Lecture 8

Transformation Groups

The theory of Lie groups of transformations of finite dimensional mani-
folds is a complex, rich, and beautiful one, with many applications to different
branches of mathematics. For a systematic introduction to this subject we refer
the reader to [Br] and [Dv]. Because our interest is in the Riemannian geometry
of Hilbert manifolds, we will concentrate on isometric actions on such mani-
folds. In studying the action of a Lie group (& on a finite dimensional manifold
M, it is well known that without the assumption that the group G is compact
or, more generally, that the action is proper (cf. definition below) all sorts of
comparatively pathological behavior can occur. For example, orbits need not
be regularly embedded closed submanifolds, the action may not admit slices,
and 1nvariant Riemannian metrics need not exist. In fact, in the finite dimen-
sional case, properness is both necessary and sufficient for G to be a closed
subgroup of the group of isometries of M with respect to some Riemannian
metric. In infinite dimensions properness i1s no longer necessary for the latter,
but 1t 1s sufficient when coupled with one other condition. This other condi-
tion on an action, defined below as “Fredholm”, is automatically satisfied in
finite dimensions. As we shall see, much of the richness of the classical theory
of compact transformation groups carries over to proper, Fredholm actions on
Hilbert manifolds.

G-manifolds

A Hilbert manifold M 1s a differentiable manifold locally modeled on
a separable Hilbert space (V. (, )). The foundational work on Hilbert (and
Banach) manifolds was carried out in the 1960°s. The standard theorems of
differential calculus (e.g., the inverse function theorem and the local existence
and uniqueness theorem for ordinary differential equations) remain valid ([La]),
and in [Sm2] Smale showed that one of the basic tools of finite dimensional
differential topology, Sard’s Theorem, could be recovered in infinite dimensions
if one restricted the morphisms to be smooth Fredholm maps.

A Riemannian metric on M is a smooth section g of S?(7T* M) such that
g(x) is an inner product for 7'M, equivalent to the inner product ( , ) on V for
allz € M. Such an (M, g) is called a Riemannian Hilbert manifold. For fixed
vector fields X and Z the right hand side of (1.2.2) defines a continuous linear
functional of T'M,,. Since 1" M 1s isomorphic to 7'M, (1.2.2) defines a unique
element (V z X )(x) in T'M,, and the argument for a unique compatible, torsion
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free connection for g 1s valid for infinite dimensional Riemannian manifolds,
so geodesics and the exponential map exp : T'"M — M can be defined just
as in finite dimensions. A diffeomorphism ¢ : M — M i1s an isometry if
dp, : TM, — T M) 1s a linear 1sometry forall z € M.

5.1.1. Definition. Let M and N be Hilbert manifolds. A smooth map
@ : M — N is called an immersion if dyp,, is injective and dyp,(T'M,) is a
closed linear subspace of T'N ;) forall x € M.

If the dimension of N is finite, then dy, (7'M, ) is always a closed linear
subspace of T'"N (). So this definition agrees with the finite dimensional case.

5.1.2. Definition. A Hilbert Lie group (' 1s a Hilbert manifold with a group
structure such that the map (g1, g2) — g1g5 = from G x G — G is smooth.

In this chapter we will always assume that manifolds are Hilbert manifolds
and that Lie groups are Hilbert Lie groups. They can be either of finite or infinite
dimension.

Let G be a Lie group. and M a smooth manifold. A smooth (G-action on
M is a smooth map p : G x M — M such that

ex =z, (9192)T = g1(g27),

for all x € M and g,,92 € . Here e is the identity element of G and
gz = p(g,x). This defines a group homomorphism, again denoted by p, from
G to the group Diff (M) of diffeomorphisms of M namely p(g)(z) = g=.
Given a fixed such GG-action, we say that G acts on M, or that M is a GG-
manifold.

5.1.3. Definition. A G-manifold M with action p is

(1) Zlinear, if M is a vector space V and p(G) C GL(V), i.e., p is a linear
representation of &,

(2) affine, if M 1is an affine space V and p((G) is a subgroup of the affine
group of V,

(3) orthogonal, if M is a Hilbert space VV and p(() is a subgroup of the group
of linear isometries of V, 1.e., p is an orthogonal representation of (=,

(4) Riemannian or isometric, if M is a Riemannian manifold and p(G) is
included in the group of i1sometries of M.

5.1.4. Examples.
(1) The natural orthogonal action of SO(n) on R™ given by taking p to be the
inclusion of SO(n) into Diff (R™).
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(2) The Adjoint action of G on (7, defined by by Ad(g)(h) = ghg™".

(3)The adjoint action of GG on its Lie algebra G given by g — d(Ad(g))., the
differential of Ad(g) at the identity e. If G is compact and semi-simple then
the Killing form b is negative definite, and the adjoint action is orthogonal with
respect to the inner product —b.

(4) SO(n) acts on the linear space S of trace zero symmetric 7 X 72 matrices
by conjugation, i.e., g - © = gxrg~'. This action is orthogonal with respect to
the inner product (x, y) = tr(xy).

(5) SU(n) acts on the linear space M of Hermitian n x n trace zero matrices
by conjugation. This action is orthogonal with respect to the inner product

(:L‘,’y) = tr(;rg).

The differential of the group homomorphism p : G — Diff (M) at the
identity e gives a Lie algebra homomorphism from the Lie algebra G to the Lie
algebra C'°°(T'M) of Diff (M). We will denote the vector field dp. (&) by &
again, and identify G as a Lie subalgebra of C>°(7T'M). In fact, if g; 1s the
one-parameter subgroup in GG generated by & then £(z) = % lt=0 grx. If M is
a Riemannian (G-manifold, then the vector field £ 1s a Killing vector field.

5.1.5. Definition. If M is a G-manifold and r € M then Gz, the G-orbit
through x, and G ., the isotropy subgroup at x are defined respectively by:

Gz = {gx | g € G},

G, ={9€G|gr=z}.

The orbit map w, : G — M 1s the map g + gz. It is constant on GG,
cosets and hence defines a map w, : G/G, — M that is clearly injective,
with image Gz. Since GG/G, has a smooth quotient manifold structure, this
means that we can (and will) regard each orbit as a smooth manifold by carrying
over the differentiable structure from GG/G,. Since the action is smooth the
orbits are even smoothly “immersed” in M, but it is important to note that
without additional assumptions the orbits will nof be regularly embedded in M,
1.e., the manifold topology that G inherits from GG /G, will not in general be
the topology induced from M. Moreover Gz will not in general be closed in
M, and even the tangent space of Gx at x need not be closed in T'M,. The
assumptions of properness and Fredholm, defined below, are required to avoid
these unpleasant possibilities.

To prepare for the definition of Fredholm actions we recall the definition of
a Fredholm map between Hilbert manifolds. If V', W are Hilbert spaces, then
a bounded linear map 7" : V' — W is Fredholm if Ker T" and Coker T are of
finite dimension. It is then a well-known, easy consequence of the closed graph
theorem that 7'(V') is closed in W. If M and N are Hilbert manifolds, then a
differentiable map f : M — N is Fredholm if df .. 1s Fredholm for all = in M.
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5.1.6. Definition. The G-action on M 1is called Fredholm if for each x € M
the orbit map w, : G — M 1s Fredholm. In this case we also say that M 1s a
Fredholm G-manifold.

5.1.7. Remark. Clearly any smooth map between finite dimensional mani-
folds 1s Fredholm, so if G is a finite dimensional Lie group and M is a finite
dimensional G-manifold then the action of G’ on M is automatically Fredholm.

5.1.8. Proposition. [f M is any G manifold, then

(1) Ggo = gGmg_l,

(ii) if Gx N Gy # 0, then Gx = Gy,

(iii) T(Gz), = {{(z) | £ € G}

(iv) If the action is Fredholm then each isotropy group G ;. has finite dimension
and each orbit Gz has finite codimension in M.

Let M /G denote the set of all orbits, and 7 : M — M /G the orbit map
defined by x — Gz. The set M /G equipped with the quotient topology is
called the orbit space of the GG-manifold M and will also be denoted by M.
The conjugacy class of a closed subgroup H of GG will be denoted by (H ) and
is called a G-isotropy type. If Gz is any orbit of a G-manifold M, then the set
of isotropy groups Gg, = gG,g~ ! at points of G is an isotropy type, called
the 1sotropy type of the orbit, and two orbits (of possibly different (G-manifolds)
are said to be of the same type if they have the same isotropy types.

5.1.9. Definition. Let M and N be G-manifolds. A mapping F': M — N is
equivariant if F(gx) = gF'(x) forall (g,x) € Gx M. Afunction f : M — R
is invariant if f(gz) = f(x) forall (g, z) € G x M.

If F : M — N is equivariant, then it is easily seen that F'(Gx) =
G(F(x)),and G, € G p(,) with equality if and only if ' maps G'r one-to-one
onto G(F'(x)). It follows that two orbits have the same type if and only if they
are equivariantly diffeomorphic.

