively
such that M = M, x Ms.

Proor. We may assume that n; € R x 0, R; € Wj fori < p;, and
n; € 0 x R*2, R; € Wj for j > p;. Since W, is a finite Coxeter group,
there exists a constant vector a € R*' x 0 such that (a,n;) = 1foralli < p;.
Consider X* = X + )" a,e,. Since {(a,n;) = 0 for all j > p,, we have

P

dX* = > idp,.

I=m

So an argument similar to that in Corollary 6.3.12 implies that V' = €, _ - E;

and H = Q}p> . E'; are integrable, and that M 1s the product of a leaf of 1V
and aleafof H. n

6.3.14. Definition. An isoparametric submanifold M" of R"% is called
irreducible, 1if M 1s not the product of two lower dimensional isoparametric
submanifolds.

As a consequence of Theorem 6.3.13, we have:

6.3.15. Proposition. An isoparametric submanifold of Euclidean space is
irreducible if and only if its associated Coxeter group is irreducible.

Since every Coxeter group can be written uniquely as the product of irre-
ducible Coxeter groups uniquely up to permutation, we have:

6.3.16. Theorem. Every isoparametric submanifold of Euclidean space can
be written as the product of irreducible ones, and such decomposition is unique

up to permuitation.

As a consequence of Corollary 6.3.11 and the following proposition we see
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that the set of compact, isoparametric submanifolds of Euclidean space coincides
with the set of compact isoparametric submanifolds of standard spheres.

6.3.17. Proposition. If M™ is an isoparametric submanifold of S" then
M is an isoparametric submanifold of R"T++1.

PROOF. Let X : M — 8" "% be the immersion, and {e 4} the adapted
frame for X, w; the dual coframe, and w 4 g the Levi-Civita connection 1-form.
We may assume that e, ’s are parallel, 1.e., wog = Oforn < a, < n + k.
Set €,,4x41 = X, then {€1,...,€,41+1} is an adapted frame for M as an
immersed submanifold of R"**1 Since

depipy1 = dX = E Wi€i,

we have w,, 111, = 0and A
metric in R TFTL o

= —id. This implies that M 1is isopara-

Entk+1

6.4. Existence of isoparametric polynomial maps

In this section, given an isoparametric submanifold M™ of R" %, we will
construct a polynomial isoparametric map on R""* which has M as a level
submanifold. This construction is a generalization of the Chevalley Restriction
Theorem in Example 5.6.16.

By Corollary 6.3.11 and 6.3.12, we may assume that M ™ is a compact,
rank k isoparametric submanifold of R"**, and M C §"* =1, Let W be the
Coxeter group associated to M, and p the number of reflection hyperplanes of
W, 1e., M has p curvature normals. In the following we use the same notation
as 1n section 6.2.

Given g € M, there 1s a simply connected neighborhood U of ¢ in M such
that U is embedded in R"**. Lete,, bea parallel normal frame, v; the curvature
normals Y n;n€q,and n; = (Niny1, ... Ninsk). LetY : U x RF — RtE
be the endpoint map, i.e., Y (z,2) = 2 + > za€a(x). Then there is a small
ball B centered at the origin in R* such that Y|U x B is a local coordinate
system for R"**. In particular, z - n; < 1 forall z € Band 1 < i < p. We
denote Y (U x B) by O. In fact, O is a tubular neighborhood of M in R"%.
Since M C 8" %=1 by Corollary 6.3.10 there exists a vector a € R” such that

X = Zaaea.
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Then

Y =X+ Z Zao = Z(z& — Uy )€q-

Let y = z — a (note that y = 0 corresponds to the origin of R"** and the
W -action on ¢ + v(M), induces an action on R* which is linear in y). Then
Yo, is a smooth function defined on the tubular neighborhood @ of M in R™**.
It is easily seen that any W -invariant smooth function u on R can be extended
uniquely to a smooth function f on O that is constant on all the parallel subman-
ifolds of the form M,,, where v is a parallel normal field on M with v(q) € B.
That is, we extend f by the formula f(Y (z,2)) = u(z — a) = u(y). We will
call this f simply the extension of w.

In order to construct a global isoparametric map for M, we need the fol-
lowing two lemmas.

