Lecture 5

Local Geometry of Submanifolds

Given an immersed submanifold M ™ of the simply connected space form
N"*+¥(c) there are three basic local invariants associated to M : the first and
second fundamental forms and the normal connection. These three invariants
are related by the Gauss, Codazzi and Ricci equations, and they determine the
isometric immersion of M into N % (c) uniquely up to isometries of N"*%(c).

Local invariants of submanifolds

Let M be an n-dimensional submanifold of an (n+p)-dimensional Riemannian
manifold (V, g), and V the Levi-Civita connection of g. Let 7'M denote the
orthogonal complement of 7'M, in T'N,, and v (M) the normal bundle of M
in N,ie, v(M), = (T'M,)". In this section we will derive the three basic
local invariants of submanifolds: the first and second fundamental forms, the
induced normal connection, and we will derive the equations that relate them.

Letz : M — N denote the inclusion. The first fundamental form, I, of M
1s the induced metric i* g, 1.e., the inner product I, on 7'M, is the restriction of
the mner product g, to T'M,,.

Letv € C*(v(M)) and let A, : TM,  — TM,, denote the linear
map defined by A, (u) = —((V,v)(xg))7, the projection of (V,v)(x) onto
TM,,. Since

Vu(fv) =df(u)v+ fVuv, for feC™®(M,R),
and df (u)v is a normal vector, we have
Apy(u) = fA,(u).
In particular, if v, v2 are two normal fields on M such that vy (xz9) = v2(x0),
then A, (u) = Ay, (u) foru € TM,,. So we have associated to each normal
vector vy € v(M),, a linear operator A, on 7'M, , that is called the shape

operator of M in the normal direction vy.

2.1.1. Proposition. The shape operator A,, : TM,,6 — TM,, is self-
ﬂ()_’f{)fnf, Le., Q(A‘U(}(ul)a U2) = g(ula Av()(u2))'
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ProOOF. Letwv be asmooth normal field on M defined on a neighborhood
U of x( such that v(x¢) = vg, and X; smooth tangent vector field on U such
that X;(zy) = u;. Let (, ) denote the inner product g, on T'N,. Then

(Ay(X1), Xa) = —((Vx, ()", X2) = =((Vx, (v)), Xa2)
=-X1((v, X2)) + ('U,@XIXQ)
= (v,Vx, X2).

Similarly, we have
(Au(X2), X1) = (v, Vx, X1),

(Au(X1). Xa) — (A, (X2), X1) = (v, [X1. Xa]).

Then the proposition follows from the fact that [X;, X5] is a tangent vector
field. =

By identifying 7 M with T'M via the induced metric, the shape operator
A, corresponds to a smooth section of S%(T* M) ® v(M). called the second
fundamental form of M, and denoted by /. Explicitly,

(IT(u1,u2),v) = (Ay(ur), us).

The third invariant of M is the induced normal connection V" on v(M ), defined
by (V). (v) = (V,v)Y, the orthogonal projection of Vv onto v(M).

In the following we will write the above local invariants in terms of moving
frames. A local orthonormal framefieldey, ..., €, ,, m N issaid to be adapted
to M if, when restricted to M, e, ..., e, are tangent to M. From now on, we
shall agree on the following index ranges:

1<ABC<(n+p), 1<ijk<n, (n+1)<aB,v<(n+p).

Letwi,...,wn+p be the dual coframe on /N. Then the first fundamental form
on M is
I = Z Wi ® wi.
i
The structure equations of NV are

du.)A :ZUJAB ANwpg, WAap + WA :U, (211)

and the curvature equation is

du.JAB = ZUJAC N wWop — (-)AB-: (2.1.2)
c
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1
Oap = > E Kapcp wec Nwp, Kapcp = —Kasbpc,
C.D

where w 4 g and © 4 g are the Levi-Civita connection and the Riemann curvature
tensor of g respectively.

For a differential form 7 on NN, we still use 7 to denote "7, where 7 :
M — N is the inclusion. Restricting w,, to M, i.e., applying ™ to w,, we have

weq = 0. (2.1.3)
Using (2.1.3), and applying * to (2.1.1), we obtain

dw; = Zwa‘j ANwj, wij+wj =0, (2.1.4)

dw, = Zwm Aw; = 0. (2.1.5)

Note that (2.1.4) implies that the connection 1-form {w; } is the Levi-Civita
connection V of the induced metric 7 on M. Set

J

Then (2.1.5) becomes
Z hiaju.).&.- N\ L:Jj == U,
i,j
which implies that
hz’aj - h‘jai-

Note that

A (€)= =(Veea) = — Zwaj(ei)ej - Z hiaje;-
J J

So the second fundamental form of M is

IT = higjw; ®w; @ eq

i?j?a

= Zwioﬁ R wi V eq.

