Lecture 4

Submanifold Theory.

In this chapter we review some basic facts concerning connections and
the existence theory for systems of first order partial differential equations.
These are basic tools for the study of submanifold geometry. A connection is
defined both globally as a differential operator (Koszul’s definition) and locally
as connection 1-forms (Cartan’s formulation). While the global definition is
better for interpreting the geometry, the local definition is easier to compute
with. A first order system of partial differential equations can be viewed as a
system of equations for differential 1-forms, and the associated existence theory
1s referred to as the Frobenius theorem.

1.1. Connections on a vector bundle

Let M be a smooth manifold, £ a smooth vector bundle of rank k£ on M, and
C (&) the space of smooth sections of €.

1.1.1. Definition. A connection for £ is a linear operator
V:C®() - C*(T"M ®¢§)

such that
Vifs)=df @ s+ fV(s)

forevery s € C°(£) and f € C°°(M). We call V(s) the covariant derivative
of s.

If ¢ is trivial, ie., ¢ = M x R¥, then C™° (€) can be identified with
C>(M,R*) by s(z) = (z, f(z)). The differential of maps gives a trivial
connection on &, L.e., Vs(z) = (z,df,). The collection of all connections on
& can be described as follows. We call £ smooth sections sq,...,s, of £ a
frame field of & if s(x), ..., si(z) is a basis for the fiber ¢, at every z € M.
Then every section of ¢ can be uniquely written as a sum f1s7 + ... + fisk,
where f; are uniquely determined smooth functions on A/. A connection V on
€ is uniquely determined by V(s1),..., V(sk), and these can be completely
arbitrary smooth sections of the bundle 7* M ® &. Each of the sections V(s;)
can be written uniquely as a sum ) | w;; ® s, where (w;;) is an arbitrary n x n
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matrix of smooth real-valued one forms on M. Infact, given V(s1),..., V(sg)
we can define V for an arbitrary section by the formula

V(fis1+ -+ fese) = Z(dﬁ ® s; + fiV(s3)).

(Here and in the sequel we use the convention that ) always stands for the
summation over all indices that appear twice).

Suppose U is a small open subset of M such that £|U is trivial. A frame
field s1, ..., s of £|U 1is called a local frame field of € on U.

It follows from the definition that a connection V is a local operator, that
1s, if s vanishes on an open set U then Vs also vanishes on U. In fact, since
s(p) = 0and ds,, = 0 imply Vs(p) = 0, V is a first order differential operator
([Pa3]).

Since a connection is a local operator, it makes sense to talk about its
restriction to an open subset of M. If a collection of open sets U, covers M
such that £|U,, is trivial, then a connection V on £ is uniquely determined by its
restrictions to the various U,,. Let 51, ..., s; be a local frame field on U,,, then
there exists unique 7 X n matrix of smooth real-valued one forms (w;;) on U,
such that V(s;) = > w;; @ s;.

Let GL(k) denote the Lie group of the non-singular k x k real matrices,
and gl(k) its Lie algebra. If s; and s} are two local frame fields of £ on U, then
there is a uniquely determined smooth map g = (g;;) : U — GL(k) such that
st = 0ijsj- Letg~" = (g") denote the inverse of g, so that s; = > g*/s7.

Suppose
Vsi :szj@Sj, Vs; :Zw;‘j@s;.

Letw = (wj;) and w* = (w};). Since

= V Z g'ims-m — Z dgimsm + gimvsm

- Z dgam + Zgzkwkm)gm

= Z ngzmgmj + Zgzkwkmg
] m,k

- ZUJ?J S0

we have
= (dg)g~" + gwg™".

Given an open cover U,, of M and local frame fields {s%} on U,,, suppose

Z(g ) on U, NUgs. Let g*f = (g%‘j) Then a connection on &
1S deﬁned by a collectlon of gl(k)—valued 1-forms w® on U,, such that on
Ua N Ug we have w? = (dg™?)(¢g*P)~! + g*Pw™(g*P)~!
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Identify T*M ® & with L(T'M, ), and let V x s denote (Vs)(X). For
X,Y € C®(TM) and s € C°°(&) we define

K(X,Y)(s) =—=(VxVy = VyVx = Vix v)(9) (1.1.1)
It follows from a direct computation that
KY,X)=-K(X,Y),
K(fX,Y) = K(X, fY) = fK(X,Y),
K(X,Y)(fs) = fK(X,Y)(s).
Hence K is a smooth section of L(§ @ A2 TM, &) ~ L(&, N> T*M ® €).