6.4.1. Lemma. Ifu:R" — R is a W-invariant homogeneous polynomial
of degree k, then the function

p

o(y) = th'Vu(y) n;

Yy-ny

is a W -invariant homogeneous polynomial of degree k — 2.

ProOOF. Let R; denote the reflection of R* along the vector n;. Since
u(R;y) = u(y), Vu(Ri(y)) = Ri(Vu(y)). We claim that Vu(y) - n; = 0
ify-n; = 0. Forify - n; = 0 then R;(y) = v, so Vu(y) = R;(Vu(y)),
1e., Vu(y) - n; = 0. Therefore (y) is a homogeneous polynomial of degree
k — 2. To check that  is WW-invariant, we note that

p(Ri(y)) = Z mj Vuéiy()y)LJn

_ Z Ri (Vu(y))

L

R(”J)
_Z Y- R(”J)

Then the lemma follows from Theorem 6.3.2(3). =

6.4.2. Lemma. Letu:R" — R be a W -invariant homogeneous polynomial
of degree k, and [ : O — R its extension. Then

(i) /\ [ is the extension of a W -invariant homogeneous polynomial of degree
(k —2) on R,
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(ii) ||V f||? is the extension of a W-invariant homogeneous polynomial of
degree 2(k — 1) on R*

PRrROOF. Since

dY = Z(l —z-n;)idg, + Z dz, e,
= Zy T2 idE,; + Zdyaeaa

we may choose a local frame field ¥y, = e4 on O C R" ™" and the dual
coframe is

t—1 1
w;‘ = (y - ni)w;, if mer <3< Zm.m
r=1 r=1

Wy = AYq-
The Levi-Civita connection 1-form on O 1s w g = wap. Then by (1.3.6) we
have
P
m;n;
A"I — ' 3 (XS )

=1

Since f(z,y) = u(y), we have
df =) wawy, IVFI? =Vl

V’IL'TE?;

Af:/z\.u-i-Zmi ,

Y-

where A, V are the standard Laplacian and gradient on R*. Then (1) follows
from Lemma 6.4.1. To prove (ii), we note that Vu(R;(y)) = Ri(Vu(y)), so
|Vu||? is a W-invariant polynomial of degree 2(k — 1) on R*. u

6.4.3. Theorem. Let M" be a rank k isoparametric submanifold in R" ",
W the associated Coxeter group, q a point on M, and v, = q+v(M) the affine
normal plane at q. If u : vy, — R is a W-invariant homogeneous polynomial
of degree m, then u can be extended uniquely to a homogeneous degree m
polynomial f on R*** such that f is constant on M.

ProoOr. We may assume v, = R*. We prove this theorem on © by
using induction on the degree k of u. The theorem is obvious for m = 0.
Suppose it is true for all £ < m. Given a degree m W -invariant homogeneous
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polynomial = on R*, by Lemma 6.4.2, ||df||? is again the extension of a TV~
invariant homogeneous polynomial of degree 2k — 2 on R*. Applying Lemma
6.4.2 repeatedly, we have A™~1(]||df||?) is the extension of a degree zero W -
invariant polynomial, hence it is a constant. Therefore

0= A™([ldf1*)

— Z Z Crs(A°fiviq... i, (As’f)i,il,...J,\:

r=0 s—{—s’:rn—r“
"-.-"'1 yreegdy

where ¢, ; are constants depending on 7 and s. We claim that
r
s S /
(A% Fisiy,in (D% iy, ip, 8§ =M —1T—35,

is zero if 7 < m. For we may assume thats > m —r —s,i.e.,s > s',sos > 1.
By Lemma 6.4.2, /A® f is the extension of a degree m — 2s W -invariant poly-
nomial on R*. By the induction hypothesis, /A* f is a homogeneous polynomial
on @ C R""F of degree m — 2s, hence all the partial derivatives of order bigger
than m — 2s will be zero. We have r +1 > r > m — 2s by assumption, so we

obtain
-2
U - Z ')‘/""-T.E'l!"'!'E"rrr,3

?:,'!:1,...,2.,“'

re., D*f = 01in O for || = k + 1. This proves that f is a homogeneous
polynomial of degree k in . There is a unique polynomial extension on R™ %,
which we still denote by f. =

By Theorem 5.3.18 there exist £ homogeneous W -invariant polynomials
Uy, ..., u, on R* such that the ring of W -invariant polynomials on R” is the
polynomial ring R[uy, ..., ug].