5.1.10. Definition. Let M be a G-manifold. An orbit Gz 1s a principal
orbit if there is a neighborhood U of x such that for all y € U there exists a
G-equivariant map from Gz to Gy (or equivalently there exists g € G such that
G: C gGyg™1). (G.) is a principal isotropy type of M if Gz is a principal
orbit.

A point x is called a regular point if G is a principal orbit, and z is called
a singular point if G 1s not a principal orbit. The set of all regular points, and
the set of all singular points of M will be denoted by M, and M, respectively.

5.1.11. Definition. Let M be a G-manifold. A submanifold S of M is called
a slice at x if there is a G-invariant open neighborhood U of G and a smooth
equivariant retraction r : U — Gz, such that S = r—*(z).
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5.1.12. Proposition. If M is a G-manifold and S is a slice at x, then
(i)xe Sand G,S C S,
(ii) gS N S # () implies that g € G,
(iii) GS = {gs| (g.s) € G x S} is open in M.

PrOOF. Letr :U — Gz be an equivariant retraction and S = r~1(x).
Then G, C G, forally € S, hence |Gy is a submersion. This implies that
x is a regular value of 7, so S is a submanifold of M. If y € S and gy € S,
then r(gy) = = = gr(y) = gz, ie.,g € G,. If g € G, and s € S, then
r(gs) = gr(s) = gxr = x. Sowehave G,5 C 5. =

5.1.13. Corollary. If S is aslice at z, then

(1) S is a G,-manifold,

(2)ify € S, then G, C G,

(3) if Gx is a principal orbit and G, is compact, then G,, = G, forally € S,
i.e., all nearby orbits of Gx are principal of the same type.

(4) two G ,-orbits G s, and G52 of S are of the same type if and only if the
two G-orbits G's1 and Gso of M are of the same type,

(5) S/G. = GS/G, which is an open neighborhood of the orbit space M |G
near Gx.

Proor. (1) and (2) follow from the definition of slice. If y € S then
Gy is a closed subgroup of G, hence if GG is compact so is Gy. If Gz is
principal then, by definition, for y near = we also have that (, is conjugate
to a subgroup of (&,,. But if two compact Lie groups are each isomorphic to a
subgroup of the other then they clearly have the same dimension and the same
number of components. It then follows that for  in .S we must have G, = G .
Let K = G, and s € S. Using the condition (i1) of the Proposition we see that
K, = (G, and (4) and (5) follow. =

Exercises.

What are the orbits of the actions in (1), (4) and (5) of Example 5.1.4 ?
Find all orbit types of the actions in (1), (4) and (5) of Example 5.1.4.
Describe the orbit space of the actions in (1), (4) and (5) of Example 5.1.4.
Let S be the $O(n)-space in Example 5.1.4 (4), and X the set of all trace
zero n X n real diagonal matrices. Show that:

(1) X meets every orbit of S,

(1) if z € X, then Gz 1s perpendicular to X,
(iii) let £ = {diag(z1,...,2n) | z1,..., 2z, are distinct}, and S a

connected component of 3°. Then S is a slice at = forall z € S.

RN
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5. Let M be the SU(n)-space in Example 5.1.4 (5), and X the set of all trace
zero n. X n real diagonal matrices. Show that
(1) X meets every orbit of M,
(11) if x € X, then Gz 1s orthogonal to ¥,
(i) let ¥° = {diag(x1,...,on) | 21,..., T, are distinct}, and S a
connected component of XV, then S is a slice at  forall x € S.
6. Describe the orbit space of the action of Example 5.1.4 (3) for G = SU(n)
and G = SO(n).

5.2. Proper actions

5.2.1. Definition. @A (G-action on M 1s called proper if g,x,, — vy and
x, — « 1mply that g,, has a convergent subsequence.

5.2.2. Remark. Either of the following two conditions i1s necessary and
sufficient for a (G-action on M to be proper:
(1) the map from G x M to M x M defined by (¢, x) — (gx, x) is proper,
(ii) given compact subsets K and L of M, the set {g € G| gK N L # (0} is
compact.

5.2.3. Remark. If (G is compact then clearly any (G-action is proper. Also, if
(& acts properly on M, then all the 1sotropy subgroups (G, are compact.

Next we discuss the relation between proper actions and Riemannian ac-
tions.

5.2.4. Proposition. Let M be a finite dimensional Riemannian G-manifold.
If G is closed in the group of all isometries of M then the action of G on M is

proper:

ProoFr. Suppose g,r, — yand x,, — x in M. Since M is of finite
dimension, there exist compact neighborhoods K and L of x and y such that
rn € K and g, K C L. Because the g,, : M — M are isometries, {g, } is
equicontinuous, and it then follows from Ascoli’s theorem that a subsequence
of {g,, } converges uniformly to some isometry g of M. Thus if G is closed in
the group of isometries of M, g,, has a convergent subsequence in G. =

The above proposition is not true for infinite dimensional Riemannian (-
manifolds. A simple counterexample is the standard orthogonal action on an
infinite dimensional Hilbert space V' (the i1sotropy subgroup at the origin 1s the
group O(V'), which is not compact). However, if M 1s a proper Fredholm (PF)
(-manifold, then there exists a G-invariant metric on M, 1.e., G acts on M
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isometrically with respect to this metric. In order to prove this fact, we need the
following two theorems. (Although these two theorems were proved in [Pal]
for proper actions on finite dimensional (G-manifolds, they generalize without
difficulty to infinite dimensional PF (G-manifolds):

5.2.5. Theorem. [f M is a PF G-manifold and {U,} is a locally finite open
cover consisting of G-invariant open sets, then there exists a smooth partition
of unity { f. } subordinate to {U,, } such that each f,, is G-invariant.

Such { f. } is called a G-invariant partition of unity. Roughly speaking, it
is a partition of unity subordinate to the open cover {U,, } of the orbit space M.

5.2.6. Theorem. I[f M is a PF G-manifold, then given any r € M there
exists a slice at x.

5.2.7. Theorem. I[f M is a PF G-manifold, then there exists a G-invariant
metric on M, i.e., the G-action on M is isometric with respect to this metric.

Proor. Using Theorem 5.2.6, given any x € M there exists a slice .S,
at . Then {U, = GS, | z € M} is a G-invariant open cover of M. So we
may assume that there exists a locally finite G-invariant open cover {U,, } such
that U, = GS, and S,, is the slice at z,,. Let { f, } be a G-invariant partition
of unity subordinate to {U,, }.

Since GG, 1s compact, by the averaging method we can obtain an orthog-
onal structure b, on 7'M |S,,, which is GG, -invariant. Extend b, to TM|U,,
by requiring that b, (gs)(dgs(u1), dgs(uz)) = bo(s)(uy,usz) for g € G and
s € S, . This is well-defined because b,, is G - invariant. Then b = > f,b,
1s a G-invariant metricon M. =

As a consequence of Proposition 5.2.4 and Theorem 5.2.7 we see that a finite
dimensional GG-manifold M is proper if and only if there exists a Riemannian
metric on M such that G 1s a closed subgroup of Iso(M).

5.3. Coxeter groups

In this sections we will review some of the standard results concerning
Coxeter groups. For details see [BG] and [Bu].

Coxeter groups can be defined either algebraically, in terms of generators
and relations, or else geometrically. We will use the geometric definition. In
the following we will use the term hyperplane to mean a translate ¢ of a linear
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subspace of codimension one in some R*, and we let R, denote the reflection
in the hyperplane ¢. Given a constant vector v € R, we let T}, : R* — R*
denote the translation given by v, 1.e., T}, (x) = = + v. Recall that any isometry
¢ of R* is of the form p(x) = g(x) + vy (i.e., the composition of T}, and g)
for some g € O(k) and vy € R

5.3.1. Definition. Let {¢; | i € I} be a family of hyperplanes in R*. A
subgroup W of Iso(R") generated by reflections {Ry,| i € I} is a Coxeter
group if the topology induced on W from Iso(R") is discrete and the W -action
on R” is proper. An infinite Coxeter group is also called an affine Weyl group.

5.3.2. Definition. Let W be a subgroup of Iso (Rk ) generated by reflections.
A hyperplane ¢ of R* is called a reflection hyperplane of W if the reflection
Ry 1s an element of W. A unit normal vector to a reflection hyperplane of W
is called a root of W.

5.3.3. Definition. A family § of hyperplanes in R” is locally finite if given
any = € R¥ there exists a neighborhood U of - such that {¢ | {NU # 0, ¢ € H}
is finite.

5.3.4. Definition. Let$ = {/; | i € I} be a family of hyperplanes in R*, and
v; a unit vector normal to ¢;. The rank of ) is defined to be the maximal number
of independent vectors in {v; | i € I'}. If W is the Coxeter group generated by

{R¢ | £ € $H}, then the rank of W is defined to be the rank of .

5.3.5. Proposition. Suppose § is a locally finite family of hyperplanes
in R* with rank m < k. Then there exists an m-dimensional plane E in R*
such that the subgroup of Iso(R*) generated by {R; | ¢ € $} is isomorphic
to the subgroup of Iso(E') generated by reflections of E in the hyperplanes
{¢N E|t € ©}, the isomorphism being given by g — g|E.

Thus, without loss of generality, we may assume that a rank k& Coxeter
group is a subgroup of Iso(R").