1.1.2. Definition. This section K of the vector bundle L (&, /\2 T*M ®E) is
called the curvature of the connection V.

Recall that the bracket operation on vector fields and the exterior differen-
tiation on p forms are related by

dw(Xo,...,Xp) =Y (1)’ Xiw(Xo,...,Xi,..., Xp)

: . (1.1.2)

+ 3 (=1 ([ X, K], Koy - ey Xy Kfyeney Ko
1<J

Suppose 1, ..., Sy is a local frame field on U, and Vs; = ) w;; ® s;.
Then there exist 2-forms €2;; such that

K(s:)=) Q;®s;.
Since
—K(X,Y)(si) = VxVysi — VyVxsi — V(x,y]si
=Vx(D_wi;(YV)s;) — Vy O wij(X)s;)
=) wii([X,Y])s;
=) (X(wi(Y)) = Y (wij(X)) — wij([X, Y]))s
+ ) (wig (V)win(X) — wiy (X)ws(Y)) sk
= Z (dwij — Zwik Awii)(X,Y) s,

we have
_Qij — dw,ij — E Wik N W -
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Thus K can is locally described by the k& x k matrix 2 = (£2;;) of 2-forms just
as V is defined locally by the matrix w = (w;;) of 1-forms. In matrix notation,
we have

N =dw—-wAw. (1.1.3)

Let g = (gi;) : U — GL(k) be a smooth map and let w = (dg)g~".
Thenw is a gl(k)— valued 1-form on U, satisfying the so-called Maurer-Cartan
equation

dw =w A w.

Conversely, given a gl(k)— valued 1-form on U with dw = w A w., it follows
from Frobenius theorem (cf. 1.4) that given any xy € U and go € GL(k) there
is a neighborhood Uy of xy in U and a smooth map g = (g;;) : Uy — GL(k)
such that g(zg) = go and (dg)g~' = w. Thus dw = w A w is a necessary
and sufficient condition for being able to solve locally the system of first order
partial differential equations:

dg = wg. (1.1.4)

Let ¢; denote the i*" row of the matrix g and w = (w;;). Then (1.1.4) can be

rewritten as
dei = E LL:'z'j @GJ
J

1.1.3. Definition. A smooth section s of £|U is parallel with respect to V if
Vs=0onU.

1.1.4. Definition. A connection is flat if its curvature is zero.

1.1.5. Proposition. The connection \ on & is flat if and only if there exist
local parallel frame fields.

PROOF. Let s; and w = (w;;) be as before. Suppose 2 = 0, then w
satisfies the Maurer- Cartan equation dw = w A w. So locally there exists a
GL(k)— valued map g = (g;;) such that (dg)g~"' = w. Let g~ = (¢*/), and
s;=2_9"s;. ThenVs] = } w; ® s}, and

= —1 -1
w'=d(g " )g+g wyg
=—g '(dg)g g+ 9 (dg)g™'g=0

So s; is a parallel frame. =

1.1.6. Definition. A connection V on £ is called globally flat if there exists a
parallel frame field defined on the whole manifold M.
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1.1.7. Example. Let & be the trivial vector bundle M x R*, and V the trivial
connection on £ given by the differential of maps. Then a section s(z) =
(z, f(x)) 1s parallel if and only if f is a constant map, so V is globally flat.

1.1.8. Remarks.
(1) If £ 1s not a trivial bundle then no connection on £ can be globally flat.
(11) A flat connection need not be globally flat. For example, let M be
the Mébius band [0, 1] X R/ ~ (where (0,¢) ~ (1, —t))). Then the trivial
connection on [0, 1] X R induces a flat connection on 7'M. But since 7'M is
not a product bundle this connection is not globally flat.

Given zg € M, a smooth curve a : [0, 1] — M such that a(0) = z( and
Vg € &, (the fiber of £ over ), then the following first order ODE

Vawv =0, v(0) = vy, (1.1.5)

has a unique solution. A solution of (1.1.5) is called a parallel field along «a,
and v(1) is called the parallel translation of vy along o to a(1). Let P(c) :
&xy — &z, be the map defined by P(«a)(vg) = v(1) for closed curve o such
that a(0) = a(1) = xo. The set of all these P(«) is a subgroup of GL(&,,,).
that 1s called the holonomy group of V with respect to x. It is easily seen that
V 1is globally flat if and only if the holonomy group of V is trivial.

1.1.9. Definition. A local frame s; of vector bundle £ is called parallel at a
point g with respect to the connection V, if Vs;(z) = 0 for all 7.

1.1.10. Proposition. Let V be a connection on the vector bundle & on M.
Given xo € M, then there exist an open neighborhood U of xy and a frame
field defined on U, that is parallel at x,.

