Lecture 6

Weingarten Surfaces in three dimensional space forms

In this chapter we will consider smooth, oriented surfaces M in three-
dimensional simply-connected space forms N3(c). Such an M is called a
Weingarten surface if its two principal curvatures A, Ao satisfy a non-trivial
functional relation, e.g., surfaces with constant mean curvature or constant Gaus-
sian curvature. We will use the Gauss and Codazzi equations for surfaces to
derive some basic properties of Weingarten surfaces.

Let X : M — N3(c) be an immersed surface. Using the same notation
as 1n section 2.1, we have

dX = w; ®e; +ws @ e, (3.0.1)
dw, = wye N\ wa, dws = wy A wia, (3.0.2)
and the Gauss equation (2.1.12), Codazzi equations (2.1.13) become:
dwizs = —Kwi Awz = —wiz Awaz = — (A1 e + w1 Awsa,  (3.0.3)
dwiz = wia A waeg, dwsz = w3z A wis. (3.0.4)
The mean curvature and the Gaussian curvature are given by
H =X+ X, K=c+ A1 s.

A point p € M 1s called an umbilic point if 77, = AI,, 1.e., the two
principal curvatures at p are equal. The eigendirections of the shape operator of
M at a non-umbilic point are called the principal directions. Local coordinates

(x,y) on M are called line of curvature coordinates if the vector fields % and

ai are principal directions. If p € M is not an umbilic point then there is a

neighborhood U of p consisting of only non-umbilic points, and the frame field
given by the unit eigenvectors of the shape operator is smooth and orthonormal.
So it follows form Ex. 1 of section 1.4 that there exist line of curvature coordi-
nates near p. A tangent vector v € 1'M,, is called asymprotic if [1(v,v) = 0,
and a coordinate system (z, y) is called asymptotic if (f—_n and diy are asymptotic.

A local coordinate system on a Riemannian surface is called isothermal
if the metric tensor is of the form f?(dx? + dy?). Tt is well-known that on
a Riemannian 2-manifold there always exists isothermal coordinates locally
([Ch2]). If (=, y) and (u, v) are two isothermal coordinate systems on M, then
the coordinate change from z = x + iy to w = w + iv 1s a complex analytic
function. Hence every two dimensional Riemannian manifold has a natural
complex structure given by the metric.
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Constant mean curvature surfaces in N> (c)

In this section we derive a special coordinate system for surfaces of N3(c)
with constant mean curvature, and obtain some immediate consequences.

3.1.1. Theorem. Let M be an immersed surface in N>(c) with constant
mean curvature H. Suppose py € M is not an umbilic point. Then there is a
local coordinate system (u, v) defined on a neighborhood U of py, which is both
isothermal and a line of curvature coordinate system for M. In fact, if A\; > Ao
denote the two principal curvatures of M then on U the two fundamental forms
are:

2
I = — = (du® + dv?),
G )
2

- = 2 2
I = Gy adu® + dadv?).

Proor. We will prove this theorem for H# = 0, and the proof for H
being a non-zero constant i1s similar. We may assume that (x, y) is a line of
curvature coordinate system for M near pg, 1.e.,

wy = A(x,y)dxr, ws = B(x,y)dy,
w13 = Awp = AAdr, wez = —Aws = —ABdy, (3.1.1)

where A and — A are the principal curvatures. We may also assume that A > 0.
By Example 1.2.4 we have

_A B:r
wig = Ydor + —Zdy. (3.1.2)

B A
Substituting (3.1.1) and (3.1.2) to the Codazzi equations (3.0.4) we obtain

AyA+2XA, =0, AzB+2AB,; =0.

This implies that
(AVA), =0, (BV)A),=0.

So Av/\ is a function a(x) of = alone, and B+/\ is a function b(y) of ¥ alone.
Let (u, v) be the coordinate system defined by

du = a(x)dzr, dv = b(y)dy.
Then we have

1, .
I = A%da? + B2dy? = X(duz + dv?),
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IT = \N(A%dz? — B?dy?) = du® — dv®. =

3.1.2. Proposition. Let U be an open subset of R* with metric ds®> =

fA(dz? + dy?), and v : U — R a smooth function. Then

(1) with respect to the dual frame w, = fdx and ws = fdy, we have

wiz = —(log f)ydx + (log f)=dy,
(ii) if u : U — R is a smooth function then

Uzpz + Uyy

7

where /\ is the Laplacian with respect to ds?,
(iii) the Gaussian curvature I of ds? is

_ (log f)zz + (log f)yy
f? .

Au =

K =-A(logf) =

ProOF. (1) follows from Example 1.2.4. To see (ii), note that
du = uzdr + uydy = u1w1 + uswa,

SO

uy =g/ f, uz = 'U,y/f.
Set V2u = > uijw; ® wj, then by (1.3.6)

duy + usway = E ULiWi
i

duy + uywis = Uziw;.
i
Comparing coefficients of dx in (3.1.6) and dy in (3.1.7), we obtain

wirf = (uz/f)z + (uyfy/f2),

uge f = (uy/f)y - (ua:f:c/fg):
which implies that

(Au)f = fi1 + for = (Uge + uyy)/ f>.

