Lecture nine

LAPLACE TRANSFORM SOLUTION TO WAVE EQUATION

Laplace Transform of u(x,t):

Suppose that x and t are two independent variables: consider t as the principal variable and x
as the secondary variable. When the Laplace transform is applied with t as a variable, the
PDE is reduced to an ordinary differential equations of t - transform U(x,s), where x is the
independent variable. The general solution U(x,s) of the ODE is then fitted to the boundary
conditions of the original problem. Finally, the solution u(x,t) is obtained by the inversion

formula.
(1) L:%; s} =sU(x, s) —u(x, 0)
(i) L _Z—jfj; s} = 5°U(x, 5) - su(x, 0) = u, (x, 0)
ity L] 2" s] et
| dx dx
(iv) L:g;’;—; S} = il—zz—U(x, s)

[ 9% d d
L —; =8 . e ! L) .
(v) _3xo"t si| sde(x s) dxu(x 0)

where U(x, s) = Llu(x,t); s].

, du w _oq 0l P _gdu
Ll—;s|=| " —adr= ' —d
® [&t s} -[0 = ot : pL—->t°° 0 ¢ ot d

= i |:{e"‘"u(x, z)}g+sj0pe‘s’u(x, 1) dt}

p—

=-u(x,0)+ sJ.: e u(x, 1) dt

Therefore,

Lli@; sj| =sU(x, s)—u(x,0)
ot
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. d%u |:0"V J du
Ll—;s|=Ll —;s |, =
(i1) [‘%2 s} > s |4 >

=sL[V;s]-V(x,0)
=s{sU(x, s)—u(x,0)} —u,(x,0)

L[a :‘,s:|—s U(x, s)—su(x,0)-u,(x,0)
ar

(iii) L[%; s] = J':e—x' fﬁdr = iJme""u(x, t)dt =%j-(x, 5)

Ix dxJ0
7*u i d(dUu\ d*Uu _ du
(iv) L[a"x“ S‘]=L[X;s] d.r(dx) sz—(x,s), u=}—;
[ *u

d du
) LL&X&I“ :|—Z[SU(\’ s)=u(x,0)] = s—(x s)——(x 0)

Problems

1. Solve the initial boundary value problem given, using Laplace Transform Method:
Ut = Uxx, 0<x<1,t>0;u(0,t)=u(l,t)=0,t>0,

u(x,0) = sin7mx, u(x,0) = - sinmx, 0 <x < 1.

Solution:

Given U;=Ug, 0<x<1,t>0

Taking Laplace transform on both sides, and applying the initial conditions,
d’U _

di®

—su(x, 0) —ug(x, 0).

(s —1)sin zx

The general solution is U(x, s) = 4e™ + Be™ + Dsin
(Z* +s%)

Using the boundary conditons,

G - €D
(= +s7)
Taking inverse Laplace transform, the required solution is
n it
u(x, t) = sin nx(cosm — —)
V4

2. Using Laplace transform method, solve the IBVP uy = L, ur+k, 0<x</, t>
&2

0.u(0,t)= 0,u(/,t)=0,t>0,ux,0)=u(x,0)=0,0<x </

2
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Solution:

Given
1

c2
Taking Laplace transform on both sides, and applying the initial conditions,
d’U _
dx’

u +k,0<x<7,t>0.

Ugx —

iz [s>Ux, $)- s u(x,0)-u, (x,0)]+ &
¢ S

. . ¥ )x (¥ )x k 2
The general solution is U(X, s) =Ae(% ™ 4 Be o _ Ls .
)

Using the boundary conditons in the general solution,

s
(1~
ke’ cosl‘{c( x)] _kc?’

Ux,s)= — . ;
s co{— Z] o
c

Applying the complex inversion formula and taking inverse Laplace transform,
we get the required solution,

ux, t) = k_x(x —20)+ 8k“3l‘ Z ) 3 co{zn i mt}co{zn +1 (l —x):|
14 70 = (2n+1) 2/ 2/

3. Using Laplace transform method solve

PDE: un.=—13u,,—coswt. 0 < x<oo, 0<t<eoo
c
BCs: u(0,1)=0, u is bounded as x tends to oo

ICs: u; (%, 0)y=u(x,0)=0

Solution  Taking.the Laplace transform’ of PDE we obtain

2 s
8V _ 120 -miie - ulnlil-—a——
d? ' s2 @
Using the ICs, we get
2 2
5 A)
T
a2 (0c% R,

Its general solution is found to be-

(s/c)x ~(s/e)x +

+ Be

U (x, 5) = Ae T T
’ S(s° +@7)
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As x — oo, the transform should also be bounded which is possible if A=0; thus,

2
»
Ulx, s)=Be /% 4 —
o s(s% +@?)
Taking the Laplace transform of the BC, we get
U, s)=0
Using this result in Eq. (6.73), we have
B= ¢
S(S2 +a)2)
Hence,
(‘2 —(s/c)x
U(X, S)=-—-T-,,-[1—€ e }
s(s° + @)

Now, taking its inverse Laplace transform, we get

—(s/c)
e D= 2L — e —ch“[—‘ﬂ—-t]
u(x,1)= ; > ;
s(s2 + (02) s(s” +a)2)

But,

1 1 | . _1[1' ]4 —1[ s . ]}=L 1 = wt)
_— it |=—=<L |t L 3 (1—cos A
- [s(s2 +w?) :l w’ s st + o’ w?