PROOF. Lets;bealocal framefield, Vs; = ZJ wi;j®sj,andw = (wi;).
Let zy,...,z, be a local coordinate system near z¢, and w = »_; fi(z) dz;,
for some smooth gl(k) valued maps f;. Let a; = fi(xo). Then a; € gl(k),

and g~ 'dg+w = 0 at Ig,whereg(r) = exp(}_, z;a;). Sowe havedg g~ +

gwg~' = 0atxg,ie., s =) g;;s; is parallel at z, where g = (g;;). m

Let O(m, k) denote the Lie group of linear isomorphism that leave the
following bilinear form on R invariant:

*73 y) Z Tili — Z Tm+jYm+j-

So an (m + k) x (m + k) matrix A is in O(m, k) if and only if

A'EA=E., where E= diag(l,...,1,—-1,...,—1),
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and its Lie algebra is:

o(m,k)={Acgllm+k)| A'E + EA=0}.
1.1.11. Definition. A rank (m + k) vector bundle £ is called an O(m, k)—
bundle (an orthogonal bundle if k = 0) if there is a smooth section g of S?(£*)

such that g(x) is a non-degenerate bilinear form on £, of index k forall = € M.
A connection V on £ 1s said to be compatible with g if

X(g(s,t)) =9(Vxs,t)+g(s, Vxt),

forall X € C>°(T'M),s,t € C>(&).

Suppose 1, ..., Sy+k 1s a local frame field, g(s;, s;) = gi;, and
VS«{; — Zuju ® Sj.
J

Then V 1s compatible with ¢ if and only if
wG + Guw' = dG,
where w = (w;;) and G = (g;;). In particular, if G = E as above, then
wE + Ew' =0, (1.1.6)
i.e.,w is an o(m, k)— valued 1-form on M.

The collection of all connections on & does not have natural vector space
structure. However it does have a natural affine structure. In fact if V; and
V5 are two connections on £ and f is a smooth function on M then the linear
combination fV; + (1 — f)V5 is again a well-defined connection on &, and
V1 — V3 is a smooth section of L(§,T*M ® &).

Next we consider connections on induced vector bundles. Given a smooth
map ¢ : N — M we can form the induced vector bundle ¢*&. Note that there
are canonical maps

p* CF(E) = C(e79),
e C®(T*M) — C>(T*N).
So there is also a canonical map

P C(T"M®E&) — C(T*N ® ¢*§).
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1.1.12. Lemma. To each connection V on £ there corresponds a unique
connection p*V on the induced bundle p* & so that

(@*V)(¢"s) = ¢*(Vs).

For example, given a local frame field s1, ..., s over an open subset U/
of M with V(s;) = > w;; @ s;, then

(P*V)(@*s:i) = D 0 wi; ® "5,

i.e., the connection 1-form for p*V is p*w;;.

Suppose V; and V5 are connections on the vector bundles £, and & over
M. Then there i1s a natural connection V on £ ® &, that satisfies the usual
“product rule”, 1.e.,

V(s1 ®s2) = Vi(s1) ® s2 + s1 ® Va(s2)

1.2. Levi-Civita Connections

Let M be an n-dimensional smooth manifold, and g a smooth metric on
M,ie., g € C°(S?T*M), such that g(x) is positive definite for all z € M
(or equivalently, TM is an orthogonal bundle). Suppose V is a connection on
T'M , and given vector fields X and Y on M let

T(X,Y)=VxY —-VyX — [X,Y].
It follows from a direct computation that we have

So T 1s a section of /\2 T* M @ T M, called the rorsion tensor of V.

1.2.1. Definition. A connection V on 7'M 1s said to be torsion free if its
torsion tensor 7 1s zero.

Letey, ..., e, bealocal orthonormal tangent frame field on an open subset
U of M, ie., e;(x),...,e,(x) forms an orthonormal basis for 7'M, for all
x € M. We denote by wy,...,w, the l-forms in U dual to e, ...,€,, Le.,

satisfying w;(e;) = d;;. Suppose

Vez- = ZL"‘JIJ ® GJ
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It follows from (1.1.6) that V is compatible with g if and only if w;; +w;; = 0.
The torsion is zero if and only 1f

lei, ej] = Z(ij(ei) — wir(ej))er. (1.2.1)

Then (1.1.2) and (1.2.1) imply that
dwk = ng /\wgk.

Let ¢;x, and ; ;5 be the coefficients of [e;, e j] and w;; respectively, i.e.,

[-‘3-£= Gj] = z CijkCk,

Wij = 2 YijkWk-

and

Then we have:
Yijk = —Vjik, Viki — Yikj = Cijk-

This system of linear equations for the ;. has a unique solution that is easily
found explicitly; namely

1
Yijk = 5(—1’3@3‘;{ + Cjki + Ckij)-
Equivalently, V z X 1s determined by the following equation:

9(V2X.Y) = oY, 2, X) +9((Z,X),Y) - ¢((X, Y], 2)
+ X(9(Y, 2)) + Y (9(Z, X)) = Z(9(X, Y))}

. (1.2.2)

for all smooth vector field Y on M. So we have:

1.2.2. Theorem. Thereis a unique connection NV on a Riemannian manifold
(M, g) that is torsion free and compatible with g. This connection is called the
Levi-Civita connection of q. If ey, . .., e, is a local orthonormal frame field of
TMandwn, ..., wn, is its dual coframe, then the Levi-Civita connection 1-form

b b

w;j of g are characterized by the following “structure equations”’:
dwﬁ- = E Wy N Wiis Wij + Wi = U,
or equivalently

dﬂ.u‘ﬁ- = Zw@j A f.u‘j., w.;j + Ldjz' = U (123)
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1.2.3. Definition. The curvature of the Levi-Civita connection of (M, g) 1s
called the Riemann tensor of g.