(3.1.3)

(3.1.4)

(3.1.6)

(3.1.7)
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Since dwqo = —Kw; A wa, (111) follows. =

As a consequence of the Gauss equation (3.0.3), Theorem 3.1.1 and Propo-
sition 3.1.2 we have

3.1.3. Theorem. Let M be an immersed surface in N>(c) with constant
mean curvature H. Let K be the Gaussian curvature, and /\ the Laplacian with
respect to the induced metric on M. Then K satisfies the following equation:

A log(H? — 4K + 4c¢) = 4K.

3.1.4. Theorem. If M is an immersed surface of N*(c) with constant mean
curvature H, then the traceless part of the second fundamental form of M, i.e.,
I — %L is the real part of a holomorphic quadratic differential. In fact, if
z = x1 +1ixo is an isothermal coordinate on M and I — %I => bijdx;dr;.
Then

(i) « = by — ibyo is analytic,

(ii) 11 — %I = Re(a(z)dz?).

Proor. We may assume that w, = fdr,, wo = fdzo, and w;z =
> hijw;. Then we have

wiz = —(log f),dx + (log f).dy,

H
b11 = —b22 = (h11 — 3).}021

bio = hiaf>.

Using (1.3.7), and the fact that h11 — hoo = 2h11 — H, the covariant derivative
of 11 1s given as follows:

dhyy + 2hyowo = Z hii1rwi, (3.1.8)
dhi2 + (2h11 — H)wi2 = Z hispwi. (3.1.9)
Equating the coefficient of dx in (3.1.8) and the coefficient of dy in (3.1.9), we

obtain

fy
f

(h12)y + (2h11 — H)J‘;—l = hi2af.

(h11)e + 2h12= = ha11 f,
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Since H is constant and V commutes with contractions, we have A1 + hoop =
0. Thus h111 = —ha21, which is equal to —/h 122 by Proposition 2.1.3. So

- —(hlg)y - (thl - H)j—-r

(h11)e + 2h12 J 7

v
f
It then follows from a direct computation that
(b11)e = (h11)of* + 2f fo(h1y — H/2)
= _(hl2)yf2 —2h1af fy = —(b12)y-

Similarly, by equating the coefficient of dy in (3.1.8) and the coefficient of dz
in (3.1.9), we can prove that

(bll)y = (le):r-

These are Cauchy-Riemann equations for a, so a 1s an analytic function. =

Since the only holomorphic differential on.$? is zero ([Ho]), 1T — %I =0
for any immersed sphere in N3(c) with constant mean curvature H, i.e., they
are totally umbilic. Hence we have

3.1.5. Corollary ([Ho]). I S? is immersed in R® with non-zero constant
mean curvature H, then S? is a standard sphere embedded in R3.

3.1.6. Corollary ([AIL[Cb]). IfS? is minimally immersed in S°, then §? is
an equator (i.e., totally geodesic)

3.1.7. Corollary. If S? is immersed in S° with non-zero constant mean
curvature H, then S2 is a standard sphere, which is the intersection of S° and
an affine hyperplane of R*.

Next we discuss the immersions of closed surfaces with genus greater than
zero in N3(c). Given a minimal surface M in N3(¢), we have associated to
it a holomorphic quadratic differential (), and locally we can find isothermal
coordinate system (x,y) such that Q = «a(z)dz? for some analytic function
o = bll — iblg, and

I = e*(dz? + dy?), II = Re(a(z)dz?). (3.1.10)

Then
w1z = —Uydx + u,dy,
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2u 2u
b1 = h11e7, b2 = hioe®.

So
det(h;j) = —(b3; + bip)e 1 = —e~ 1 |a|?,

and the Gaussian curvature is
K = det(hij) + c. (3.1.11)
The Gauss equation (3.0.3) gives
Uy + Uyy = € 2% |a|* — ce?™, (3.1.12)

and the Codazzi equations are exactly the Cauchy Riemann equations for «. It
follows from the Fundamental Theorem 2.3.3 for surfaces in N3(c), that the
following propositions are valid.

3.1.8. Proposition. Let U be an open subset of the complex plane C, «
an analytic function on U, and u a smooth function, which satisfies equation
(3.1.12). Then there is a minimal immersion defined on an open subset of U
such that its two fundamental forms are given by (3.1.10).

3.1.9. Proposition ([Lw1]). Suppose X : M?* — N3(c) is a minimal
immersion with fundamental forms I, I 1, and Q) is the associated holomorphic
quadratic differential. Then there is a family of minimal immersions Xy whose
fundamental forms are:

Ig =1, II, = Re(e?Q),
where 0 is a constant.