5.3.6. Theorem [Te5]. Let W the subgroup of Iso(R¥) generated by a set of
reflections { R;| i € I}, and let $) denote the set of all reflection hyperplanes of
W. Then Wis a Coxeter group if and only if § is locally finite.

5.3.7. Corollary. Let W be a subgroup of Iso(R*) generated by a set of
reflections { R;| i € I}, and $) the set of reflection hyperplanes of W. Suppose
that $) is locally finite and rank($) = k. Then

(i) W is a Coxeter group of rank k,

(ii) W permutes the hyperplanes in ),

(iii) if  has finitely many hyperplanes, then W is a finite group and [ |{{| £ €
9} ={z,} is a point,
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(iv) if $ has infinitely many hyperplanes, then W is an infinite group.

5.3.8. Theorem. Let W be a rank k Coxeter group on R*, and $ the set of
reflection hyperplanes of W. Let U be a connected component of R* \ U{¥|ie
I}, and U the closure of U. Then

(i) U is a fundamental domain of W, i.e., each W -orbit meets U at exactly
one point, and U is called a Weyl chamber of W,

(ii) U is a simplicial cone if W is finite, and U is a simplex if W is infinite.

5.3.9. Theorem. Let W be a rank k finite Coxeter group on R*, and U a
Weyl chamber of W . Then there are k reflection hyperplanes €1, ... €L of W
such that

(i) (¥l |1 <i <k} ={x0} is one point,

(ii) the boundary of U is contained in | J{¢; | 1 < i < k},

(iii) W' is generated by reflections {Ry. | 1 < i < k},

(iv) there exist unit vectors v; normal to {; such that

U={xcR {(z,v;) >0foralll<i<Ek},

and {v, ..., v} is called a simple root system of W

5.3.10. Theorem. Let W be a rank k infinite Coxeter group on R*, and U a
Weyl chamber of W. Then there are k + 1 reflection hyperplanes {1, ..., {1
of W such that

(ﬂﬂ{f”lé’ifkj-l}:@,

(ii) the boundary of U is contained in | J{¢; | 1 < i < k + 1},

(iii) W' is generated by reflections {Rp. | 1 <1 < k + 1},

(iv) there exist unit vectors v; normal to {; such that

U= {xcR{(xr,v;) >0foralll1 <i<Ek-+1},
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and {vy, ...,vpy1} is called a simple root system for W,

W) ifQ = {v € R*| T\, € W} is the subgroup of translations in W, then W
is the semi-direct product of W, and (), where p is a vertex of U and W, is the
isotropy subgroup of W at p.

/\ \

5.3.11. Definition. A rank k& Coxeter group W on R* is called crystallo-
graphic, if there 1s a rank k integer lattice ' which 1s invariant under W. A
finite crystallographic group is also called a Weyl group.

5.3.12. Theorem. Let W be a Coxeter group generated by reflections
in affine hyperplanes {{; | i € Iy}. Then W is crystallographic if and only
if the angles between any {; and {; is 7 /p, for some p € {1,2,3,4,6}, or
equivalently, if and only if the order m; of Ry, o Ry,, i # j is either infinite or
is equal to 2,3, 4 or 6.

Note that if, for 7 = 1, 2, W is a Coxeter group on R*i, then W; x Ws is
a Coxeter group on RFHFz,

5.3.13. Definition. A Coxeter group W on R” is irreducible if it cannot be
written as a product two Coxeter groups.

5.3.14. Theorem. Every Coxeter group can be written as the direct product
of finitely many irreducible Coxeter groups.

Let W be a finite Coxeter group ofrank k, {vy, . .., vx } a system of simple
roots, I; the reflection along v;, and m;; the order of R; o R;. The Coxeter
graph associated to W is a graph with k vertices with the i** and ;" vertices
joined by a line (called a branch) with a mark m;; if m;; > 2 and is not joined
by a branch if m;; = 2. As a matter of convenience we shall usually suppress
the label on any branch for which m;; = 3. The Dynkin diagram is a Coxeter
graph with the further restriction that m;; = 2, 3, 4. 6 or oo, in which branches
marked with 4 are replaced by double branches and branches marked with 6 are
replaced by triple branches. Similarly, we associate to an infinite Coxeter group
of rank k£ a graph of k£ + 1 vertices.
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5.3.15. Theorem.

(1) A Coxeter group is irreducible if and only if its Coxeter graph is connected.

(2) If the Coxeter graph of W1 and Wy are the same then W is isomorphic
to Ws.

(3) If W is isomorphic to the product of irreducible Coxeter groups Wy x
... x W, and D; is the Coxeter graph for W;, then the Coxeter graph of W is
the disjoint union of D1, . .., D,.

Therefore the classification of Coxeter graphs gives the classifications of
Coxeter groups.

5.3.16. Theorem. I[f'W is an irreducible finite Coxeter group of rank k, then
its Coxeter graph must be one of the following:

Ay 0—o0-+-0—0

By o—o0---0—2 0

Dy o—=o0--- D—I—o

FE; o— o - I—o—o kE=6.7,8
Fy o o—2 o o

G o—% o

H;l o——o0 (n=5 or n>6)

I3 o—2 o o

14 o—> o o )

5.3.17. Corollary. If W is a rank k finite Weyl group, then its Dynkin
diagram must be one of the following:

Ay 0—o0-+-0—0

Bk o—~0 -« —o
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Dy o 0---0 I o

E}. o o .- I o o k=6,7,8

F4 o o O

G2 [e=———37)

5.3.18. Theorem. If W is an irreducible infinite Coxeter group of rank k,
then its Dynkin diagram must be one of the following:

Ay o—= o

Ak 6/000\0

F-z o——r—— 0O

Ch c—o o0---0a—o
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G2 oO—

5.3.19. Chevalley Theorem. Let W be a finite Coxeter group of rank k on

RF. Then there exist k W -invariant polynomials uy, . . . , wy, such that the ring
of W -invariant polynomials on R* is the polynomial ring Rluy, ..., ugl.
Exercises.

1. Classify rank 1 and 2 Coxeter groups directly by analytic geometry and
standard group theory.
2. Suppose W is a rank 3 finite Coxeter group on R*.
(i) Show that W leaves S? invariant,
(i1) Describe the fundamental domain of W on S2 for W = As, Bj.

5.4. Riemannian G-manifolds

Let M be a Riemannian Hilbert manifold. Recall that a smooth curve aisa
geodesic if Vo = 0. Let exp,, : T'M, — M denote the exponential map at
p. Thatis, exp,(v) = (1), where a is the unique geodesic with a(0) = p and
a’(0) = v. Then exp,(0) = p and d(exp,)o = id. It follows that for r > 0
sufficiently small the restriction ¢ of exp,, to the ball B,.(0) of radius r about
the origin of 7'M, is a diffeomorphism of B,.(0) onto a neighborhood of p in
M . Then ¢ 1s called a geodesic coordinate system for M at p. The supremum
of all such r is called the mjectivity radius of M atp. If o : M — M is an
isometry and o is a geodesic, then (o) is also a geodesic. In particular we
have

5.4.1. Proposition. [f M is a Riemannian Hilbert manifold and p : M — M
is an isometry, then

p(expp(tﬁ)) = Cxpap(p} (t d(fjp(v))ﬂ

forp € M, and v € TM,. In particular, if p(po) = po then in geodesic
coordinates near py,  is linear.

5.4.2. Corollary. If M is a Riemannian Hilbert manifold and p : M — M
is an isometry, then the fixed point set of p:

F={zxe M|px) ==z}
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is a totally geodesic submanifold of M.

Proor. This follows from the fact that T'F), is the eigenspace of the
linear map dy, with respect to the eigenvalue 1. =

In section 5.2 we used the existence of slices for PF G-manifolds to prove
the existence of (G-invariant metrics. We will now see that conversely the
existence of slices for PF Riemannian actions is easy.

Let N be an embedded closed submanifold of a Riemannian manifold M.
Forr > 0 we let S.(z) = {exp,(u)|l z € N, u € v(N)a, |ul| < r},
and v,.(N) = {u € v(N), | € N, |u| < r}. If exp maps v,.(N)
diffeomorphically onto the open subset U,. = exp(v,.(N)), then U, is called a
tubular neighborhood of N. Suppose M is a PF Riemannian (G-manifold and
N = Gp. Then there exists an r > 0 such that exp,, is diffeomorphic on the
r-ball B,. of T'"M,, and exp,,(B,.) N N has only one component (or, equivalently,
dnr(p, N\ exp,(B;)) > r). Then U, /3 is a tubular neighborhood of N = Gp
in M.

5.4.3. Proposition. Ler M be a Riemannian PF GG-manifold. Let r > () be
small enough that U, = exp(v,(Gx)) is a tubular neighborhood of Gx in M.
Let S, denote exp (v, (Gx),). Then

(1) Sg:r = gS:r,

(2) Sy is a slice at x, which will be called the normal slice at .

Proor. (1) is a consequence of Proposition 5.4.1. Since v,.(Gx) is a
tubular neighborhood, S, and S, are disjoint if = # y. So if g5, N S, # 0,
then Sy, = S, and gz = .