Let w = (w;;) be the Levi-Civita connection 1-form of g, and 2 = (€;;)
the Riemann tensor. It follows from (1.1.3) that we have

dw — w Aw = —CL. (1.2.4)

This 1s called the curvature equation. Write

1
Q-ij = 5 Z jokgu.);c A wy (1.2.5)
k£l
with R;jr; = —Rijix. It 1s easily seen that

Riiij = g(K(ei,ej)(ex), er).

Next we will derive the first Bianchi identity. Taking the exterior derivative of
(1.2.3) and using (1.2.4), we get

1
Z Qij N Wy = 5 Z jokgwkwgwj = U.,
J 3.k,

which implies the first Bianchi identity
Rijri + Ririj + Rijr = 0. (1.2.6)

If the dimension of M 1s 2 and €215, = Kw; A ws, then K is a well-defined
smooth function on M, called the Gaussian curvature of g. The curvature
equation (1.2.4) gives

dwis = —Kwy A wo.

Let M be a Riemannian n-manifold, £’ a linear 2-plane of 7'M, and vy, v2
is an orthonormal basis of E. Then g( K (vy,v3)(v1), v2) is independent of the
choice of v1,v2 and depends only on E; it is called the sectional curvature
K (F) of the 2-plane E with respect to g. In fact K ( E') is equal to the Gaussian
curvature of the surface exp,(B) at p with induced metric from M, where B
1s a small disk centered at the origin in /. The metric g is said to have constant
sectional curvature c if K(E) = c for all two planes. It is easily seen that g
has constant sectional curvature c if and only if

SZU = CW; f\uJJ
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The metric g has positive sectional curvature if K (E) > 0 for all two planes
E.

The Ricci curvature,

R.iC = E T'gjw«,; ®wj,

of g is defined by the following contraction of the Riemann tensor {2:
Tijg = Z Rikjk-
k
The scalar curvature, 1, of g is the trace of the Ricci curvature, 1.e.,

H = Z Tii-
i

It is easily seen that Ric is a symmetric 2-tensor. We say that Ric is positive,
negative, non-positive, or non-negative if it has the corresponding property as a
quadratic form, e.g, Ric > 0 if Ric(X, X') > 0 for all non-zero tangent vector
X . The metric g is called an Einstein metric, if the Ricci curvature Ric = cg
for some constant c.

The study of constant scalar curvature metrics and Einstein metrics plays

very important role in geometry, partial differential equations and physics, for
example see [Sc1],[KW] and [Be].

1.2.4. Example. Suppose g = A?%(x,y)dr? + B?(x, y)dy? is a metric on an
open subset U of R?. Set

w1 = Adr, w;= Bdy, wi2= pw; + qus.
Then using the structure equations:
dwy = wiz A wa, dwy = w1 A wi2,

we can solve p and g explicitly. Let f, denote %_,% We have

wiz = —“dz+ Dray,

—1 A B..
K= —_ Y -z

w|(3) (%),

1.2.5. Example. Let M = R", and g = dx? + ... + dz? the standard
metric. A smooth vector field u of R" can be identified as a smooth map
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u = (up,...,u,) : R" — R". Then the constant vector fields ¢;(z) =
(0,...,1,...,0) with 1 at the it" place form an orthonormal frame of TR",
and w; = dx; are the dual coframe. It is easily seen that w;; = 0 is the solution
of the structure equations (1.2.3). So Ve; = 0, and the curvature forms are

D= —-dw+wAhw=0.

Ifu = (u1,...,uy) is a vector field, then u = » u;e; and

Vu= Zdui ®e; = (duy, ..., du,),

1.e., the covariant derivative of the tangent vector field u is the same as the
differential of u as a map.

Exercises.

1. Using the first Bianchi identity and the fact that R;;z; is antisymmetric
with respect to 75 and ki, show that R;;i; = Rj;j, 1.e., if we 1dentify
T M with T'M via the metric, then the Riemann tensor {2 is a self-adjoint
operator on /\2 T M. (Note that if g has positive sectional curvature then
() is a positive operator, but the converse is not true.)