Let M be a closed complex surface (i.e., a Riemann surface) of genus g.
Then it is well-known that there is a metric ds? on M, whose induced complex
structure 1s the given one, and that has constant Gaussian curvature 1, 0, or —1,
forg =0, g = 1, or g > 1 respectively.

Now we assume that (M, ds?) is a closed surface of genus g > 1 with
constant Gaussian curvature k, and () 1s a holomorphic quadratic differential on
M. Suppose z is a local isothermal coordinate system for M, ds? = f?|dz|?
and Q = a(2)dz2. Then ||Q||?> = |a|?>f~* is a well-defined smooth function
on M (i.e., independent of the choice of z), and

k= —A logf, (3.1.13)

where A\ is the Laplacian of ds2. If M can be minimally immersed in $° such
that the induced metric is conformal to ds?, and Q is the quadratic differential
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associated to the immersion, then there exists a smooth function ¢ on M such
that the induced metric 1s

I = e%?ds® = f2e??(da? + dy?),

and
K = —e=%|Q|2 +c.

So the conformal equation (1.3.11) implies that o satisfies the following equa-
tion:
14+ Ap = —e?% + ||Q||2e™2%, (3.1.14)

forg > 1, or
Ap = —e2? + ||Q||?e™ 2%, (3.1.15)

for g = 1, where A is the Laplacian for the metric ds?. These equations are
the same as the Gauss equation.

If g = 1, then M 1is a torus, so we may assume that M ~ RQ/'A, where
A is the integer lattice generated by (1,0), and (7 cos @, rsin ), ds? = |dz|?,
and [|Q||? is a constant a. Then equation (3.1.15) become

Ap = —€2¢ + ae 2%, (3.1.16)

Letb = - loga,and u = ¢ — b. Then (3.1.16) becomes

1
4
Au = —2y/a sinh(2u).

So one natural question that arises from this discussion is: For what values of r
and @ is there a doubly periodic smooth solution for

Upy + Uyy = a sinhu, (3.1.17)
with periods (1, 0), and (7 cos @, rsinf)?

If g > 1, then there are two open problems that arise naturally from the
above discussion:

(1) Fix one complex structure on a closed surface M with genus g > 1, and
determine the set of quadratic differentials () on M such that (3.1.14) admits
smooth solutions on M.

(11) Fix a smooth closed surface M with genus g > 1 and determine the
possible complex structures on M such that the set in (1) is not empty.

However the understanding of the equation (3.1.14) on closed surfaces is
only a small step toward the classification of closed minimal surfaces of §°,
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because a solution of these equations on a closed surface need not give a closed
minimal surface of $°. In the following we will discuss where the difficulties
lie. Suppose wu 1s a doubly periodic solution for (3.1.17), 1.e., u 1s a solution on
a torus. Then the coefficients 7 of the first order system of partial differential
equations

dF = TF, (3.1.18)

as in the fundamental theorem 2.2.5 for surfaces in $°, are doubly periodic. But
the solution F' need not to be doubly periodic, i.e., such u need not give an
immersed minimal torus of $2. For example, if we assume that u depends only
on x, then (3.1.17) reduces to an ordinary differential equation, v/ = a sinhu,
which always has periodic solution. But it was proved by Hsiang and Lawson
in [HL] that there are only countably many immersed minimal tori in $°, that
admit an S'-action. If the closed surface M has genus greater than one, then
for a given solution u of (3.1.14), the local solution of the corresponding system
(3.1.18) may not close up to a solution on M (the period problem is more
complicated than for the torus case).

Let (M, ds?) be a closed surface with constant curvature k, and ds? =
e?¢ds?. Suppose (M, d3?) is isometrically immersed in N3(c) with constant
mean curvature H, and () is the associated holomorphic quadratic differential.

Then we have
e—‘l"‘“’||(1)||2 = —dct(hij) + H2/4,

and ¢ satisfies the conformal equation (1.3.11):
—k+ Ap = ||Q]|%2e™2¥ — (H?/4 + c)e?¥, (3.1.19)

where A is the Laplacian for ds2. Moreover (3.1.19) is the Gauss equation for
the immersion. Note that if X : M — R® is an immersion with mean curvature
H # 0 and a is a non-zero constant, then a X is an immersion with mean
curvature H /a and the induced metric on M via a X is conformal to that of X.
So for the study of constant mean curvature surfaces of R®, we may assume that
H = 2. Then (3.1.19) is the same as the above equations for minimal surfaces
of §2. It is known that the only embedded closed surface (no assumption on the
genus) with constant mean curvature in R® is the standard sphere (for a proof see
[Ho]), and Hopf conjectured that there is no immersed closed surface of genus
bigger than 0 in R® with non-zero constant mean curvature. Recently Wente
found counter examples for this conjecture, he constructed many immersed tor1
of R® with constant mean curvature ([We]).

Exercises.

1. Suppose (M, g) is a Riemannian surface, and (z,y), (u,v) are local
1sothermal coordinates for g defined on U; and U, respectively. Then
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the coordinate change from z = z +iytow = u+ivon U; NUs is a
complex analytic function.