Let M be a G-manifold. The differential of the action (&, defines a linear
representation ¢ of G, on T'M, called the isotropy representation at x. Now
suppose that M 1s a Riemannian (G-manifold. Then ¢ is an orthogonal repre-
sentation, and the tangent space 7'(Gx), to the orbit of x is an invariant linear
subspace. So the orthogonal complement v(Gx).., 1.e., the normal plane of G
in M at x, is also an invariant linear subspace, and the restriction of the isotropy
representation of G, to v(Gx), 1s called the slice representation at x.

5.4.4. Example. Let M = G be a compact Lie group with a bi-invariant
metric. Let G x G acton G by (g1, 92)-g = g19g5 . Then M is a Riemannian
G x (G-manifold (in fact a symmetric space), G. is the diagonal subgroup
{(g,9)| 9 € G}, and the isotropy representation of G. ~ G on TG, = G is
just the adjoint action as in Example 5.1.4 (3).

5.4.5. Example. Let M = (/K be a compact symmetric space, and G =
JC+P 1s the orthogonal decomposition with respect to —b, where b 1s the Killing
form on G. Then TM.x = P and G.x = K. Let ad denote the adjoint
representation of G on G. Then ad(K)(P) C P. So it gives a representation
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of K on P, which is the isotropy representation of M at e/ K. For example,
M = (G x G)/G gives Example 5.4.4.

5.4.6. Remark. The set of all isotropy representations for non-compact sym-
metric spaces is the same as the set of all i1sotropy representations for compact
symmetric spaces.

5.4.7. Proposition. Let M be a Riemannian PF (G-manifold, and x € M.
Then Gz is a principal orbit if and only if the slice representation at x is trivial.

Proor. Let S denote the normal slice at . Then G, C G, for all
y € S. So Gz is a principal orbit if and only G, = G, forally € S, 1e., G,
fixes S. Then the result follows from Proposition 5.4.1. =

5.4.8. Corollary. Let M be a Riemannian G-manifold, x a regular point,
and S, the normal slice at x as in Proposition 5.4.3. Then G,, = G, for all
Yy ES;.

5.4.9. Corollary. Let M be a Riemannian G-manifold, Gx a principal orbit,
andv € v(Gzx),. Thent(gx) = dg.(v) is awell-defined smooth normal vector
field of Gz in M.

ProOOF. Ifgr = hx,theng=*h € G,. ByProposition5.4.7,d(g~*h),(v)
v, which implies that dg,.(v) = dhx(v). =

5.4.10. Definition. Let M be a Riemannian G-manifold, and /N an orbit of M.
A section u of v( V) is called an equivariant normal field if dg..(u(x)) = u(gx)
forallg € Gandx € N.

5.4.11. Corollary. Let M be a Riemannian G-manifold, Gx a principal
orbit, and {v,,} an orthonormal basis for v(Gx),. Let ¥, be the equivariant
normal field defined by v, as in Corollary 5.4.9. Then {v,} is a global smooth
orthonormal frame field on Gx. In particular, the normal bundle of Gx in M
is trivial.

5.4.12. Proposition. Let M be a Riemannian G-manifold, N an orbit in M,
and v an equivariant normal field on N. Then

(1) Aygey = dge © Ay(py © dgyt for all x € N, where A, is the shape
operator of N with respect to the normal vector v,

(2) the principal curvatures of N along v are constant,

(3) {exp(v(x))| x € N} is again a G-orbit.



Lecture 8

ProoF. Sincedg,(T'N,) = T'N,, and g is an isometry, (1) follows. (2)
1saconsequence of (1). Since v(gx) = dg.(v(z)), (3) follows from Proposition
54.1. =

5.4.13. Corollary. Let N"(c) be the simply connected space form with
constant sectional curvature ¢, G a subgroup of Iso(N"(c)), M a G-orbit, and
v an equivariant normal field on M. Then {Y (v(x)) | x € M} is again a
G-orbit, where Y is the endpoint map of M in N™(c).

We will now consider the orbit types of PF actions.

5.4.14. Proposition. If M is a PF G-manifold, then there exists a principal
orbit type.

Proor. ByRemark5.2.3 all ofthe isotropy subgroups of M are compact.
It follows that there exists an isotropy subgroup, GG, having minimal dimension
and, for that dimension, the smallest number of components. By Theorem 5.2.6,
there exists a slice S at . Then (&S 1s an open subset, and G, C G for all
s € S. By the choice of x it follows that in fact G, = G, forall s € S. But
then Gy = gGsg9~' = 9gG.g~ ', so (G,) is a principal orbit type.  m

5.4.15. Theorem. If M is a PF G-manifold, then the set M, of regular
points is open and dense.

PROOF. Openness follows from the existence of slice. To prove dense-
ness, we proceed as follows: Let U be an open subset of M/, x € U, and S a
slice at x. Choose y € GS N U so that Gy, has smallest dimension and, for
that dimension, the smallest number of components. Let Sy be a slice at v,
and z € GSy N U N GS. It follows form Corollary 5.1.13 (2) that there exists
g € G such that G, C ¢G,g~"'. Since the dimension of GG, is less than or
equal to the dimension of ., we conclude that . and GG, in fact have the
same dimension, and then since the number of components of GG, 1s less than
or equal to the number of components of G., G. = ¢gG,g~'. This proves that
Gy 1s a principal orbit. =

5.4.16. Theorem. If M is a PF G-manifold then given a point p € M there
exists a G-invariant open neighborhood U containing p such that U has only
finitely many G-orbit types.

PrROOF. By Theorem 5.2.7 we may assume that M is a PF Riemannian
(G-manifold. Let S be the normal slice at p. Then S is of finite dimension,
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and G, 1s a compact group acting isometrically on S so, by 5.1.13(4), it will
suffice to prove this theorem for Riemannian (G-manifolds of finite dimension
n. We prove this by induction. For n = 0 the theorem 1is trivial. Suppose it is
true for all proper G-manifolds of dimension less than n and let M be a proper
Riemannian (G-manifold of dimension n, p € M, and S the normal slice at p.
By 5.1.13(4) again, it will suffice to prove that locally S has only finitely many
orbit types. If dim(S) < n, then this follows from the induction hypothesis,
so assume that dim(.5) = n. Then by Proposition 5.4.1 the (G,-action p on S
is an orthogonal action on 7'M,, = R" with respect to geodesic coordinates.
Now G, leaves $”~! invariant and, by the induction hypothesis, locally §"~*
has only finitely many orbit types. But then because $™ ! is compact, it has
finitely many orbit types altogether. Now note that, in a linear representation,
the 1sotropy group (and hence the type of an orbit) is constant on any line through
the origin, except at the origin itself. So p has at most one more orbit type on S
than on $™ !, and hence only finitely many orbit types. m

5.4.17. Theorem. If M is a PF G-manifold, then the set M, = M./G of
singular orbits does not locally disconnect the orbit space M = M /G.

Proor. Using the slice representation as in the previous theorem, it
suffices to prove this theorem for linear orthogonal G-action on R™. We proceed
by induction. If n = 1, then we may assume that G = O(1) = Z5. It is easily
seen that R/G is the half line {:| x > 0} with O as the only singular orbit.
So {0} does not locally disconnect R/G. Suppose G C O(n). Applying the
induction hypothesis to the slice representation of "', we conclude that the
set of singular orbits of "' does not locally disconnect "' /G. But R" /G
is the cone over "' /G. So the set of singular orbits of R™ does not locally
disconnect R" /G. n

5.4.18. Corollary. If M is a connected PF (G-manifold, then
(1) M /G is connected,
(2) M has a unique principal orbit type.

5.4.19. Corollary.  Suppose M is a connected PF (G-manifold. Let m =
inf{dim(G,) | € M}, and k the smallest number of components of all the
dimension m isotropy subgroups. Then an orbit Gx is principal if and only if
G, has dimension m and k components.
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5.5. Riemannian submersions

A smooth map w : F — B 1s a submersion if B 1s a finite dimension
manifold and the rank of d . is equal to the dimension of B. Then V' = ker(d)
1s a smooth subbundle of T'FE' called the tangent bundle along the fiber (or the
vertical subbundle). In case E and B are Riemannian manifolds we define the
horizontal subbundle H of TE to be the orthogonal complement V- of the
vertical bundle.

5.5.1. Definition. Let £ and B be Riemannian manifolds. A submersion
m : Y — B is called a Riemannian submersion if dmw, maps H, isometrically
onto T'B(,) forall x € E.

The theory of Riemannian submersions, first systematically studied by
O’Neil [On], plays an important role in the study of isometric actions, as we
will see in the following.