1,0
It follows from the definition of the normal connection that

VY (en) = Zwalg ® eg.
8
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Restricting the curvature equations (2.1.2) of N to M, we have

dwij = wik Awkj + Y Wia Awaj — Oij, (2.1.7)
k o
dwiq = Zwa‘k N Wga + Zwiﬁ A wga — Oiq. (2.1.8)
k E
dwap =Y Way Awyg+ Y Wai Awig — Oag. (2.1.9)
: i

Then (2.1.7) and (2.1.9) imply that the Riemann curvature tensor {2 of the
induced metric I and the curvature €2* of the normal connection V" (called the
normal curvature of M) are:

Q’ij = Zwia A Wia + (_)'ijh (2110)

aj - Zwaa Awaﬁ + Oaj'q (2111)

respectively. Equations (2.1.7)-(2.1.9) are called the Gauss, Codazzi, and Ricci
equations of the submanifold M.
Henceforth we assume that (IV, g) has constant sectional curvature ¢, 1.e.,

Oap = cwa ANwp.

So the Gauss, Codazzi and Ricci equations (2.1.7)-(2.1.9) for the submanifold
M are

dwij = Zwﬂc /\wkj-t-zwm N Waj — cwi N\ wj, (2.1.12)
k fat
dwin = Zwik A Wia + Z wig N\ Waa, (2.1.13)
k 8
Y 1

And (2.1.10) and (2.1.11) become

Qi = Zwm/\wja+c w; A wj, (2.1.15)

¥

Cﬂll'3 = Ewea AL‘JI.@S (2.1.16)
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Let

1 .
;= 5 Z Rijriwr N\ wy, with R + Riji. =0,
k.l

1 .
Qup = 2 Z R priwr A Wi, with  Ri gy + Ropu = 0.
kol

Using w;, = Zj hiajw;, we have

Rijr = Z(hmkhja! — hinthjar) + (01051 — 6i0jk), (2.1.17)
[a

R = Z(hz’akhzﬁl — hiathigy-) (2.1.18)

By identifying 7" M with T'M via the induced metric, then the Ricci
equation (2.1.6) becomes €27 ; = [Aa, Ag). So we have
2.1.2. Proposition.  Suppose (N, g) has constant sectional curvature, and
M is a submanifold of N. Then the normal curvature ) of M measures the
commutativity of the shape operators. In fact, Q0¥ (u,v) = [A,, Ay].

A normal vector field v is parallel if V¥v = 0. The normal bundle v(M)
is flar if V" is flat. Then it follows from Proposition 1.1.5 that (M) is flat if
one of the following equivalent conditions holds:

(1) The normal curvature 2" is zero.
(11) Given o € M, there exist a neighborhood U of x( and a parallel normal
frame field on U

The normal bundle v(M) is called globally flat if V" is globally flat, or

equivalently, there exists a global parallel normal frame on M.

Since there are connections V on 7'M and V¥ on v(M), there exists a
unique connection V on the vector bundle ®%7™* M & v(M) that satisfies the
“product rule”, 1.e.,

Vx0@1T@0v)=(Vx0)@T@v+0® (VxT)®v+0317® (Vxv).

Set
VII = E hiajrwi @ wj @ wi @ €q,
t,9,ka

where
vekII = Z h,mjkw.i @ L;JJ @ [SHW
i3,k o
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Using an argument similar to that in section 1.3, we have

Z h-iajkwk = dhiaj + Z h'-majw-mz' + Z hiamwmj + Z hz’,ﬁjwﬁa-
k 1T m 3

(2.1.19)
Taking the exterior derivative of (2.1.6), we obtain
dwm =d Z hmjwj
J (2.1.20)
7 J.k
By the Codazzi equation (2.1.13), we have
dwm = Z Wij A Wia -+ Zw”g A Waa
J Ié]
= Z hjakwii N\ wr + Z higjwj N\ wga
Tk 3. (2.1.21)

= z Z hiajwir — Z higjwga | A wj.
J k 3
Equating (2.1.19) and (2.1.20), we get

Z(dha’aj + Z{hkajwkz‘ + hiakwrj} + Z higjwpa) A wj = 0.
k 3

J
So by (2.1.19), we have

Z Riajrwj A wg =0,
J.k

i.e., hﬂiajk = h»iakj- Since ha’c\:j = h,jaﬁ', h-fajk = h.ja;gk, so we have

2.1.3. Proposition. Suppose (N, g) has constant sectional curvature ¢, and
M is animmersed submanifold of N. Then ¥V I1 is a section of S*T* M @v (M),
i.e., hiqji is symmetricin i, j, k.