3.2. Surfaces of R® with constant Gaussian curvature

In the classical surface theory, a congruence of lines i1s an immersion f :
U — Gr, where U 1s an open subset of R? and G'r is the Grassman manifold
of all lines in R® (which need not pass through the origin). We may assume
that f(u,v) is the line passes through p(u,v) and parallel to the unit vector
&(u,v) inR3. Lett(u, v) be a smooth function. Then a necessary and sufficient
condition for

X(u,v) = p(u,v) + t(u,v)é(u, v)

to be an immersed surface of R® such that &(u, v) is tangent to the surface at
X (u,v) 1s
det (&, X, X)) = 0.

This gives the following quadratic equation in #:

dCt({., Pu +t £-u, Pv +t é_t.) = 0,

which generically has two distinct roots. So given a congruence of lines there
exist two surfaces M and M™* such that the lines of the congruence are the
common tangent lines of M and M™. They are called focal surfaces of the
congruence. There results a mapping ¢ : M — M ™ such that the congruence
1s given by the line joining P € M to ¢/(P) € M™*. This simple construction
plays an important role in the theory of surface transformations.

We rephrase this in more current terminology:

3.2.1. Definition. A line congruence between two surfaces M and M* in R®
1s a diffeomorphism ¢ : M — M * such that for each P € M, the line joining PP
and P* = /(P) is a common tangent line for M and M *. The line congruence
¢ 1s called pseudo-spherical (p.s.), or a Bdcklund transformation, if

(1) |PP”|| = r, a constant independent of P.

(11) The angle between the normals vp and vp+ at P and P* is a constant #
independent of P.

The following theorems were proved over a hundred years ago:

3.2.2. Bicklund Theorem. Suppose { : M — MY is a p.s. congruence
in R® with distance r and angle 6 # 0. Then both M and M* have constant

.. 2
negative Gaussian curvature equal to — 5‘?—2‘9.
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PRrROOF. There exists a local orthonormal frame field e, e5, €3 on M
such that PP™ = re;, and e3 i1s normal to M. Let

el = —e1,

e5 = cosf ez +sinfes, (3.21)
N .

ez = —sinf ey + cosf es.

Then {e7, €5} is an orthonormal frame field for 7'M *. If locally M is given by
the immersion X : U — R®, then M* is given by

X*=X+4r e. (3.2.2)
Taking the exterior derivative of (3.2.2), we get

dX* =dX + rde;
= wye; + woes + r(wiges + wizes) (3:2:3)
= wi€) + (we + rwis)es + rwizes.

On the other hand, letting w7}, w3 be the dual coframe of e7, €5, we have

dX* = wje] + wse;, using(3.2.1)

= —wjer + ws(cosB ez + sinfbez).

(3.2.4)

Comparing coefficients of €1, €5, €3 in (3.2.3) and (3.2.4), we get

w] = —wi,
cos  wy = wa + rwi2, (3:2.8)
sin f w3 = rws3.
This gives
wo + rwia = 1 cot B w3. (3.2.6)
In order to compute the curvature, we compute the following 1-forms:
Wiy = (de}, €b)
—(dey,—sinf ey + cos b e3)

= sinf wyo — cosf w3, using (3.2.6)

_ . Ene (3.2.7)
T

* AT,
wa3 = (des3, e3)
= (cos fdez + sin Odes, — sin fes + cosg e3)

= W23.
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By the Gauss equation (3.0.3), we have

0]y = wis Awis, using (3.2.7)

sin @
= — wa N w23
-

sin 6 sin @
== hlgu./‘l N Wo =
r

w1 Awig

sin @

2, % *
=—( ) wi A ws,
1.e., M™ has constant curvature —(@ )2. By symmetry, M also has Gaussian
curvature —($20)2

3.2.3. Integrability Theorem. Let M be an immersed surface of R® with
constant Gaussian curvature —1, py € M, vy a unit vector in T'M,, , and .0
constants such that r = sin . Then there exist a neighborhood U of M at py,
an immersed surface M*, and a p.s. congruence { : U — M?™* such that the
vector joining po and pg, = {(po) is equal to rvy and 6 is the angle between the
normal planes at po and py.

PROOF. A unittangent vector field e; on M determines a local orthonor-
mal frame field e, €2, €3 such that e3 1s normal to M. In order to find the p.s.
congruence, it suffices to find a unit vector field e, such that the corresponding
frame field satisfies the differential system (3.2.6), i.e.,

T = ws + sinfwis — cosfBwiz = 0. (3.2.8)
Since the curvature of M 1s equal to —1, the Gauss equation (3.0.3) implies that
dwis = wy Awa, wig Aweg = —wy Aws. (3.2.9)

Using (3.2.8) and (3.2.9), we compute directly:

dT = we; ANwy +8sinfwy A we — cos b wia A was
= —wiz A (w1 + cosBwaz) + sin @ wy A wa,
1

sin @

(—cosBwiz +ws) A (w1 + cosBwssz) +sinfw; Aws, mod T,

1 .
= — 9(_1 +cos? @ + cos@ hyg — cosB hop)wy A ws +sinfw; A ws,
sin

which 1s 0, because h;» = ho;. Then the result follows from the Frobenius
theorem. =
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The proof of the following theorem is left as an exercise.