5.5.2. Remark. Let A be a PF Riemannian G-manifold. Suppose M has
a single orbit type (H), and H = G,. Then the orbit map p : M — M is a
smooth fiber bundle. If S is a slice at &, then we get a local trivialization of p on
the neighborhood GG'S of the orbit Gz using the diffeomorphism G/H x S =
GS defined by (gH,s) +— gs. There is a unique metric on M such that
p 1s a Riemannian submersion. To see this, we define the inner product on
Tﬂ:fp(i»} by requiring that dp, : v(Gx), — Tfﬁfp(w) 1s an isometry. Since
dg. (T (Gx)z) = T(Gx)ge and dg, 1s an isometry, dg, maps the inner product
space v(Gx), isometrically onto v/(Gx)g4.. This shows that the metric on M
1s well-defined, and it is easily seen to be smooth. Actually, in this case M
is a smooth fiber bundle in a completely different but important way. First,
it is clear that M is partitioned into the closed, totally geodesic submanifolds
F(gHg™!'), where the latter denotes the fixed point set of the subgroup g Hg—*.
Clearly F(g1Hgy"') = F(g2Hg; ") if and only if gy N(H) = g.N(H),
where N (H ) denotes the normalizer of H in G. Thus we get a smooth map
IT: M — G/N(H) having the F(gH g—') as fibers. Note that N (H ) acts on
F(H), and it is easily seen that the fibration Il : M — G /N (H) is the bundle
with fiber F'( H) associated to the principal N(H )-bundle G — G /N (H).
What is most important about this second realization of M as the total
space of a differentiable fiber bundle is that it points the way to generalize the
first when M has more than one orbit type. In this case let (H) be a fixed orbit
type of M, say H = (G,. Then F' = F'(H) is again a closed, totally geodesic
submanifold of M, and F* = F*(H) = {x € M | G, = H} is an open
submanifold of F'. Just as above, we see that M ) is a smooth fiber bundle
over G /N (H) with fiber F™*. In particular each orbit type M) is a smooth
G-invariant submanifold of M. But of course M|y has a single orbit type, so

as above its orbit space M, (#r) has a natural differentiable structure making the
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orbitmap p : Mfr) — f':j"{ ) a smooth fiber bundle, and a smooth Riemannian
structure making p a Riemannian submersion. Now we have already seen that
the decompositions of M and M into the orbit types Mp) and Mr{ H) are
locally finite. In fact they have all the best properties one can hope for in such
a situation. To be technical, they are stratifications of M and M respectively
and, by what we have just noted, the orbit map p : M — M is a stratified
Riemannian submersion.

5.5.3. Definition. Let 7 : E — B be a Riemannian submersion, V' the
vertical subbundle, and ‘H the horizontal subbundle. Then a vector field £ on F
1s

(1) vertical, if £(x) 1sin V,, forall x € F,

(2) horizontal, if £(x) is in H, forall x € E,

(3) projectable, if there exists a vector field 7 on B such that dw(£) = 7,

(4) basic, 1f it 1s both horizontal and projectable.

5.5.4. Proposition. Letnw : E — B be a Riemannian submersion.

(1) If T is a smooth curve on B then given py € n~1(7(tg)) there exists a
unique smooth curve ¥ on E such that 7' (t) is horizontal for all t, w(7) = T,
and T(tg) = po. T is called the horizontal lifting of T at py.

(2) If m is a vector field on B, then there exists a unique basic field 11 on E
such that dm () = n, which is called the horizontal lift of 1. In fact, this gives
a one to one correspondence between C> (T B) and the space of basic vector
fields on E.

5.5.5. Proposition. If X is vertical and Y is projectable then [X,Y] is
vertical.

Proor. This follows from the fact that

dr([X,Y]) = [dr(X),dn(Y)]. =

5.5.6. Proposition. Let m : E — B be a Riemannian submersion, T a
geodesic in B, and T its horizontal lifting in E. Let L(«) denote the arc length
of the smooth curve o, and Ey, = 7w~ (b). Then

(1) L(7) = L(7),

(2) T perpendicular to the fiber E_, for all t,

(3) if T is a minimizing geodesic joining p to q in B, then L(7) = d(E,, E,),
the distance between the fibers I, and E,

(4) T is a geodesic of E.
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Proo¥F. (1)and (2) are obvious. (4) is a consequence of (3). It remains
to prove (3). Suppose 7 1s a minimizing geodesic joining pand gin B. If «is a
smooth curve in £ joining a point in E), to a point in E,, then 7o v is a curve on
B joining p, q. So L(wmoa) > L(7). Let @' = w+ v, where u is the horizontal
component and v is the vertical component of «’. Since ||d7(u)|| = ||| and
dr(v) = 0, ||dm(a’)]| < ||a’||. So we have

L(a) =2 L(n(a)) = L(7) = L(7),

which implies that 7 is a geodesic, d(E,, E;) = L(T). =

5.5.7. Corollary. LILetw : ¥ — B be a Riemannian submersion. If o is
a geodesic in E such that o'(ty) is horizontal then o’ (t) is horizontal for all
t (or equivalently, if a geodesic o of E is perpendicular to Es4,) then it is
perpendicular fo all fibers E;(4)).

PROOF. Letpy = o(ty), T the geodesic of B such that 7(¢g) = 7(pg)
and 7' (tg) = dmw(o'(ty)). Let 7 be the horizontal lifting of 7 at py. Then both
o and 7T are geodesics of F' passing through py with the same tangent vector at
Po-Soo =T7T. n

5.5.8. Corollary. Letw : EE — B be a Riemannian submersion, and H the
horizontal subbundle (or distribution).

(1) If 'H is integrable then the leaves are totally geodesic.

(2) If H is integrable and S is a leaf of H then 7|S is a local isometry.

5.5.9. Remark. If FF = 7w~ !(b) is a fiber of 7 then H|F is just the normal
bundle of F' in FE. There exists a canonical global parallelism on the normal
bundle v(F'): a section © of v(F') is called m-parallel if dm(v(x)) is a fixed
vector v € T'Bj, independent of = in F'. Clearly v + v 1s a bijective correspon-
dence between m-parallel fields and 7" B;,. There is another parallelism on v ( F’)
given by the induced normal connection V" as in the submanifold geometry,
1.e., anormal field £ is parallel if V¥¢ = 0. It is important to note that in general
the m-parallelism in v( F") is not the same as the parallel translation defined by
the normal connection V”. (The latter is in general not flat, while the former is
always both flat and without holonomy.) Nevertheless we shall see later that if
‘H 1s integrable then these two parallelisms do coincide.

5.5.10. Remark. Let M be a Riemannian (G-manifold, (H) the principal
orbit type, and 7 : M) — M (#7) the Riemannian submersion given by the
orbit map. Then a normal field £ of a principal orbit G is GG-equivariant if and
only if £ 1s w-parallel.
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5.5.11. Definition. A Riemanniansubmersionw : £ — B iscalledintegrable
if the horizontal distribution H is integrable.

We will first discuss the local theory of Riemannian submersions. Let
m : ¥ — B be a Riemannian submersion. Then there is a local orthonormal
frame field e4 on E such thate,, ..., e, are vertical and €,, 1, ..., €, are
basic. Then {e’ = dm(e,)} is a local orthonormal frame field on B. We use
the same index convention as in section 2.1, 1.e.,

1<ijk<n,n+l<afy<n+k 1<ABC<n+k

Let w4 and w), be the dual coframe, and w 4 5, w;ﬁ the Levi-Civita con-
nections on £ and B respectively. Then 7*(w} ) = w,. Assume that

Wia = E AiapwWsg + 2 TiajWj (551)
3 J

Wap = ﬂ*(w;{j) + Z bagiwi - (5.5.2)

Note that
dw, = d(m*w},) = 7" (dw,

=7" Zw;ﬁ. Awp
3
- Z ﬂ*(waﬁ) A wp
3

which does not have w; A wg and w; A w; terms. But the structure equation
gives

dw,, = Z Was N\ wg + Zwm— A wi. (5.5.3)
i i

So the coefficients of w; A wg and w;w; in (5.5.3) are zero, 1.e.,

ba;’j’i = Qijanpa, (554)

Tiaj = Tjai- (5.5.5)

Note that the restriction of w;, and wup3 to the fiber F' are the second
fundamental forms and the normal connection of F'in E. In fact, ) rjqjw; ®
w;j @ e, is the second fundamental form of F' and w,g = >, bagiwi =
> ; @iapw; is the induced normal connection of the normal bundle v(F') in E.
Next we describe in our notation the two fundamental tensors A and T
associated to Riemannian submersions by O’Neil in [On]. Let u" and u? denote
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the horizontal and vertical components of u € T'E,,. Then it i1s easy to check
that

T(X,Y)=(Vx. Y)" + (Vx. Y™,
AX.Y) = (Vxu Y)Y 4 (VY

define two tensor fields on £. Using (5.5.1) and (5.5.2), these two tensors are

T = me(wi ®w;j ® ea — wi ® wa @ €;),

A= Za‘j,ﬁa(wa Rw; @eg —wa wg @ e;)-

If H is integrable then, by Corollary 5.5.8, each leaf S of H is totally
geodesic and e, |S is a local frame field on S. Thus the second fundamental
form on S is zero, 1.e., V. _e¢; 1s vertical, or a;,3 = 0. Note that ¢;|F form a
tangent frame field for the fiber F', and e, |F' is a normal vector field of F'. By
Proposition 5.5.5, [e;, €,] = V¢, eq — V_ € is vertical, so we have Ve, is
vertical, i.e., e, | F' is parallel with respect to the induced normal connection of
FinE.