2. Show that Ricci curvature tensor is a section of S2 (T*M),1e.,1i; = Tj;.

3. Suppose (M, g) is aRiemannian 3-manifold. Show that the Ricci curvature
Ric determines the Riemann curvature {2. In fact since Ric is symmetric,
there exists a local orthonormal frame €1, €2, e3 such that Ric = > \jw; ®
w;. Then R;;1; can be solved explicitly in terms of the A; from the linear
system ), Rikjr = Nidyj.

4. Let (M™, g) be a Riemannian manifold with n > 3. Suppose that for
all 2—plane E, of T M, we have K(E,) = ¢(x), depending only on .
Show that ¢(x) is a constant, i.e., independent of .

5. Let G be a Lie group, V' a linear space, and p : G — GL(V') a group
homomorphism, i.e., a representation. Then V' is called a linear G—space
and we let gv denote p(g)(v). A linear subspace Vj of V' is G-invariant if
g(Vp) C Vp forall g € G.

(1) Let V1, V5 be linear G-spaces and 7" : V; — V5 a linear equivariant
map, i.e., I'(gv) = ¢gT'(v) forall g € G and v € V;. Show that both
Ker(T') and Im(7") are G-invariant linear subspaces.

(1) IfV isalinear G-space given by p then the dual V'* 1s a linear G-space
given by p*, where p*(g)(¢)(v) = £(p(g7")(v)).

(ii1) Suppose V isaninner productand p(G) C O(V'). If V} is an invariant
linear subspace of V' then V" is also invariant.

(iv) With the same assumption as in (i11), if we identify V'* with V' via the
inner product then p* = p.
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6. Let M be a smooth (Riemannian) n-manifold, and F'(M) (Fy(M)) the
bundle of (orthonormal) frames on M, 1.e., the fiber F(M), (Fo(M).)
over © € M is the set of all (orthonormal) bases of T'M.,.

(1) Show that F'(MM) is a principal GL(n)-bundle.
(i1) Show that Fj(M) is a principal O(n)-bundle,
(111) Show that the vector bundle associated to the representation p = id :
GL(n) — GL(n)is TM.
(iv) Find the GL(n)-representations associated to the tensor bundles of
M, S?TM and A\ TM.
7. Letvy,....v, be the standard basis of R", and

|4 :{Z TijkiVi ® v @ v @ vy |

Tijll + Tjikl = Tijki + Tijik = Tijl + Tirgj + Tage = 0}

Letr : V — S?(R") be defined by r(z) = 3 zirjkvi @ vj.
(1) Show that V' is an O(n)-invariant linear subspace of ®*R", and the
Riemann tensor {2 1s a section of the vector bundle associated to V.
(ii) Show that r is an O(n)—equivariant map, V' = Ker(r) & S?(R")
as O(n)-spaces, and the Ricci tensor is a section of the vector bundle
associated to S2(R™), i.e., S?T' M. The projection of Riemann tensor
(2 onto the vector bundle associated to Ker(r) is called the Weyl tensor
(For detail see [Be]).
(111) Write down the equivariant projection of V' onto Ker(r) explicitly.
(This gives a formula for the Weyl tensor).
8. Let M = R" and g = a?(x) dz? +...+a2(x) dz2. Find the Levi-Civita
connection 1-form of (M, g).
9. Let H" = {(21,...,%,) | z, > 0}, and g = (dz} + ... + dz2)/22.
Show that the sectional curvature of (H", g) is —1.

1.3. Covariant derivative of tensor fields

Let (M, g) be a Riemannian manifold, and V the Levi-Civita connection
on T'M . There is a unique induced connection V on 7 M by requiring

X (@(Y)) = (Vxw)(¥) + (V). (13.1)

Letey,...,e, be alocal orthonormal frame field on M, and w;,...,w, its
dual coframe. Suppose

V(f?: = ZL{JIJ v GJ'.,

VUJ.L' = Z'Tij ® UJJ
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Then (1.3.1) implies that 7;; = —w;; = w;;, 1.e.,

Vw =Y wij ® wj. (1.3.2)

So V can be naturally extended to any tensor bundle 7" = @ "T*M ®° T'M
of type (r,s) as in section 1.1.
Forr > 0,5 > 0,1letCY : 7] — 7.,! denote the linear map such that

Cé’(u)h ®®w2r®€‘}l®®63h)
= Wi, ®...wip_1 ®w.;p+l @...wgr'@le@...ejq_l @(qu_'_l XK ...ej,.

These linear maps C?’ are called contractions. 1f we make the standard identi-
fication of 7;' with L(T'M,TM), then for t = >_ t;jw; ® e;, we have

CL(t) = ti = tr(t).

Since T M can be naturally identified with 7'M wvia the metric, the contraction
operators are defined for any tensor bundles. For example ift = ) #;;w; Q w;,
then C'(t) = ) ti; defines a contraction. The induced connections on the tensor
bundles commute with tensor product and contractions.