6.4.4. Theorem. Let M, W, q,v,beasin Theorem 6.4.3, andletuy, ..., uy
be a set of generators of the W-invariant polynomials on v,. Then u =
(uy, ..., uy)extends uniquely to an isoparametric polynomial map f : R"F —
R* having M as a regular level set. Moreover;

(1) each regular set is connected,

(2) the focal set of M is the set of critical points of f,

3vgNM=W"-gq,

(4) f(R™F) = u(v,).

(5) for x € v,, f(x) is a regular value if and only if x is W -regular,

(6) v(M) is globally flat.

PROOF. Let f1,..., fr be the extended polynomials on R"**. Because
ui, ..., up are generators, f = (fi1,..., fr) will automatically satisfies con-
dition (1) and (2) of Definition 6.1. Since y,, are part of local coordinates,
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[Ya,ys] = 0. But f is a function of y, so condition (3) of Definition 6.1.1 is
satisfied. Then (1)-(5) follow from the fact that w1, . .., ux separate the orbits of
W and that regular points of the map u = (uy, . .., uy) are just the W -regular
points. Finally, since {V f1, ...,V fi} is a global, parallel, normal frame for
M, v(M) is globally flat. =

6.4.5. Corollary. Let M™ be an immersed isoparametric submanifold of
Rt Then

(i) M is embedded,

(ii) v(M) is globally flat.

The above proof also gives a constructive method for finding all compact
irreducible 1soparametric submanifolds of Euclidean space. To be more specific,
given an irreducible Coxeter group W on R* with multiplicity m; for each
reflection hyperplane /; of W such thatm; = m;ifg(¢;) = ¢; forsomeg € W,
i.e., given a marked Dynkin diagram. Suppose W has p reflection hyperplanes
f1,...,€p,. Let a; be a unit normal vector to £;. Set n = Z?:l m;. Let
Uuy, ..., u be afixed set of generators for the ring of W -invariant polynomials
on R*, which can be chosen to be homogeneous of degree k;. Then there are
polynomials V;, ®;, U;;, and V¥, ;,,, on R” such that

Au; = Vi(u), Vu; - Vu; = U;;(u),

Z mJM — (I)g'(U), [Vuij v?,gj] = E ‘I’gjm(u)vu-:n-
j m

Yy-aj;

Then any polynomial solution f = (f1,..., fx) : R"™* — R*, with f; being
homogeneous of degree k;, of the following system is an isoparametric map:

Afi =Vi(f) + 2:(f),
Vfi- Vi =U(f), (6.4.1)
VoV = Wiim()V fm

Moreover, if M 1s any regular level submanifold of such an f, then the associated
Coxeter group and multiplicities of M are W and m; respectively.

Sinceu; : R* — Rcanbechosentobe Z?Zl x?
is Z::lk x2. S0 (6.4.1) is a system of equations for (k — 1) functions. Because
both the coefficients and the admissible solutions for (6.4.1) are homogeneous

polynomials, the problem of classifying isoparametric submanifolds becomes a
purely algebraic one.

, the extension f; on R"F
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6.4.6. Remark. Theorem 6.4.4 was first proved by Miinzner in [Miil,2] for
the case of isoparametric hypersurfaces of spheres, 1.e., for rank 2 isoparametric
submanifolds of Euclidean space. Suppose W is the dihedral group of 2p
elements on R%. Then W has p reflection lines in R%, and we may choose
aj = (cos(jm/p),sin(jm/p)) for 0 < j < p. By Theorem 6.3.2, all m;’s are
equal to some integer m if pisodd, and m; = mg =---, mg =my = --- if
piseven. Sowe have n = pm if pis odd, and n = p(m; +msg)/2if p is even.
It 1s easily seen that we can choose

uy(z,y) = 2% + %, us(z,y) = Re((x + iy)P).

Let f; : R"™2 — R be the extensions. Then f,(x) = ||z||?. Let F = f,. Then
it follows from a direct computation that (6.4.1) becomes the equations given
by Miinzner in [Miil,2]:

AF(z) = cl|]P~?
IVE(@)|2 = p?||]|*=2,

where ¢ = 0 if p is odd and ¢ = (my — my)p?/2 if p is even.