—(x/c)s
F o (B TN =%{1—cosm[r—£]}ﬂ'[f—£}
s(s? + &%) " ¢ &

4. A string of length / is stretched and fixed between the points (0, 0) and (1, 0). Motion is
initiated by displacing the string in the form u= A4 sin(%) and released from rest at

time t = 0. Solve for the boundary conditions of the BVP.
Solution:

The displacement u(x, t) of the string is governed by

U =C U, 0 <X < 7, 1> 0.

BCs:u(0,t)= 0,u(f,t)=0; ICs: w(x,0)=A4 sm[?], w(x, 0) =0.

Taking the Laplace transform of the given PDE, we have

» d*U

s2U (x,s)—su(x,0)—u,(x,0)=c 3

dx
Using the ICs, we get

dzU_szU As . mx

dx? ¢ c?

4
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Its general solution is found to be

As sin (m/D)x

U(x, S): Ae(s;‘c)x +Be—(5!c).x
2/32

S+JZC

The Laplace transform of the BCs is given by
U, s)=0, Ul s=0
Applying these conditions in Eq. (6.87), we obtain
A+B=0
Ae’e 4 gesile -= 0

On solving the above set of equations, we get only the trivial solution, viz.

A=B=0
Thus,
As sin (/D) x
Ux,5)=——m————
s + 7212
JT (% s T
iz, )= AL ,_,—j———z, t {sin i P A cos [—r)sm —
s2 + 2l [ [ l

FOURIER TRANSFORM METHOD

2, L
& [azf' :I—Jba f sin%ridx:(a—fsinﬂ] JLaf ﬂa‘!x
' 0

——nl=
l 9x? 0 Ix?

{2

=_T|: 7 F [ fin]l—1f0,8)— f(L, t)cosnﬂ:]]

2 r &
3‘_[& ] ;u]z—"Lf IS n]+%{f(0,t)—f(£,t)cos nr)

2 22
Es[a—f;n}”f [Lf3n)
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Similarly, it can be shown that

2 2.9
é'ﬁ[a ! ;n]=—" - Folfs nl= £, (0,0) = f,(L.1) cos nr)
dx L

In case Jf/dx vanishes at the ends x=0and x=L, it simplifies to

2 22

By repeatedly applying these results, we can deduce that

' f n*xt
35[—0_u—4;nj|=+ - F,[f;nl,

if f,and f,, vanish at both the ends x=0,x=L, and

4 4_4
5‘6[%;11]=+n = F.[fin]

% L

fff,: u(z,t)) (w) = £U(s,1);

F (& u(zx,t)) (w) = “fr:, Us.¢), n=1,32 ...

F (;—;’—, u(z, t}) (w) = wU(s, t);

f‘,-f.':', w(z.t)) (w) = (w)"U(s,t), n=1,2,....

Problems

5. Use the complex Fourier transform to solve the wave equation,

0? s O
an =a Gx{ ,—0 <x<,t>0 giventhat y(x,0) = f(x) and %(x,O) =0
Solution:
Given aa_f) =a’ 6"{ 5 0,00
.2 2

Taking complex Fourier transform on both sides,

9P |mari] 02 L0650
ot ox?

d’F 5 5
ie., 79)—) =a " (-D)s"F(y)
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2 -

f+a25237=0 where ¥ = F(y)

ie.,

The general solution is
v(s,t) = A(s)cosast + B(s)sin ast

Taking the Fourier Transform on the given boundary conditions,
- v d _
7(5.0)= f(s)=A(s) and = 3(s.0)=0=B(s)

Therefore y(s,7)= f_(s) cosast

Taking inverse Fourier transform,

f(s)cosast e ds

1

)
1 7 .-

Now, f(x)= Nord £ ™ f(s)ds

y(x,0) =

1 7 -
Therefore, fix - at) = —— je-rs(x—m) F(s)ds
NGy

| -
And f(x +at)= —— [ ™" £(s)ds
= j f(sMd
Hence, y(x,r)= L If_(s)cosast e ds = — jf(s)ie_mds

Vor =,
‘{ f O fs)ds + = I _”(”“’)f(s)ds}

:% [f(x - at) + f(x + at)]

o o’
6. Solve the equation a—; =h’ 8; x > 0,7 > 0 under the given conditionu=upatx =0,

t > 0 with the initial condition u(x, 0) =0, x > 0.

Solution:
8_u =h’— 0'u ,x>0,>0
ot o’

Taking Fourier Sine Transform on both sides,

3ol

ot ox”

(j—sm sxdx =h> [s\/zu(o) ~s°F, (u)]
/4

Using the given boundary conditions,

ou P [2 _
iy h'suy,,|— where u=F_(u)
ot T
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22 u 2
= u(s,t)=As™" "4+ 20 [Z
5 V4

Taking the Fourier Sine Transform on the given boundary conditions,

uy 2

u(s,0)=4A=>A4=——"—

s T
LT(S,{) = M_O\/Z[l_e—hzgfr]
Ay T

Taking inverse Fourier sine transform,

7[ 0

Ay