In the following we will demonstrate how to compute the covariant deriva-
tives of tensor fields. Let f be a smooth function on M, and

V=Y fiw =df. (1.3.3)

Since V(df) is a section of 72, it can be written as a linear combination of
{wi ®wj}:
V(df) = fijw; ®wi, (1.3.4)

where V. (df) =} fijw;. Using the product rule, we have

V(df) = _dfi ®wi + fiVuw,
= des ® wi + Z fiwij ® wj

i

= dei K w; + meu«‘m-s & wj.

i,m

Compare (1.3.4) and (1.3.5), we obtain

Z fijw; = dfi + Z fmWmi. (1.3.6)
j T
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Taking the exterior derivative of (1.3.3) and using (1.2.3), (1.3.6), we obtain
D= de, N\ wi +Zfiwij N\ wj

- Z(Z fijwj — fjwji) Nw; + Z fiwij A wj
= Zfijwj N wi,
]

which implies that f;; = f;;. So we have

1.3.1. Proposition. If f : M — R is a smooth function then V> is a
smooth section of S*T* M.

The Laplacian of f is defined to be the trace of V2, i.e.,
Af=>" fi

Now suppose that u = ) u;;w; ® w; is a smooth section of ®27* M, and

Vu = E UjjrwWi Q@ wi @ wj,

where
Ve, (u) = Zuijkw.,: ® wj.
Since

Vu = Zduij R w; ®w]' + uiij.i (029 u.)j -+ Ui Wi X ij,

and (1.3.2), we have

Z UjjrWr = duij T Z UimWmj + Z U jWmi - (137)
k m

m

For example, if u is the metric tensor g, then we have u;; = d;; and by (1.3.7)
we see that u;jr = 0, 1.e.,, Vg = 0 or g is parallel.

In the following we derive the formula for the covariant derivative of the

Riemann tensor and the second Bianchi identity. Let 2 = )~ R;jnw; @ e; ®
wg ® wy be the Riemann tensor of g. Set

VQ = Z Rijrimwm Q w; ® € ® wr @ wy,
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where
Ve, S} = Z Rijrimw; @ e; @ wr @ wi.

Using an argument similar to the above we find

E R-ijk.‘.'-mw-m = dRijk! + E R-mjk.‘.'f-‘-)mi+ E R-imkiwmj
m m m

+ E Ri’jmlwmk‘FE R-ij.-‘cmwmia

s T

(1.3.8)

Taking the exterior derivative of (1.2.4) and using (1.3.8) we have

E Rijkfmwk ANwy Awpy = 0.
k.lm

So we obtain the second Bianchi identity :

Rijkim + Rijimk + Rijmi = 0. (1.3.9)

Let u be a smooth section of tensor bundle 7,*. Then V?u is a section of
77 ®@T*M @ T*M. The Laplacian of u, /\u, is the section of 7,° defined by
contracting on the last two indices of V?u. For example, if

2
U= E Ujjw; @ wj, Vu= E wi Qw; ®wi @ wy,
ijkl

then (A’L‘Z)” = Zk Uik

Exercises.

1. Let u, Ric be the scalar and Ricci curvature of g respectively, dp =
> prwy and V Ric = ) 7jjpw; ® wj @ wy. Show that p1), = 2> 7.

2. Suppose (M, g) is an n-dimensional Riemannian manifold, and its Ricci
curvature Ric satisfies the condition that Ric = fg for some smooth
function f on M. If n > 2, then f must be a constant, i.e., g is Einstein.

3. Let f be a smooth function on M, and V3 f = > fijrwi ®w; ®wg. Show
that

fije = firj + Z fmBRmijk-
T
4. Let p: R — Rand u : M — R be smooth functions. Show that

Alp(u)) = ¢ () Au + ¢ ()| Vul >
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6. Let (M™, g) be an orientable Riemannian manifold, f : M — R a smooth
function, and df = >, fiw;. Show that
(i) there is a unique linear operator * : A" T*M — A"7?T*M such
that
w A *7 = (w, T)dv

for all p-forms w and 7, where dv is the volume form of g.
(11)
*df — Z(—l)z_lfiwl VAN i1 A Wit1 ... A W .

(iii)

Afdv = / *df
M aM
In the following we assume that JM = (), show that

(iv)
fAfdv = —/ IV f|%dv,
M M

(v) if Af = Af for some A > O then f is a constant.