3.2.4. Bianchi’s Permutability Theorem. Let ¢1 : Mp — M, and
ly : My — My be p.s. congruences in R? with angles 6,05 and distance
sin A, sin 65 respectively. If sin @, # sin 0, then there exist a unique hyper-
bolic surface M3 in R® and two p.s. congruences {7 : My — M3 and (5 :
My — M3 with angles 02, 61 respectively, such that ¢7(¢1(p)) = €5(£2(p))
Jor all p € M. Moreover Ms is obtained by an algebraic method.

Next we will discuss some special coordinates for surfaces immersed in
R? with constant Gaussian curvature —1, and their relations to the Bicklund
transformations.

3.2.5. Theorem. Suppose M is an immersed surface of R® with constant
Gaussian curvature K = —1. Then there exists a local coordinate system (x, )
such that

I = cos? pdz? + sin? ¢ dy?, (3.2.10)

IT = sin @ cos p(dx? — dy?), (3.2.11)

and v = 2 satisfies the Sine-Gordon equation (SGE):
Upy — Uy, = Sin u. (3.2.12)
This coordinate system is called the Tchebyshef curvature coordinate system.

PrRoOOF. Since K = —1, there is no umbilic point on M. So we may
assume (p, q) are line of curvature coordinates and A\; = tan ¢, A2 = — cot ¢,
1e.,

wp = A(pa Q) dp Wo = B(p QJ dq
w13 = tan pw; = tan @ Adp, wez = — cot pws = — cot wB dg.

By Example 1.2.4, we have

—A,
B

B
dp + = dg.
P+ —aq

Wiz =
Substituting the above 1-forms in the Codazzi equations (3.0.4) we obtain

Agcosp + Apgsing =0, Bpsing — By, cosp = 0,

A B

cos sin
b(q) of g alone. Then the new coordinate system (x,y), defined by dz =
a(p) dp, dy = b(q) dq, gives the fundamental forms as in the theorem.

1s a function

which implies that is a function a(p) of p alone and
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With respect to the coordinates (x, y) we have
w12 = Py dT + @, dy,
and the Gauss equation (3.0.3) becomes

Prx — Pyy = SIN P COS P,
1.e., u = 2 1s a solution for the Sine-Gordon equation. =

Note that the coordinates (s, t), where
r=s+t y=s-—t,

are asymptotic coordinates, the angle u between the asymptotic curves, i.e., the
s—curves and t—curves, is equal to 2¢, and

I = ds® + 2cosudsdt + di?, (3.2.13)

Il =2sinudsdt. (3.2.14)

(s, t) are called the Tchebyshefcoordinates. The Sine-Gordon equation becomes

Ugy = SIN . (3.2.15)

3.2.6. Hilbert Theorem. There is no isometric immersion of the simply
connected hyperbolic 2-space H? into R>.

PROOF. Suppose H? can be isometrically immersed in R®. Because
A1 Ao = —1, there is no umbilic points on H?, and the principal directions gives
a global orthonormal tangent frame field for H?. It follows from the fact that
H? is simply connected that the line of curvature coordinates (z,y) in Theorem
3.2.5 is defined for all (x, ) € R?, and so is the Tchebyshef coordinates (s, t).
They are global coordinate systems for H?. Then using (3.2.10) and (3.2.12),
the area of the immersed surface can be computed as follows:

/wli\wgz/ sin @ cos pdx A dy
R2 R?

= — / sin(2¢p) ds A dt = — / 204 ds Ndt
R? R2

= — lim 204 ds Ndt = — lim —psds + @y dt,

a— o0 D a—ro0 aD
@ a
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where D, is the square in the (s, t) plane with P(—a, —a), Q(a, —a), R(a,a)
and S(—a, a) as vertices, and 9D, is its boundary. The last line integral can be
easily seen to be

2(p(Q) + »(S) —(P) — p(R)).

Since I = cos? ¢dx? + sin® ody? is the metric on H?, sin ¢ and cos ¢ never
vanish. Hence we may assume that the range of ¢ is contained in the interval
(0,7/2), which implies that the area of the immersed surface is less than 4.
On the other hand, the metric on H? can also be written as (dz> + dy?) /y? for

y > 0 and the area of H? is
o o
1
—oo J0 Yy

which 1s infinite, a contradiction. =

It follows from the fundamental theorem of surfaces in R® that there is

a biyective correspondence between the local solutions = of the Sine-Gordon
equation (3.2.12) whose range is contained in the interval (0, 7) and the im-
mersed surfaces of R® with constant Gaussian curvature —1. In fact, using the
same proof as for the Fundamental Theorem, we obtain bijection between the
global solutions u of the Sine-Gordon equation (3.2.12) and the smooth maps
X : R? — R? which satisfy the following conditions:

(1) rank X > 1 everywhere,

(ii) if X is of rank 2 in an open set U of R, then X |U is an immersion with
Gaussian curvature —1.