Although all our discussion above have been for embedded submanifolds,
they hold equally well for immersions. For, locally an immersion f : M — N
is an embedding, and we can naturally identify T'M, ~ T'(f(M)) f(4)-
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The principal curvatures of an immersed submanifold M along a normal

vector v are the eigenvalues of the shape operator A,. The mean curvature
vector H of M in N is the trace of I'], 1.e.,

H = ZHacm where H, = th%—.
fat 2

The mean curvature vector of an immersion f : M — N is the gradient of the
area functional at f. To be more precise, for any immersion f : M — N, we
let dv( f*g) be the volume element given by the induced metric f* g, and define

A = [ (o)

to be the volume of the immersion f. A compact deformation of an immersion
fo is a smooth family of immersions { f; : M — N} such that there exists a
relatively compact open set U of M with f;|(M \ U) = fo|(M \ U). Then the
deformation vector field

_ Of

$=ar

t=0

is a section of fj(7'N') with compact support. It is well-known (cf. Exercise 4
below) that
d

dt

A(fy) = —/ (H, &) dvy, (2.1.22)
where duvg 1s the volume form of fjg and H is the mean curvature vector of
the immersion f3. The immersion f 1s called a minimal, if its mean curvature
vector H = 0 or equivalently

d

t=0

for all compact deformations f;. The study of minimal immersions plays a very
important role in differential geometry, for example see [Lw2], [Os], [Ch5] and
[Bb].

Exercises.

1. Let M be the graph of a smooth function v : R" — R, 1e.,, M =
{(z,u(x)) | x € R™}. Find I, I'T and H for M in R" ',

2. Suppose a(s) = (f(s),g(s)) 1s a smooth curve in the yz—plane, para-
metrized by arc length. Let M be the surface of revolution generated by
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4.

5.

6.

the curve a, i.e., M is the surface of R® obtained by rotating the curve o
around the z—axis.

(1) Find I, I for M.
(1) Find a curve «v such that M has constant Gaussian curvature.
(111) Find a curve a such that M has constant mean curvature.

. Let : [0,4] — R" be an immersion parametrized by arc length.

(i) If n = 2, then I = ds? and II = k(s)ds®, where k(s) is the
curvature of the plane curve.

(1) For generic immersions, show that we can choose an orthonormal
frame field e 4 on v such that

0, if|[A—-B|#1;
WAB = {kz(s) ds, if(A,B)=(i,i+1);
—ki(s)ds, if (AB)=(i+1,i),
e, (wap) 1s anti-symmetric and tridiagonal. (When n = 3, this
frame e 4 1s the Frenet frame for curves in R? and k1, ko are the
curvature and torsion of + respectively, for more on the theory of
curves see [Ch4], [Do]).
Let A denote the area functional for immersions of M into V.
(i) If o : M — M is a diffeomorphism, then A(f o p) = A(f),1e., A
1s invariant under the group of diffeomorphisms of M.
(11) Show that VA( f) has to be a normal field along f.
(111) It suffices to show (2.1.22) for normal deformations, i.e., we may
assume that £ 1s a normal field for the immersion f.
(1iv) Prove (2.1.22) for normal deformations.
Let M be an immersed submanifold of R™, p € M, u € TM, and
v € v(M), unit vectors. Let E be the plane spanned by u, v, and o the
curve given by the intersection of M and p + F. Show that (/I (u, u),v)
1s equal to the curvature the curve o at p.
Let M™ be an immersed submanifold of N"*%(¢).
(1) If we identify T* M with T'M via the metric then

Ric=HA - A%+ (n—1)el,

p=H?* —||II||* + en(n — 1).