1.4. Vector fields and differential equations

A time independent system of ordinary differential equations (ODE) for n
functions @ = (a, ..., a,) of one real variable ¢ is given by a smooth map
f : U — R" on an open subset U of R". Corresponding to this ODE we have
the following “initial value problem” : Given o € U, find o : (—tg,tg) — U

for some t5 > 0 such that

{ o' (t) = fla(t)), (1.4.1)

The map f is a local vector field on R" and the solutions of (1.4.1) are called
the integral curves of the vector field f. As a consequence of the existence and
uniqueness theorem of ODE, we have

1.4.1. Theorem. Suppose M is a compact, smooth manifold, and X is a
smooth vector field on M. Then there exists a unique family of diffeomorphisms
s M — M for all t € R such that

(i) po = id, Pstt = Ps°Pt,
(ii) let a(t) = (), then «v is the unique solution for the ODE system

{a’m = X (a(t)),
CE(U} = Tp.
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The mapt +— ¢, from the additive group R to the group Diff (M) of the dif-
feomorphisms of M is a group homomorphism, and is called the one-parameter
subgroup of diffeomorphisms generated by the vector field X . Conversely, any
group homomorphism p : R — Diff (M) arises this way, namely it is generated
by the vector field X, where

X(ao) = | (o()a0)).

In fact, Diff (M) is an infinite dimensional Fréchet Lie group and C*°(T'M) is
its Lie algebra.
It follows from Theorem 1.4.1 that if X is a vector field on M such that

X (p) # 0, then there exists a local coordinate system (U, z), © = (1, ..., Zn)
around p such that X = d—gl It 1s obvious that [%, %] = 0, for all ¢, j.
;7 Bz,

This is also a sufficient condition for any & vector fields being part of coordinate
vector fields, i.e.,

1.4.2. Theorem. Let X,,..., X} bek smooth tangent vector fields on an n-
dimensional manifold M such that X, (x), . .., Xi(x) are linearly independent
for all x in a neighborhood U of p. Suppose [X;, X;] =0, V1<i<j<k
on U. Then there exist Uy C U and a coordinate system (x, Uy ) around p such
that X; = 32 forall 1 <i < k.

The following first order system of partial differential equations (PDE) for

ami :Pz'(frlj...,xn), '3.:13....’71, (1.4.2)

1s equivalent to 7 = du for some u, 1.e., 7 1s an exact 1-form, where
T = E Pi(x1,...,zy)dx;.
i

So by the Poincaré Lemma, (1.4.2) is solvable if and only if 7 is closed, 1.e.,
dt = 0, or equivalently
OP; B oP;
8.’173,: a 83‘! ’

for all i .

For the more general first order PDE:

3;‘ — P(z1,...,Tnu()), (1.4.3)
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the solvability condition is that “the mixed second order partial derivatives
are independent of the order of derivatives”. But to check this condition for a
complicated system can be tedious, and the Frobenius theorem gives a systematic
way to determine whether a system is solvable, that can be stated either in terms
of vector fields or differential forms.

1.4.3. Frobenius Theorem. Let Xy, ..., X} be k smooth tangent fields
on an n-dimensional manifold M such that X, (x),..., Xi(x) are linearly
independent for all x in a neighborhood U of p. Suppose

(X, X meXg Vi, (1.4.4)

on U, for some smooth functions f;j;. Then there exist an open neighborhood Ul
of p and a local coordinate system (x,Uy) such that the span of di_,cl A %
is equal to the span of X1, ..., Xk.

A rank k distribution X on M 1s a smooth rank k& subbundle of T'M. It
is integrable if whenever X, Y € C°°(E), we have [X,Y] € C*°(E). Given
a rank k distribution, locally there exist k& smooth vector fields X,,.... X}
such that E, is the span of X;(x),..., Xy (x). The vector fields X, ..., X}
satisfies condition (1.4.4) if and only if E' is integrable. A submanifold N of
M 1is called an integral submanifold of F, if T'N, = E, forallx € N. Then
Theorem 1.4.3. can be restated as:

1.4.4. Theorem. If E is a smooth, integrable, rank k distribution of M, then
there exists a local coordinate system (x,U) such that

{g€eU|zr1(q) = chyry- -, onlq) = cn}
are integral submanifolds for E.

The space A of all differential forms is an anti-commutative ring under the
standard addition and the wedge product. An ideal p of A is called d-closed if
dp C p. Given a rank k distribution £, locally there also exist (1 — k) linearly
independent I-forms wy 1, ...,w, suchthat B, = {u € TM, |wryi(z) =

= wy(z) = 0}. Using (1. 1 2), Theorem 1.4.3. can be formulated in terms
of differential forms.

1.4.5. Theorem. Letw,,...,w,, belinearly independent 1-forms on M",
and @ the ideal in the ring A of differential forms generated by wy, . .., wy,.
Suppose g is d-closed. Then given xo € M there exists a local coordinate
system (x,U) around xq such that dz,, . .., dx,, generates .
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1.4.6. Corollary. With the same assumption as in Theorem 1.4.5, given
xro € M, there exists an (n-m)-dimensional submanifold N of M through x
such that i*w; = 0 forall 1 < j < m, wherei: N — M is the inclusion.