Theorem 3.2.3 and 3.2.4 give methods of generating new surfaces of R®
with curvature —1 from a given one. So given a solution « of the SGE (3.2.12),
we can use these theorems to obtain a new solution of the SGE by the following
three steps:

(1) Use the fundamental theorem of surfaces to construct a hyperbolic surface
M of R® with (3.2.10) and (3.2.11) as its fundamental forms with w=u/2.

(2) Solve the first order system (3.2.9) of partial differential equations on M
to get a family of new hyperbolic surfaces My in R®.

(3) On each My, find the Tchebyshef coordinate system, which gives a new
solution ug for the SGE.

However, the first and third steps in this process may not be easier than
solving SGE. Fortunately, the following theorem shows that these steps are not
necessary.

3.2.7. Theorem. Let ¢ : M — M?* be a p.s. congruence with angle 0
and distance sin 0. Then the Tchebyshef curvature coordinates of M and M™
correspond under {.
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Proor. Let (z,y) be the line of curvature coordinates of M as in
Theorem 3.2.5, and ¢ the angle associated to M, 1.e.,

I = cos? pdx? + sin? o dy®, II = cos psin p(dx? — dy?).

Let v; = Cal > %, Vo = Si; @% (the principal directions), 7y, 75 the dual

coframe, and 74 p the corresponding connection 1-forms. Then we have

71 = cos pdr, To = sinpdy,

T12 = @y dx + ¢, dy,
T3 = tan 7 = sinp dr, Toy = —cot p 79 = — cos ¢ dy.

Use the same notation as in the proof of Theorem 3.2.2, and suppose
€] = COS U] + SIn e, €9 = — SiN v + COS Vs, (3.2.16)

where e, 1s the congruence direction. We will show that the angle associated to
M* 1s . It 1s easily seen that

w1 = cos acos wdx + sin a sin p dy,

w2 = — sin « cos @ dx + cos a sin @ dy,
wi3 = (dey, e3) = cosasin pdr — sin a cos ¢ dy,
wo3 = (dez, e3) = —sinasin ¢ dx — cos a cos ¢ dy.

Using (3.2.5), the first fundamental forms of M ™ can be computed directly as
follows:

I = () + (w3)?
= (w1)? + (w13)?
= (cos a cos @ dx + sin asin p dy)? + (cos a sin ¢ dz — sin a cos p dy)?
= cos® adz? + sin? a dy®.
Similarly,
IT* = wiwy; + wiws,
= Wiwz + w13wa3

= cosasina(—dz? + dy?). =

Using the same notation as in the proof of Theorem 3.2.7, we have 712 =
wydr+¢,dy, andwis = 712 +da. Comparing coefficients of dx, dy in (3.2.8),
we get the Backlund transformation for the SGE (3.2.12):

{O—’:}:+pr = — cot # cos p sina + cscf sina cos , (3.2.17)

Oy + Py = —coth sinyp cosa —cscl cosa sin .
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The integrability theorem 3.2.3 implies that (3.2.17) is solvable, if ¢ is a solution
for (3.2.12). And Theorem 3.2.7 implies that the solution « for (3.2.17) 1s also
a solution for (3.2.12).

The classical Backlund theory for the SGE played an important role in the
study of soliton theory (see [Lb]). Both the geometric and analytic aspects of
th;'s theory were generalized in [18:39], [Tel] for hyperbolic n-manifolds in
) S

E. Cartan proved that a small piece of the simply connected hyperbolic
space H" can be isometrically embedded in R?"~!, and it cannot be locally
isometrically embedded in R?>"~2 ([Cal,2], [Mo]). It is still not known whether
the Hilbert theorem 3.2.6 is valid for n > 2, i.e., whether or not H" can be
isometrically immersed in R?"~1?

Exercises.

1. Let M be an immersed surface in R®. Two tangent vectors u and v of M at
x are conjugate if /1 (u,v) = 0. Two curves « and 3 on M are conjugate
if @/ (t) and 3'(t) are conjugate vectors for all t. Let ¢ : M — M™* be
a line congruence in R>, e; and e] denote the common tangent direction
on M and M ™ respectively. Then the integral curves of e] and df(e;) are
conjugate curves on M *.

2. Prove Theorem 3.2.4.

3. Let M; be as in Theorem 3.2.4, and ¢; the angle associated to M;. Show

that
n‘P:i—‘Pn . cos bt — cos 0, Y2 — ¥1

2 ~ cos(f —62) —1 "o

ta

3.3. Immersed flat tori in $°

Suppose M is an immersed surface in $° with K = 0. Since K =
1 + det(h;;), we have det(h;;) = —1. So using a proof similar to that for
Theorem 3.2.5, we obtain the following local results for immersed flat surfaces
in §3.