Conversely, suppose e, | F' is parallel for every fiber F' of 7, 1.e., V., e, is
vertical, or w,z(e;) = 0. By (5.5.1) (5.5.2) and (5.5.4), we have

0= wa_ﬁ(ﬁ-g) = baﬁi = Qjap = wm(ﬁ,-'j!)-

The torsion equation implies that

leases] = Ve,e5 — Veseq = Z(ng(ca) —waaleg))ea.
Hence [eq, €3] is horizontal, i.e., H is integrable. So we have proved:

5.5.12. Theorem. Letw : E — B be a Riemannian submersion. Then the
following statements are equivalent:

(i) m is integrable,

(ii) every mw-parallel normal field on the fiber F = 7w~ (b) is parallel with
respect to the induced normal connection of F in E,

(iii) the O’ Neil tensor A is zero.
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5.6. Sections

Henceforth M will denote a connected, complete Riemannian (G-mani-
fold, and M, is the set of regular points of M. As noted above, we have a
Riemannian submersion 7w : M, — f';f':[r. We assume all the previous notational
conventions. In particular we identify the Lie algebra G of G with the Killing
fields on M generating the action of GG.

5.6.1. Proposition. I[f§ € G and o is a geodesic on M, then the quantity
(a’(t),&(o(t))) is a constant independent of t.

Proor. If¢isaKillingfieldand VE = >~ &, je; ®w;, then&;; +&;; = 0.
So (V4&,0") = 0. Since o is a geodesic, V-0’ = 0, which implies that

%(f(ﬂ)aa') = (Vor&,0") + (£(0),Voro') =0. u

It will be convenient to introduce for each regular point x the set 7 (x),
defined as the image of v((Gx), under the exponential map of M, and also
7. (x) = T (x) N M, for the set of regular points of 7 (). Note that 7 (x) may
have singularities.

5.6.2. Proposition. For each regular point x of M :

(1) g7 (z) = T(gz) and gT,(x) = T,(gx),

(2) for v € v(Gx), the geodesic o(t) = exp,(tv) is orthogonal to each
orbit it meets,

(3) if G is compact then T (x) meets every orbit of M.

Proor. (1) follows from Proposition 5.4.1, and (2) follows from Propo-
sition 5.6.1. Finally suppose (G is compact and given any y € M, since Gy 1s
compact, we can choose g € (G so that gy minimizes the distance from x to G'y.
Let 0(t) = exp(tvp) be a minimizing geodesic from r = o(0) to gy = o(s).
Then o is perpendicular to Gy. By (2), o 1s also orthogonal to Gz. In particular
vo = 0'(0) € v(Gx), so the arbitrary orbit Gy meets 7 (x) = exp(v(Gzx).)
atexp(svp) = gy. =

Let & be a regular point and S’ a normal slice at . If S’ is orthogonal to
each orbit it meets then so is gS. This implies that the Riemannian submersion
m : M, — M, is integrable. Since for most Riemannian G-manifold M the
submersion 7w : M, — M, is not integrable, a normal slice is in general not
orthogonal to each orbit it meets.

5.6.3. Example. LetS' actonR? x R? by e'! (z1,22) = (€21, € z3). Then
p = (1,0) is a regular point. It is easy to check that y = (1,1) € 7 (p) and
7 (p) is not orthogonal to the orbit Sy.



Lecture 8

5.6.4. Definition. A connected, closed, regularly embedded smooth subman-
ifold X of M 1s called a section for M if 1t meets all orbits orthogonally.

The conditions on ¥ are, more precisely, that GX = M and that for each
r e X,TY, Cv(Gr),. Butsince T'(Gr), is just the setof { (z) where { € G,
this second condition has the more explicit form

(*)Foreachx € Y and £ € G, £(x) 1s orthogonal to 7% ,.

In the following we will discuss some basic properties for (G-manifolds
that admit sections. For more detail, we refer the reader to [PT2].

It is trivial that if ¥ is a section for M then so is g for each g € GG. Since
G'Y = M, 1t follows that if one section X exists then in fact there 1s a section
through each point of M, and we shall say that M admits sections.

5.6.5. Example. All the examples in 5.1.4 admit sections. In fact, for (1),
{ru| r € R} is a section, where u is any unit vector in R™; for (2) a maximal
torus 1s a section; for (3) a maximal abelian (Cartan) subalgebra is a section; for
(4) and (5), the space of all trace zero real diagonal matrices is a section.

5.6.6. Definition. The principal horizontal distribution of a Riemannian G-
manifold M is the horizontal distribution of the Riemannian submersion on the
principal stratum 7 : M, — M,..

If X 1s a section of M then the set >, = > M M,. of regular points of X 1s an
integral submanifold of the principal horizontal distribution H of the G-action.
Since M, is always connected, it follows from Corollary 5.5.8, Remark 5.5.10
and Theorem 5.5.12 that we have:

5.6.7. Theorem. [f M admits sections, and ¥ is a section, then

(1) the principal horizontal distribution 'H is integrable;

(2) each connected component of 2.,. = 2. N M,. is a leaf of H,

(3) if F' is the leaf of 'H through a regular point x then «|F is a covering
isometry onto ﬂ:f.,..;

(4) X is totally geodesic,

(5) there is a unique section through each regular point x of M, namely
T (x) = exp(v(Gz).).

(6) an equivariant normal field on a principal orbit is parallel with respect
to the induced normal connection.

5.6.8. Remark. One might naively hope that, conversely to Theorem 5.6.7(1),
if ‘H 1s integrable then M admits sections. To give a counterexample take
M = S' x 8! and let G = S' x {e} acting by translation. Let & denote the
vector field on M generating the action of & and let 7 denote an element of the
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Lie algebra of S* x $' generating a nonclosed one parameter group v. If we
choose the invariant Riemannian structure for M making £ and 7 orthonormal
then a section for M would have to be a coset of v, which 1s impossible since v
1s not closed in M. This also gives a counter example to the weaker conjecture
that if a compact G-manifold M has codimension 1 principal orbits then any
normal geodesic to the principal orbit is a section. It is probably true that if H is
integrable, then a leaf of H can be extended to be a complete immersed totally
geodesic submanifold of M, which meets every orbit orthogonally. However
we can prove this only in the real analytic case.

5.6.9. Proposition. Suppose G is a compact Lie group, and M a Riemannian
G-manifold. Let xq be a regular point of M, and T = exp(v(Gxg)., ) If H
is integrable and T is a closed properly embedded submanifold of M, then T
is a section.

PROOF. By Proposition 5.6.2(3), it suffices to show that 7 is orthogonal
to Gx for all x € 7. Let F' denote the leaf of H through z(. By Corollary
5.5.8, F'1s totally geodesic. So F is openin 7 and 7 is orthogonal to G'y for
ally € F. Now suppose z € 7 \ F'. Since exp,. : T'7, — 7T is regular almost
everywhere, there 1s an open neighborhood U of the unit sphere of T'7,. such
that for all v € U there is an r > 0 such that ¢, () = exp,(rv) 1s in F. Then
by Proposition 5.6.2(2) o,,(0) = v is normal to Gz. m

It 1s known that any connected totally geodesic submanifold of a simply
connected, complete symmetric space can be extended uniquely to one that is
complete and properly embedded (cf. [KN] Chapter 9, Theorem 4.3). So we
have

5.6.10. Corollary. Let M = G /K be a simply connected complete symmet-
ric space, and H a subgroup of GG. Then the action of H on M admits sections
if and only if the principal horizontal distribution of this action is integrable. In
particular if the principal H -orbit is of codimension one then the H -action on
M has a section.

It follows from Theorem 5.5.12 that

5.6.11. Theorem. The following statements are equivalent for a Riemannian
G-manifold M :

(1) the principal horizontal distribution 'H is integrable,

(2) every G-equivariant (i.e., w-parallel) normal vector field on a principal
orbit is parallel with respect to the induced normal connection for the normal
bundle v(Gzx) in M,

(3) for each regular point x of M, if S is the normal slice at x then for all
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€ Gands e S, &(s) is normal to S.

5.6.12. Proposition. Let V' be an orthogonal representation of G, = a
regular point of V', and X the linear subspace of V' orthogonal to the orbit G
at x. Then the following are equivalent:

(i) V admits sections,

(ii) ¥ is a section for V,

(iii) for each v in ¥ and € in G, £(v) is normal to .

In the following, M is a Riemannian (G-manifold that admits sections. Let
x be a regular point of M, and ¥ the section of M through x. Recall that a
small enough neighborhood U of = 1n X 1s a slice at = and so intersects each
orbit near G in a unique point. Also recall that G, acts trivially on 3.

In general given a closed subset S of M we let N (S) denote the closed
subgroup {g € G| gS = S} of G, the largest subgroup of G which induces
an action on S, and we let Z(.S) denote the kernel of this induced action, i.e.,
Z(S) = {9 € G| gs = s, Vs € S} is the intersection of the isotropy
subgroups G4, s € S. Thus N(S)/Z(S) is a Lie group acting effectively on S.
In particular when .S is a section 3 then we denote N (X)) /Z(X) by W = W (%)
and call it the generalized Weyl group of X..