(ii) If M is minimal in R"** then Ric(M) < 0.
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Totally umbilic submanifolds

A submanifold M of N is called rotally geodesic (t.g.) if its second
fundamental form is identically zero. A smooth curve a of NV is called a
geodesic if as a submanifold of V it is totally geodesic. It is easily seen that
if e 4 1s an adapted frame for M then M is t.g. if and only if w;, = 0 for all
l1<i<nandn+1<a<n-+p.

2.2.1. Proposition. Let ~v be a smooth curve on N. Then the following
statements are equivalent:

(i) v is a geodesic,

(ii) the tangent vector field ~' is parallel along - ,

(iii) the mean curvature of y as a submanifold of N is zero.

PROOF. We may assume that ~y(s) is parametrized by its arc length and
e1(7v(s)) = 4'(s). Then ~ is a geodesic if and only if wy;(7’) = 0 for all
1 < i < n, (i1) is equivalent to

U:v7’7 —(velel (f ‘3) Z‘-‘Jli f’( )(323

and (i11) gives
H=7) wi(y)e;=0.
i>1

So these three statements are equivalent. =

2.2.2. Proposition. A4 submanifold M of a Riemannian manifold N is totally
geodesic if and only if every geodesic of M (with respect to the induced metric)
is a geodesic of N.

PROOF. The proposition follows from Vo' = Vad' — (Vara'),
and (V') =11(a’,a'). n

A Riemannian manifold with constant sectional curvature is called a space
form. We have seen in Example 1.2.5 that R" with the standard metric has
constant sectional curvature 0. In the following we will describe complete
simply connected space forms with nonzero curvature.

Letg = dr‘lz L d;rnJrk be the standard metric on R”+k, and V the
Levi-Civita cormectlon of g. Then we have seen in Example 1.2.5 that

V(u) = du,
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if we identify C'°° (TR™"*) with the space of smooth maps from R" "% to R" %
Let M" be a submanifold of (R"*,g), and X : M — R"™* the inclusion
map. Let e4 and w4 be as in section 2.1. First note that the differential
dX, : TM, — TN, of the map X at p € M 1s the inclusion ¢ of T'M,,
in T'N,. Under the natural isomorphism L(TM,TN) ~ T*M ® TN, i
corresponds to > . w;(p) @ e;(p). Hence we have

dX = Zwi R e;. (2.2.1)

2.2.3. Example. Let S" denote the unit sphere of R"*!. Note that the
inclusion map X : 8™ — R™"! is also the outward unit normal field on $™, i.e.,
we may choose e,,, 1 = X. The exterior derivative of e,, . ; gives

de,i1 = E Wnil,i @ €.

Using (2.2.1), we have
Win+l1 = —Wi,

So it follows from the Gauss equation (2.1.15) that $™ has constant sectional
curvature 1. This induced metric of ™ is called the standard metric.

2.2.4. Example. Let R™' denote the Lorentz space (N, g), i.e., N = R" !
and ¢ is the non-degenerate metric dz? + ... + dz? — dx? 41 of index 1. So
T'N is an O(n,1)— bundle, and results similar to those of section 1.1 and 2.1
can be derived. Let V denote the unique connection 7'V, that is torsion free
and compatible with g. Let

M = {x € R | g(z,x) = -1},

and X : M — R™! denote the inclusion map. Then the induced metric on M
is positive definite, and X is a unit normal field on M, 1.e., g(x,v) = 0, for all
veTM,. Lete,.; = X and ey, ...,e,4+1 alocal frame field on R™! such
that

g(ei,ej) = €i0;j, where €1 =... =€, = —€p41 = 1.

Soe1(x),...,en(x)aretangentto M forr € M. Letw!, . .., w1 be the dual

coframe, i.e., w?(ep) = dap. Letw?% be the connection 1-form corresponding
to V, i.e.,

Ves = dey = Zwi Rep.
B

By (1.1.6), we have
EAw;? + wg‘eB =0, and

Vwa = —Zw§ ® wB.
B
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Set
wa = EALUA.

Since e,4+1 = X, we have

den+1 = Zw;Jrl ®e; =dX = Zwi ® e;.

So w},, | = w;. By the Gauss equation we have
J n+1 ¥ _ n+1 yn+1
G =—w, 7 ANwp = -7 Aw;
= —wWAW = —w; Aw.

So M has constant sectional curvature —1. From now on we will let H" denote
M with the induced metric from R™'. H" is also called the hyperbolic n-space.