Let wy,...,wk be linearly independent 1-forms on M™, and g the ideal
generatedbywy, . . .,wy. Thenlocally we canfind smooth 1-forms w41, ..., wn
such that wq,...,w, are linear independent. We may assume that

dw; = Z fijiwj A wi,

j<l

for some smooth functions f;;;. Then it is easily seen that © is d-closed if and
only if one of the following conditions holds:

(1) fijg =01f7 < kandj.l >k,

(11) dw; = 0 mod (w1, ..., wy ) forall 7 < k.

b b

1.4.7. Example. In order to solve (1.4.3), we consider the following 1-form

on R" x R:
w=dz— Z P(z, z)dz;.

Let @ be the i1deal generated by w. Then the condition that @ is d-closed is
equivalent to one of the following:

(1) there exists a 1-form 7 such that dw = w A T,

(1) w A dw = 0.

If p is integrable then there is a smooth function f(x, z) suchthat f (x, z) =

c defines integrable submanifolds of g. Since df never vanishes and is propor-
tional to w, %‘5 # 0. So it follows from the Implicit Function Theorem that
locally there exists a smooth function u(z) such that f(z,u(x)) =c. Souisa
solution of (1.4.3). In particular, the first order system for g : U — GL(n):

dg = wg,

is solvable if and only if dw = w A w.

Exercises.

1. Let {X;, X5} be a local frame field around p on the surface M. Show

that there exists a local coordinate system (x, x5 ) around p such that X;
1s parallel to d‘i
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1.5. Lie derivative of tensor fields

Let o : M — N be a diffeomorphism. Then the pull back ©* on vector
fields and 1-forms are defined as follows:

ot : C=(TN) — C=(TM), ¢*(X), = (de,) " (X((p)),
@ CT(T*N) - C=(T"M), ¢ (w)p=wyp) o dpp.
Hence ™ is defined for any tensor fields by requiring that
P (1 @ 1) = 9* (1) @ *(t2),

for any two tensor fields ¢ and .

Let X be a vector field on M, and ¢, the one-parameter subgroup of M
generated by X. Then the Lie derivative of a tensor field u with respect to X is
defined to be 5

L = Tu). 1.5.1
xu =gl (eiw) (15.1)

Let 7 (M) denote the direct sum of all the tensor bundles of M. Then Lx is a
linear operator on 7 (M), that has the following properties (for proof see [KN]
and [Sp]):

() Ifue C®(7)(M)),then Lxu € C>(7)(M)).

(1) L x commute with the tensor product and contractions, i.e.,

Lx(u1 ® ug) = (Lxu1) @ ug +uy @ (Lxus),
Lx(Clu) = C(Lxu),

for any contraction operator C'.
(u1) Lx f = X f = df (X)), for any smooth function f.
(iv) LxY = [X, Y], for any vector field Y.

The interior derivative, i x, is the linear operator

P p—1
ix:C™ (/\T*M) — O™ (/\ T*M) :
defined by
iX(uJ)(Xl, “ e '.!Xp—l) = uJ(X,X:[, e ,Xp_]_).
Then on differential forms we have
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Let (M, g) be a Riemannian manifold, e;,...,e, a local orthonormal
frame field, and wq, ..., wy, 1ts dual coframe. Suppose X = Z X,e;, and

b} 3

VX => X, j€i ® wj. Using the fact that Ly commutes with contractions,
we can easily show that

J

So we have
Lxg=Lx (Z w; ® wi)
:Z(LXL‘JL)@“)?.-FML@ (LXUJQ). (1.5.2)
l!-"?
A diffeomorphism ¢ : M — M is called an isometry if p*qg = g for all ¢, or
equivalently dy, : TM, — T M) is a linear isometry for all z € M. If o,

is a one-parameter subgroup of isometries of M, and X is its vector field, then
;g = g and by definition of L x g we have L xg = 0. So by (1.5.2), we have

Xij +X;i = 0.
Any vector field satisfying this condition is called a Killing vector field of M .
Conversely, if X is a Killing vector field on a complete manifold (M, g), then
the 1-parameter subgroup ¢; generated by X consists of isometries.

Exercises.

1. Find all isometries of (R", g), where g is the standard metric.
2. If £ 1s a Killing vector field and v a smooth tangent vector field on M, then

(V,&,v) =0.
3. Let X be a smooth Killing vector field on the closed Riemannian manifold
M. Show that
(1) )
5£‘-(||X||2) = — Ric(X, X) + ||[VX]%.
(i1)

Ric(VX,VX)d’U:/ IVX||%dv.
M

M

(u1) If Ric < 0 (i.e., Ric(X, X) < 0 for all vector field X) then the
dimension of the group of isometries of M 1is 0.