3.3.1. Theorem. Let M be an immersed surface in S° with Gaussian
curvature 0. Then locally there exist line of curvature coordinates (x,y) such
that

I = cos? pdz? + sin® ¢ dy?, (3.3.1)

IT = sin ¢ cos p(dx? — dy?), (3.3.2)
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where  satisfies the linear wave equation:

(.pa:::c - {_Pyy - U. (3.3.3)

Letu =2p,x = s+ t,and y = s — t. Then we have

3.3.2. Corollary. Let M be an immersed surface in §° with Gaussian
curvature 0. Then locally there exist asymptotic coordinates (s,t) (Tchebyshef
coordinates) such that

I = ds? + 2 cosudsdt + dt?, (3.3.4)

II = 2sinudsdt, (3.3.5)

where u is the angle between the asymptotic curves and

Ugr = 0, (336)

Suppose M is an immersed surface of §° with &' = 0. Let e 4 be the frame
field such that

1 9 1 9 x
e = —, e =——, eg = X,
Y7 cos g Ox 2 sinpdy’

and e3 normal to M in $>. Using the same notation as in section 2.1, we have

w1 = cospdr, wy =sinpdy, wiz = @, dr + @, dy,

wi3 = sin pdx, wey = — cos p dy,
w14 = —cos pdr, weq = —sinepdy, wss = 0.
Then
dg = Og,

where g is the O(4)—valued map whose i*"

row is e;, and © = (wag).
Conversely, given a solution ¢ 0of (3.3.3), let I, I be given as in Theorem
3.3.1. Then (3.3.3) implies that the Gaussian curvature of the metric I is 0.
Moreover, the Gauss and Codazzi equations are satisfied. So by the fundamental
theorem of surfaces in $° (Theorem 2.2.3), there exists an immersed local
surface in $° with zero curvature. In fact (see section 2.1), the system for
g:R* — 0(4):
dg = Og. (3.3.7)
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is solvable, and the fourth row of g gives an immersed surface into $* with I, T
as fundamental forms.

Similarly, we can also use the Tchebyshef coordinates and the following
frame to write down the immersion equation. Let v1, v2, v3, v4 be the local

orthonormal frame field such that v; = (,f—g, and v3 = e3, v4 = €4. So
U] = cCcospe; +sinpey, Uy = — SN e; + Cos Y es.

Let 7; be the dual of v;, TAp = (dv 4, vp), and u = 2¢. Then we have

71 =ds +cosudt, 7o = —sinudt, T2 = u.ds,
T13 = sinu dt, 793 = —ds + cosu dt,
Tia = —T1, T24 =— —7T2,

where u = 2. The corresponding o(4)—valued 1-form as in the fundamental
theorem of surfaces in $° is 7 = P ds + Q dt, where

0 Ug 0o -1
—uy, 0 —1 0

P=1 0 1 0o o
1 0 0 0
0 0 sinu —cosu
_ 0 0 cosu  sinu
Q= —sinu — cosu 0 0
COS U —sinu 0 0

If u,, = 0, then the following system for g : R> — O(4):
dg = 7g, (3.3.8)

is solvable, and the fourth row of g gives an immersed surface into S* with
(3.3.4) (3.3.5) as fundamental forms and K = (. Note that (3.3.8) can be

rewritten as
gs =Pg, c
3.3.9
{ g =Qg. ( )

Every solution of (3.3.6) is of the form £(s) + 7n(t), and in the following we
will show that (3.3.9) reduces to two ordinary differential equations.
Identifying R* with the 2—dimensional complex plane C? via the map

F(xi,...,74) = (x1 + ix2, i3 + T4),

_ (i€ -1
r— ().

we have
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The first equation of (3.3.9) gives a system of ODE:
Z =iz —w, w =z, (3.3.10)
which is equivalent to the second order equation for 2z : R — C:
2 +if 2 +z2=0. (3.3.11)

Identifying R* with the €? via the map

F(xy,...,x4) = (21 + ix2, T3 + i1y4),

[0 deiu
Q - (ieiu 0 ) -

And the second equation in (3.3.9) gives a system of ODE:

we have

2 =ie ™Mw, w =ie™z, (3.3.12)
which 1s equivalent to the second order equation for z : R — C:
2" +in'2 + 2 =0. (3.3.13)
So the study of the flat tori in §* reduces to the study of the above ODE.