It is well-known ([KIN]) that every simply connected space form of sectional
curvature c is isometric to R", 8", H" if ¢ = 0, 1, or —1 respectively. We will
let N™(¢) denote these complete, simply connected Riemannian n-manifold
with constant sectional curvature c.

2.2.5. Definition. An immersed hypersurface M " of the simply connected
space form N"1(c) is called rotally umbilic if II(x) = f(x)I(x) for some
smooth function f : M — R.

In the following we will give examples of totally umbilic hypersurface of
space forms.

2.2.6. Example. An affine n-plane E of R" ¥ is totally geodesic. For we can
choose e, to be a constant orthonormal normal frame on F. Then de,, = 0.
So we have II = 0. Let 8$"(x¢,r) be the sphere of radius r centered at
xo in R"*!. Then e, 1(z) = (x — xo)/r is a unit normal vector field on
S§"(xo,7),and de,, 1 = (1/7) . w; @ e;. Sowe have w; 41 = —(1/7)w;
and [l = —(1/r)1,i.e,S8"(xq,r) is totally umbilic, and has constant sectional
curvature %2

2.2.7. Example. Let V be an affine hyperplane of R"*2, v, a unit normal
vector of V, cos # the distance from the originto V', and M = 8" "' N V. Then
eén+1 = —cot @ X + cscf vp 1s a unit normal field to M in st Taking the
exterior derivative of e,, 1, we obtain

dey41 = —cot@ dX = —CotHZwi ® e;,

1.e., Winpt1 = cot@w; and I = cotf 1. So M 1s totally umbilic in sl
with sectional curvature equal to 1 + cot? 6 = csc? 6, and M is t.g. in ST,
if cos @ = 0 (or equivalently V' is a linear hyperplane).
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2.2.8. Example. Let vy be a non-zero vector of the Lorentz space R" !,
and

M = {x € R"*"Y (z,2) = =1, (x,v9) = a}.
Then
0=(dX,X) = (e, X)w;,

0= (dX,vg) = Z(ea—,vg)wi.

So (X, e;) = (v, e;) = 0, which implies that

vg = —aX + be, 41, (2.2.2)
for some b. Note that

(vo, Vo) = —a® + b2,
Taking the differential of (2.2.2), we have Zi(awi + bwi nt1)ei = 0. So

aw; + bwi,n+1 = 0. (223)

(i) If (vg,vo) = 1, then —a? + b?> = 1 and we may assume that a =

sinh#p and b = coshtp. So (2.2.3) implies that w; ,4+1 = —tanh {o w;,
re., Il = —tanh ty I, 1.e., M 1s totally umbilic with sectional curvature

—1 + tanh? tg = — sech? to-

(11) If (vg, vg) = 0, then —a? 4+ b% =0, Win+1 =w;. So Il = 1I,and M is
totally umbilic with sectional curvature 0.

(iii) If (v, vo) = —1, then —a? + b?> = —1 and we may assume that a =
coship, b = sinh¢y. Then we have w; , 11 = — cothty, which implies that
11 = —cothtgl, 1e., M is totally umbilic with sectional curvature — csch? to.

2.2.9. Proposition. Suppose X : M" — R""! is an immersed, totally
umbilic connected hypersurface, and n > 1. Then

(i) II = c I for some constant c

(ii) X (M) is either contained in a hyperplane, or is contained in a standard
hypersphere of R" 1.

PROOF. Letea,w; and wyp as before. By assumption we have
Wia = f(x)w;. (2.2.4)

Taking the exterior derivative of (2.2.4), and using (2.1.4) and (2.1.13), we
obtain

dwm = deuJI +fZLUIJ /\UJJ
J
= ijwj/\w.g-l-waij/\wj
J J

J J
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So Zj fjwj A w; = 0, which implies that f; = 0 for all j # . Since
n > 1, df =0,1e., f = caconstant.
If ¢ = 0, then w;, = 0. So de,, = 0, ¢, 1s a constant vector vy, and

d{X,vp) = Z(ei’ vo)w; = 0,

i.e., X (M) is contained in a hyperplane. If ¢ # 0, then w;, = cw; and

d (X + %) = Z (LU@B{ — %w.ga) e; = 0.

i

So X + e,/c is equal to a constant vector xy € R""!, which implies that
IX — ol = (1/¢)*. =

The concept of totally umbilic was generalized to submanifolds in [NR] as
follows:

2.2.10. Definition. An immersed submanifold M™ of the simply connected
space form N"*%(¢) is called rotally umbilic if IT = £1, where £ is a parallel
normal field on M.