5.6.13. Remark. If M is the compact Lie group G with the Adjoint action,
then for a subgroup H of G, N(H ) and Z(H ) are respectively the normalizer
and centralizer of H. If for H we take a maximal torus 7" of G (which is in fact
a section of the Adjoint action) then Z(7") = T and W (T') = N(T')/T is the
usual Weyl group of GG.

5.6.14. Remark. Let x be a regular point, S a normal slice at =, and X2
a section at x. As remarked above G, C Z(S) C Z(X), and conversely
from the definition of Z(X) it follows that Z(X) C G, so Z(X) = G,.
Moreover if g3 = X then g is the section at the regular point gz. So G, =
Z(Y) = Z(9¥) = Gy Then it follows from Gy, = gG,g ' that we have
N(X) € N(G,)and W(X) C N(G,)/G..

5.6.15. Proposition.  The generalized Weyl group W (X)) of a section 3 is
a discrete group. Moreover if X' is a second section for M then W (X') is
isomorphic to W (%) by an isomorphism which is well determined up to inner
automorphism.

PrROOF. Let X be the section and S the normal slice at the regular point
x. Then S is an open subset of . If g € N(X) is near the identity then
gr € S. Since S meets every orbit near x at a unique poimnt, gr = x, Le.,
g€ G, =Z(X),s0 Z(X) is open in N(X) and hence W (X)) is discrete. If 32’
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is a section then &/ = gyX and so g — gpgg, ! clearly induces an isomorphism

of W(X) onto W (X'). =

5.6.16. Example. The isotropy representation of the symmetric space M =
G/K at eK admits sections. In fact, let G = KC 4 P be the orthogonal de-
composition of the Lie algebra G of G as in Example 5.4.5 and 2 a maximal
abelian subalgebra in P. Then 2 is a section and the generalized Weyl group
W is the standard Weyl group associated to the symmetric space G/ K. These
representations have the following remarkable properties:

(1) Given p € P, the slice representations of P again admits sections.

AW ~P/K.

(iii) Chevalley Restriction Theorem ([He],[Wa]): Let R[P]“ be the algebra
of G-invariant polynomials on P, and R[2]"V the algebra of W -invariant poly-
nomials on 2. Then the restriction map R[P]® — R[A]" defined by f +— f|2
1s an algebra 1somorphism.

Following J. Dadok we shall say that an orthogonal representation space is
polar if it admits sections. The following theorem of Dadok [Da] says that the
isotropy representations of symmetric spaces are “essentially” the only polar
representations.

5.6.17. Theorem. Let p : H — 0O(n) be a polar representation of a
compact connected Lie group. Then there exists an n-dimensional symmetric
space M = G /K and a linear isometry A : R" — T M.k mapping H-orbits
onto K -orbits.

5.6.18. Corollary. If pis a finite dimensional polar representation, then the
corresponding generalized Weyl group is a classical Weyl group.

5.6.19. Definition. A (G-manifold M is called polar if the G-action is proper,
Fredholm, isometric, and admits sections.

5.6.20. Remark. The generalized Weyl group of a polar G-manifold is not a
Weyl group in general. In fact we will now construct examples with an arbitrary
finite group as the generalized Weyl group. Given any compact group (7, a
closed subgroup H of G, a finite subgroup W of N(H)/H, and a smooth
manifold ¥ such that W acts faithfully on ¥, we let 7 : N(H) — N(H)/H
be the natural projection map, and K = 7' (W), so K acts naturally on .
Let

M=GxgX={(g,0)|l9g€ G, c€X}/ ~,

where the equivalence relation ~ is defined by (g, o) ~ (gk™!, ko), and define
the G-action on M by (g, ) = (vg, o). Now suppose ds? is a metric on M
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such that ds?|X and ds?|v(X) are K -invariant. Then G acts on M isometrically
with e x 3. as a section, ( H ) as the principal orbit type, and W as the generalized
Weyl group.

Note that any finite group W can be embedded as a subgroup of some
SO(n). Thus taking G = SO(n), H = e, and ¥ = §"~! in the the above
construction gives a (G-manifold admitting sections and having W as its gen-
eralized Weyl group. This makes it seem unlikely that there can be a good
structure theory for polar actions in complete generality. Nevertheless, Dadok’s
theorem 5.6.17 gives a classification for the polar actions on $™, and it would be
interesting to classify the polar actions for other special classes of Riemannian
manifolds, say for arbitrary symmetric spaces.

Although a general structure theory for polar actions is unlikely, we will
now see that the special properties in Example 5.6.16, for the isotropy represen-
tations of symmetric spaces, continue to hold for all polar actions.

5.6.21. Theorem. If M is a polar G-manifold and p € M, then the slice
representation at p is also polar. In fact, if 3. is a section for M through p then
TY, is a section and W (X),, = {¢ € W(X)| ¢(p) = p} is the generalized
Weyl group for the slice representation at p.

PrROOF. LetV = v(Gp), be the space of the slice representation, and
Vo = TX,. Then, by definition of a section, V} is a linear subspace of V.
Suppose B is a small ball centered at the originin V', § = exp,,(B) is a normal
slice at p, and x = exp,(v) € S. By Corollary 5.1.13, G, € G, for all
x € S. So the isotropy subgroup of the linear G,-action on V at = is G.
From this follows the well-known fact that the (& ,-orbit of = in V' has the same
codimension as the G-orbit of = in M. By Proposition 5.6.12 it suffices to
show that for each u € Vj and £ in the Lie algebra of G, ({(u).v) = 0 for
all v € Vj. Let g° be the one parameter subgroup on (), generated by £, and
u(t) = exp,(tu). Choose v(t) € TE, (4 suchthatast — O v(t) — vin T,
Since X 1s a section,

(€(u(t)), v(t))uy = 0, (5.6.1)

where (, ), () 1s the inner product on 7'M, (). Note that the vector field £ for
the G ,-action on V' 1s given by

£(v) = lim dg; (u)
=l (u®)

= lim lim ¢*(u(t)) = tli_IPI(l]f(u(t)).

t—0 s—0

Letting t — 0 1n (5.6.1), we obtain ({(u), v) = 0.



Lecture 8

It remains to prove that W (V) = W(X),. To see this note that N (V}) =
N(EXE)NG, and Z(Vp) = Z(X) NG, = Z(X), so W(Vy) C€ W(X),.
Conversely if gZ(X) € W(X),, then gp = p, which implies that W (%), C
W(Vp). =

5.6.22. Corollary. Let M be a polar G-manifold. If M has a fixed point
then the generalized Weyl group of M is a Weyl group.

5.6.23. Corollary. If M is a polar G-manifold then for any p € M, G, acts
transitively on the set of sections of M that contains p.

ProOOF. Let2; and 3.5 be sections through p and let = be a regular point
of >; near p. We may regard 3.5 as a section for the slice representation at p,
so it meets (G, , 1.e., there exists g € (&, such that gz € >5. Since g>; and
Yo are both sections of M containing the regular point gr they are equal by
Theorem 5.6.7(5). =

5.6.24. Corollary. Let M be a polar G-manifold, 3. a section of M, and
W = W(X) its generalized Weyl group. Then for x € ¥ we have Gz N'YX =
Wex.

PrROOF. It is obvious that Wa C Gz N ¥. Conversely suppose =’ =
gr € X. Then g¥ is asectionat x’, so by Corollary 5.6.23 there isy € (G, such
that yg> = ¥. Thusyg € N(X) so 2’ = v2’ = ygz isin N(X)xz = Wz.

For a K-manifold N, we let C°(IV)¥ and C>°(N)¥ denote the space of
all continuous and smooth K -invariant functions on N. As a consequence of
Corollary 5.6.24 we see that if M 1s a polar G-manifold with 3. as a section and
W as its generalized Weyl group, then the restriction map r from C°(M)% to
C%(X)W defined by 7(f) = f|X is an isomorphism. Moreover, it follows from
Theorem 5.6.21, Corollary 5.6.18, and a theorem of G. Schwarz [Sh] (if G is a
subgroup of O(n) then every smooth GG-invariant function on R" can be written
as a smooth functions of invariant polynomials) that the Chevalley restriction
theorem can be generalized to smooth invariant functions of a polar action, 1.e.,

5.6.25. Theorem [PT2]. Suppose M is a polar G-manifold, . is a section,

and W = W(X) is its generalized Weyl group. Then the restriction map
C>®(M)C — C>=(X)W defined by f — f|X is an isomorphism.
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5.7. Submanifold geometry of orbits

One important problem in the study of submanifolds of N”(¢) is to deter-
mine submanifolds which have simple local invariants. The submanifolds with
the simplest invariants are the totally umbillic submanifolds, and these have
been completely classified (see section 2.2). Another interesting class consists
of the compact submanifolds with parallel second fundamental forms. It is not
surprising that the first examples of the latter arise from group theory. Ferus
([Fe]) noted that if M is an orbit of the isotropy representation of a symmetric
space G/K and if M is itself a symmetric space with respect to the metric
induced on it as a submanifold of the Euclidean space T'(G /K ).k, then the
second fundamental form of M 1is parallel with respect to the induced normal
connection (defined in section 2.1). Conversely, Ferus ([Fe]) showed that these
are the only submanifolds of Euclidean spaces (or spheres) whose second fun-
damental forms are parallel. These results might lead one to think that orbits of
isometric action on S" may not be too difficult to characterize in terms of their
local geometric invariants as submanifolds. But in fact, this turns out to be a
rather complicated problem.