In the following we describe some examples given by Lawson: Let §° =
{(z,w) € C2 | |z]2 + |w|? = 1}. then CP' ~ $? is obtained by identifying
(z,w) € $* with €'?(2, w), and the quotient map 7 : $* — §? is the Hopf
fibration. If v = (z,y, 2) : §* — $? is an immersed closed curve on §2, then
71 (7) is an immersed flat torus of §°. In fact, X (o, 6) = ¢(z(0). y(g) +
iz(o)) gives a parametrization for the torus. It follows from direct computation
that this torus has curvature zero, the # —curves are asymptotic, the Tchebyshef
coordinates (s,t) are given by t = o and s = 6 + a(o) for some function
«, and the corresponding angle u as in the above Corollary depends only on
t. These s—curves are great circles, but the other family of asympotics (the
t—curves) 1n general need not be closed curves. It i1s not known whether these
examples are the only flat tori in $°.
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3.4. Bonnet transformations

Let M be an immersed surface in N3 (¢), and e3 its unit normal vector. The
parallel set M, of constant distance ¢ to M is defined to be {exp . (tez(z)) |z €
M }. Note that

x + tv, ife = 0;
exp, (tv) = { costx + sint v, ife=1;
coshtx +sinhtwv, ife= —1.

If M, is an immersed surface, then we call it a paraliel surface. The classical
Bonnet transformation is a transformation from a surface in R® to one of its
parallel sets. Bonnet’s Theorem can be stated as follows:

3.4.1. Theorem. Let X : M? — R® be an immersed surface, e its unit
normal field, and H, K the mean curvature and Gaussian curvature of M.

(i) If H = a # 0, and K never vanishes, then the parallel set M ;, (defined
by the map X* = X + %(33) is an immersed surface with constant Gaussian
curvature a>.

(ii) If K is a positive constant a? and suppose that M has no umbilic points,
then its parallel set M, ;, is an immersed surface with mean curvature —a.

This theorem 1is a special case of the following simple result :

3.4.2. Theorem. Let X : M? — N?3(c) be an immersed surface, e its
unit normal field, and A the shape operator of M. Then the parallel set M* of
constant distance t to M defined by

X*=aX + bes (3.4.1)

is an immersion if and only if (al — bA) is non-degenerate on M, where
(a,b) = (1,0) for ¢ = 0, (cost,sint) for ¢ = 1, and (cosht,sinht) for

c = —1. Moreover, e = —cbX + aegz is a unit normal field of M™, and the
corresponding shape operator is
A* = (cb+aA)(a — bA}_l. (3.4.2)

Proor. We will consider only the case ¢ = 0. The other cases are
similar. Let e 4 be an adapted local frame for the immersed surface M in R® as
in section 2.3. Taking the differential of (3.4.1), we get

dX* = dX + tdes,

= Z w;e; — 1 Z h-éjwiej; . (343)
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Hence X * is an immersion if and only if (I — tA) is non-degenerate. It also
follows from (3.4.3) that e 4 1s an adapted frame for M *, and the dual coframe
isw = Zj (0ij — hij)w;. Moreover, w?; = (de},e3) = w;3, so we have

A* = AT —tA)~. (3.4.4)

3.4.3. Corollary. If M? is an immersed Weingarten surface in N*(c) then
so is each of its regular parallel surfaces. Conversely, if one of the parallel
surface of M is Weingarten then M is Weingarten.

Let Ay, Ay be the principal curvatures for the immersed surface M in
N3(¢), and A}, \3 the principal curvatures for the parallel surface M*. Then
(3.4.4) becomes

Al = (eb+ aX;)/(a — bA;).

As consequences of Theorem 3.4.2, we have

3.4.4. Corollary. Suppose X : M? — 83 has constant Gaussian curvature
K= (1472 >1,andt = tan='(1/r). Then

X* =cost X 4+ sintes

is a branched immersion with constant mean curvature (1 — r2) /r.

3.4.5. Corollary. Suppose X : M? — $° has constant mean curvature
H =r,andt = cot™1(r/2). Then

X* =cost X +sintes
is a branched immersion with constant mean curvature —r.

We note that when = ( the above corollary says that the unit normal of
a minimal surface M in $° gives a branched minimal immersion of M in §°.
This was proved by Lawson [Lw1], who called the new minimal surface the
polar variety of M.

3.4.6. Corollary. Suppose X : M? — H? has constant Gaussian curvature
K = (=1+4+72%)> 2, andt = tanh™ ' (1/7). Then

X* =cosht X + sinhteg

is a branched immersion with constant mean curvature (1 + r?) /r.
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3.4.7. Corollary. Suppose X : M? — H® has constant mean curvature
H =7 7>2 and t = tanh™'(2/r). Then

X* =cosht X +sinhte;

is a branched immersion with constant mean curvature —r.

Exercises.

1. Proveananalogue of Theorem 3.4.2 for immersed hypersurfaces in N" 1 (¢).

2. Suppose M? is an immersed, orientable, minimal hypersurface of $* and
the Gauss-Kronecker (i.e., the determinant of the shape operator) never
vanishes on M. Use the above exercise to show that +e4 : M3 — stis
an immersion, and the induced metric on M has constant scalar curvature

6 ([De]).