2.2.11. Proposition. Let X : M™ — R"™* be a connected, immersed
totally umbilic submanifold, i.e., Il = &1, where £ is a parallel normal field on
M. Then either

(i) € = 0 and M is contained in an affine n-plane of R***, or

(ii) X + (&£/a) is a constant vector x(, where a = ||£||; and M is contained
in a standard n—sphere of R"*.

Proor. If& = 0, then w;, = O for all 7, a. The Ricci equation (2.1.14)
gives dwnsg = Wa~ N w~3, which implies that the normal connection 1s flat. It
follows from Proposition 1.1.5 that there exists a parallel orthonormal normal
frame e},. So we may assume that ¢, are parallel, 1.e., w,3 = 0. This implies
that de, = 0, i1.e., the e, are constant vectors. Then

d{X,eq) = (dX,e,) =0,
so the (X, e, ) are constant ¢, and M is contained in the n—plane defined by
(X, €en) = Ca-
If £ # 0, then a = ||| is a constant, and we may assume that £ = ae,, 41,

VYen+1 =0, so

Wintl = AW;, Wia =0, Wpnt1,0 =0, (2.2.5)
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forall &« > (n + 1). Then

€n 1
d (X -+ a+1) = Z (wi — Ewi;n—}—l) e; =0,

1

so X + (e,+1/a) is a constant vector xg. Using (2.2.5), we have

d(@lA...A6n+l): Z elA'-'w'iaBaAB'E—O—l'*'Aen—l-l
i,ax>n+1
+ Z elA...AenAw-n—'—]_,QeQ:U.
e =rn+1
Hence the span of e (), ..., e,4+1(x) 1s a fixed (n + 1)—dimensional linear

subspace V' of R" " forallz € M. But X = To —€n+1/a,so M is contained
in the intersection of the affine (n + 1)—plane xy + V" and the hypersphere of
R""* of center x¢ and radius 1/a. u

Exercises.

1. Prove the analogue of Proposition 2.2.9 for totally umbilic hypersurfaces
of "1 and H" .

2. Prove the analogue of Proposition 2.2.11 for totally umbilic submanifolds
of "1 and H" 1.

2.3. Fundamental theorem for submanifolds of space forms

Given a submanifold M™ of a complete, simply connected space form, we
have associated to M an orthogonal bundle (the normal bundle (M)) with a
compatible connection, and also the first and second fundamental forms of M.
Together these satisfy the Gauss, Codazzi and Ricci equations. In the following,
we will show that these data determine the submanifold up to isometries of of
the space form.

2.3.1. Theorem. Suppose (M",g) is a Riemannian manifold, £ is a smooth
rank k orthogonal vector bundle over M with a compatible connection V1,
and A : £ — S2?T*M is a vector bundle morphism. Let eq,....e, be a
local orthonormal frame field on TM, w., ..., w, its dual coframe, and w;;
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the corresponding Levi-Civita connection 1-form, i.e., w;; is determined by the
structure equations

J

Let €y 1, ..., €ent be an orthonormal local frame field of &, and w3 is the
o(k)—valued 1-form corresponds to V. Let w;,, be the I-forms determined by
the vector bundle morphism A:

Alea) = Y wia ® wi.

Set Wai = —Wia, and suppose wap satisfy the Gauss, Codazzi and Ricci
equations:
du.)” = Z Wik A quj -+ Z Wiy A {..u‘a.j= (232)
k o
dw;n = Z Wik N\ Wea + Z wig N\ Waa, (2.3.3)
k €
dwap = Z Wany N\ Wag + Z Wai N\ Wig. (2.3.4)
7y i
Then given xo € M, pg € R""* and an orthonormal basis v1, . . . Un+k Of

R"* for small enough connected neighborhoods U of xo in M there is a unique
immersion f : U — R"* and vector bundle isomorphism n : € — v(M)
such that f(xo) = po and vi,...,v, are tangent to f(U) at po, g is the first
fundamental form, A(n(en)) are the shape operators of the immersion, and V*
corresponds to the induced normal connection under the isomorphism 7).

Proor. It follows from the definition of w4 p that w = (w4p) is an
o(n + k)—valued 1-form on M. Then (2.3.2)-(2.3.4) imply that o satisfies

Maurer-Cartan equation:
dw =w N\ w,

which is the integrability condition for the first order system
dy = wp.