Let N be a Riemannian GG-manifold, and M = Gz a principal orbit in
N. If v 1s a G-equivariant normal field on M, then by Proposition 5.4.12 (3),
M, = {exp(v(x)) | z € M} is the G-orbit through x = exp,_(v(7¢)). The
map M — M, defined by gzo — exp,,, (v(gzo)) is a fibration. Moreover
every orbit 1s of the form M, for some equivariant normal field v. So in order
to understand the submanifold geometry of orbits of IV, it suffices to consider
principal orbits.

It follows from Proposition 5.4.12, Corollary 5.4.11 and Theorem 5.6.7
that we have

5.7.1. Theorem. Suppose M is a principal orbit of an isometric polar
G-action on N. Then

(1) a G-equivariant normal field is parallel with respect to the induced normal
connection,

(2) v(M) is globally flat,

(3) if v is a parallel normal field on M then the shape operators A,y and
A,y are conjugate for all x,y € M, i.e., the principal curvatures of M along
parallel normal field v are constant,

(4) there exists v > 0 such that

U={exp,(v)|ze M, vev(M)., |[v] <r}
is a tubular neighborhood of M,

(5) if So is the normal slice at xo, {exp, (v) | v € V(M)z,, ||v| < r}.
with the induced metric from N, then the map m : U — Sy, defined by
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m(exp,(v(r)) = exp, (v(xo)) for x € M and v a parallel normal field,
is a Riemannian submersion,

(6) { M| vis a parallel normal vector field of M} is a singular foliation
of N.

Note that the local invariants (normal and principal curvatures) of principal
orbits of polar actions of /N are quite simple. So, both from the point of view
of submanifold geometry and that of group actions, it is natural to make the
following definition:

5.7.2. Definition. A submanifold M of N is called isoparametric if v(M)
1s flat and the principal curvatures along any parallel normal field of M are
constant.

5.7.3. Example. If N is a polar GG-manifold, then the principal G-orbits are
1soparametric in /N. In particular the principal orbits of the isotropy repre-
sentation of a symmetric space U/ K are isoparametric in the Euclidean space
T(U/K)erx. But unlike the case of totally umbilic submanifolds and sub-
manifolds with parallel second fundamental forms of NP(c), there are many
1soparametric submanifolds of N?(¢) which are not orbits. These submani-
folds are far from being classified, but there is a rich theory for such manifolds
(for example properties (4-6) of Theorem 5.7.1 hold for these submanifolds),
and this will be developed in the later chapters.

Next we will discuss the submanifold geometry of a general Riemannian
G-manifold. It again follows from previous discussions that we have

5.7.4. Theorem. Suppose M is a principal orbit of an isometric G-manifold
N. Then

(1) there exist a tubular neighborhood U of M, a Riemannian manifold B
and a Riemannian submersion w : U — B having M as a fiber,

(2) if v is a w-parallel normal field on M then the shape operators A, () and
A, (y) are conjugate for all x,y € M, i.e., the principal curvatures of M along
a m-parallel normal field v are constant,

(3) if v is a m-parallel normal field on M then M, is an embedded submanifold
of N and the map M — M, defined by x — exp,(v(x)) is a fibration,

(4) {M,| v is a m—parallel normal vector field of M } is the orbit folia-
tion on N given by G.

This leads us to make the following definition:

5.7.5. Definition. An embedded submanifold M of N is orbit-like if
(1) there exist a tubular neighborhood U of M in N, a Riemannian manifold
B and a Riemannian submersion 7 : U — B having M as a fiber,
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(i1) if v is a 7-parallel normal field on the fiber M}, = 7' (b) then the shape
operators A,(,) and A,(,) of M, are conjugate for all z,y € M,, ie., the
principal curvatures of M}, along parallel normal field v are constant.

Then the following are some natural questions and problems:

(1) Let M be an orbit-like submanifold of N?(c¢), and suppose its Riemannian
submersion 7 1s defined on U = NP(c). Is there a subgroup G of Iso( N”(c))
such that all GG-orbits are principal and 7 is the orbit map?

(2) Do conditions (3) and (4) of Theorem 5.7.4 hold for orbit-like submani-
folds? If ||v|| 1s small then it follows from Definition 5.7.5 that (3) and (4) are
true. But it is unknown for large v.

(3) Suppose M™ is a submanifold of N”+%(¢) with a global normal frame
field {e, } such that the principal curvatures of M along e, are constant. Are
there a “good” necessary and sufficient condition on M that guarantee M is
orbit-like.

(4) Develop a theory of isoparametric submanifolds of symmetric spaces.

5.8. Infinite dimensional examples

First we review and set some terminology for manifolds of maps. Let M
be a compact Riemannian n-manifold. Then for all &

(u,v) = ﬁ;((IJr A)%ug v)dx

defines an inner product on the space C'>°(M,R™) of smooth maps from M
to R"™, where dx is the volume element of M and (, ) is the standard inner
product on R™. Let H*(M,R™) denote the completion of C'°°(M,R™) with
respect to the inner product ( , ). It follows from the Sobolev embedding
theorem [GT] that if £ > % then H*(M,R™) is contained in C"(M™,R™)
and the inclusion map is compact. Let IV be a complete Riemannian manifold
isometrically embedded in the Euclidean space R™. If k > 5 then

H*(M,N)={u<c H*(M,R™) | u(M) C N}

is a Hilbert manifold (for details see [Pa6]). In particular, H*(S8*, N) is a Hilbert
manifold if & > 3.

Let G be a simple compact connected Lie group, 7" a maximal torus of
GG, G, T the corresponding Lie algebras, and b the Killing form on G. Then
(u,v) = —b(u,v) defines an inner product on G. Let £ denote the trivial
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principal G-bundle on §*. Then the Hilbert group G = H'! (8', Q) is the gauge
group, and the Hilbert space V = H?(S',G) is the space of H°-connections
of £. The group G acts on V' by the gauge transformations:

g-u=gug ' +4g'g "

5.8.1. Theorem. Let G be a compact Lie group, T a maximal torus of
G, and G, T the corresponding Lie algebras. Let G = H'(S',G) act on
V =H'(S',G) by
g-u=gug~ +g'g7".

I?'zen this G-action is isometric, proper, Fredholm, and admits section. In fact,
T = the set of constant maps in V' with value in T, is a section, and the
associate generalized Weyl group W (T') is the affine Weyl group W x4 A,
where A = {t € T | exp(t) = e} and

(wr, A1) - (w2, A2) = (wrwa, A + wa(A1)).

PROOF. Since the Killing form on G is Ad(G) invariant, the G-action is
1sometric (by affine isometries). To see that it is proper, suppose gy, - iy — U
and u,, — wu. Since G is compact, g, - u — v, 1.e., g,ug, > + gLg- ' — v,
which implies that ||u,, + g g/, || is bounded. So ||g; ' ¢/, || is bounded. Since
G 1s compact, ||gn|o 1s bounded. Hence ||gn|[1 is bounded. It follows from
the Sobelov embedding theorem and Rellich’s lemma that the inclusion map
H'(S',G) — C°(S', G) is a compact operator, so there exists a subsequence
(still denoted by g,,) converging to go in H°(S*, G). But

lgnugy 't + gngn ' —vllo = llgnu + g, — vgullo — 0,

S0 gn — go in H'(S*, G).
The differential P of the orbit map g — gx at e is

P:HY(S'.G) — H(S*.G), uws o' + [u, ],

which is elliptic. So it follows form the standard elliptic theory [GT] that P is
Fredholm. This proves that the G-action is Fredholm.

Next we show that 7 meets every G-orbit. Let ® : HO(S',G) — G
be the holonomy map, i.e., given u € H°(S',G), let f : R — G be the
unique solution for f/f~! = w and f(0) = e, then ®(u) = f(27). Given
u € H°(S', G), by the maximal torus theorem there exist s € GG anda € 7 such
that s®(u)s~!' = exp(2ma). Let @ denote the constant map a(¢) = a. Then
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a € G - u. To see this, let h(t) = exp(ta)sf~1(t), then h(0) = h(27) = s,
ie,he H(S',G)and h-u = a.
It remains to prove that 7 is orthogonal to every G-orbit. Givent € 7,
we let € H°(S", G) denote the constant map with value t. Let #, € 7. Then
T(G - to);, = {v' + [v,t0]| v € H*(S*,G)}.

Given any { € T, we have
(£, + [v,1])o = /;1 (t,0'(0) + [v(0),to]) dO
= / (t,v'(0))do + / (t, [v(8),t0]) db .
S1 st
=0 +/ ([to,t],v(#))dO = 0

So 7 isasection. =

There is little known about the classification of polar actions on Hilbert
spaces.