So there exist a small neighborhood U of g in M and mapseq : U — R"TF
such that
dey = ZWAB ® ep,
B
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where e 4 (xg) = v4 and {e4(x)} is orthonormal for all z € U. To solve the
system

dX = Z“‘J"‘ X e;,
we prove the right hand side is a closeil 1-form as follows:
d (Z“‘J* ® ez) = Zdwi R e; —w; N sz—A R el
i i A
= Z(dw'i — Zwi@f Nwj) ®e; — Z(Ldz' A Wia) @ €q,
B J

1,0, 0
= Z(d&)‘& — Zu.)»u A uJJ) R e; — Z h.mju.)i M Wy X €q s
i J -i,j,a
(2.3.5)

the structure equations (2.3.1) implies the first term of (2.3.5) 1s zero and h;,; =
h joi implies the second term is zero. =

2.3.2. Corollary. Let oo : (M,g) — R " and o1 : (M, g) — R""* be
immersions. Suppose that they have the same first, second fundamental forms
and the normal connections. Then there is a unique orthogonal transformation
B and a vector vo € R™* such that po(x) = B(p1(x)) + vo.

The group (G,,, of isometries of R™ is the semi-direct product of the or-
thogonal group O(m) and the translation group R™; ¢7,9~ " = Ty(,), where
g € O(m) and T}, is the translation defined by v. So its Lie algebra G,,, can be
identified as the Lie subalgebra of gl(m + 1) consisting of matrices of the form

(6 5):

where A € o(m), and v 1s an m x 1 matrix.
Let M, w;,wap be asin Theorm 2.3.1. Let 7 denote the following gl(n +
k + 1)—valued 1-form on M:

(= )
L0 0)”
where 7o = (wap) isano(n—+k)—valued 1-form, and @ is an (n+ k) x 1-valued
l-form (w1, ...,wn,0,...,0)"

Then 7 i1s a G,, ;. —valued 1-form on M. The Gauss, Codazzi and Ricci
equations are equivalent to the Maurer-Cartan equations

dr =T A T.
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Hence there exists a unique map F' : U — GL(n+ k + 1) such that dF = 7F,
the m" row of F(x¢) is (v, 0) form < (n + k), and the (n + k + 1)*! row
of F(xq) is (pg,1). Then the (n + k + 1)*! row is of the form (X, 1),and X
is the immersion of M into R" %,

A similar argument will give the fundamental theorem for submanifolds of
the sphere and the hyperbolic space. For§"**, wehave F : U — O(n+k+1),
and the (n+ k+ 1) row of F gives the immersion of M into $"*. For H" "%,
we have F : U — O(n + k, 1), and the (n + k + 1)*' row of F gives the
immersion of M into H" %,

2.3.3. Theorem. Given (M, g),&, VY, A, w;,wap asin Theorem 2.3.1. Let
c denote the integer 0,1 or —1. Set

- w 0
[ _Cgt U 3

where @w = (waB) is an o(n + k) valued 1-form, and 6 is the (n + k) x 1
valued 1-form (wy, . ..,wn,0,...,0)  on M. Then

(i) Teis a Gy p,0(n + k + 1), or o(n + k,1)—valued 1-form on M for
c = 0,1 or —1 respectively.

(ii) If T.. satisfies the Maurer-Cartan equations
dTe = Te N\ Te,

then
(1) the system
dF = 1.F (2.3.6)

for the GL(n + k + 1)—valued map F' is solvable,

(2) if F is a solution for (2.3.6) and X denotes the (n + k + 1)t row,
then X : M — N7"+k (c) is an isometric immersion such that g, &, V1!, Aare
the first fundamental form, normal bundle, induced normal connection, and the
shape operators respectively for the immersion X.

(3) The data g,&£,V*', A determine the isometric immersions of M into
N5 (¢) uniquely up to isometries of N"TF(c).

Exercises.

1. Show that the group of isometries of ($", g) is O(n + 1), where g is the
standard metric of §”.

2. Show that the group of isometries of the hyperbolic space (H",g) is
O(n,1).
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3. Prove Theorem 2.3.3 for $"™* and H" ™.
4. Show that the n — 1 smooth functions k1 (s), .. ., kn—1(s) obtained in Ex.

3 3

3 of section 2.1 determine the curve uniquely up to rigid motions (this is
the classical fundamental theorem for curves in R™).





