Lecture eight

CALCULUS OF VARIATIONS

Functional:

A functional is a type of function where the independent variable itself is a

function.

Euler’s Equation:

X

Necessary condition for I= | f (x, y,y‘)dx to be an extremum is that
X,
1

of d (@”]_0

oy dx\ 0y
Proof:
yyx)ten(x) g
Y=y(x)
A
|
y = y(x) be the curve joining points A(X;, V;), B(X», y») which makes I
extremum
Let

Y=y®+e» (1)

Be neighbouring curve joining A & B such that m(x)=0  at A and B.

The value of I along (1)

4
I= If(x,_v+£,y'+£q'(x))dx
x|
dl
Ase >0 —=0
dg
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By Leibniz’s Rule

a 2(o o ofov o o
—= | = —+ ==+ —— |dx
de x| ox o O0Ovoe 0Oy oO¢g

¢ 1s independent of x = 2—x =n'(r)
&

1

oy
—=n(x),—=n'(r)

o€ oe

X
-7

) o o
(zwiﬂx)}x:o
de  x \ 0y oy’

%0 2 8
> 1 Lam+ T Lpwa=o
xlav x '

Xy P B 5 x2 Xy P
= Il?‘i(x)+ f??'(x)j| ’{éﬂ'(x)d"=0

X o Loy v
Xy of B of x2 Xy P

= [ =n@)+| —nx)| [ nx)—dc=0
X Oy | o' q M ox

as M(x) equal to zero both at x and x,

X ~
= F[é‘f —O[af]}n(x) dx =0
X ov  ox\ oy'

jﬁ_i[@}:o
oy dx\ oy'




Lecture eight

Other Forms of Euler’s Equation

g otr oty &
v oy ooy oy

Problems:

1. Prove by variational principles that the straight line is the shortest path between

two given points.

(x1,71)

A(Xlsyl)

X
2

[ 1+ 2 i
!

f=\ll+y'2

Euler’s Eqn. is

@-1{@}_0 W
oy dx\ oy
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7

oy

z= L -2y’

o' l+y'2 ’
Sub in (1)

= a constant

U

= a constant

U

yl
;)1+_v'2

yl
;il+y'2

y' 2
= ="
] 2

I1+y

= _v'2 = C2 + c2y'2

2 2 22 2
=y =-c"+c Yy =c
2
2 C 2
=y’ 5 =m (say)
l1-¢
2

2 ¢ 2 v
>y ——=m(say) >y =m
I-c

dy . . . .
— =m = y =mx + c(on integrating c is constant of in)
dx

= y is a straight line. Hence the result

4
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2. Find the curve passing through the points (x;, y;) and (X», y;) which when

rotated about x-axis gives a minimum surface area.

We know that

X,
s=2x | vds

xl

x2 3
=27 | y\l+ vy ax
x1

f=n1+57

. 4 d| g
Euler’s Eqn. 151 - [ 2 ] =0
dy dx\ oy'

o
= f —y'— =a constant

av!
2 y.y'
= pl+y"7 -y 3 = a constant
I+y'
2_ 2
y+yw  —w
= =c
2
Il+y

)

yz = o2 +czy’2
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2 2
2 y -c
y = 3
c
2 2
_ Yy —c
y = bl
c
dy yz—cz
dx c
d
c= =dx
2 2
y© —c

on integrating

C—Cosir_1[£]=x+k
c

Which is Equation of catenary

3. Find the path on which a particle in the absence of friction, will slide from one

point to another in the shortest time under the action of gravity

Starting point
(Xls yl) = (0’ 0)

Terminal Point
(X2, ¥2)

v = Valocity at any point P(x,y)

m = mass

g = gravity
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By Principle of conservation of energy

1
—mv. = mgx
2

Vo= 2gx

1+ '

=
x

g
T _p
oy
af 1
p— _y'
oy’ \/;:.j1+ _v'2

Fuler’s Eqn. is %——[af} 0
oy dx\ oy’

U

v

d
=0-— > =0
dx \_)‘x(l+y' )

"

v

= . = a cons tant = c(say)
f 2
x(1+ ')
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2 ( ,2) 2
=y =x|1+y =c

v

2 2,
=y =c x+c xy

2 ( 2) 2
=y =|l-cx)=c"x

2
2 c x
yto=
l—-c x
2
_ c x
y =
l—-c"x
x sz
v=] 72‘1’5
0 l—c"x

Put ¢’x = Sin’0
c’dx = 2Sin0O Cos 6 dO

sinf@ 2sinfcosfd
2

do + c

y= 1

cos @ c

1
= — [2sin” 040 + |

y = 12 (26‘—31n29)+61
2c

when x=0 y=0 26=0

0=2%2(0—0)+c1:>c1=0
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y= %(29 — sin 28)
2c

1
Taking ¢=20 2 — =a

2c
y = a(¢ - sind)
x = a. 2 sin’0 = a(1-Cos 20)

= a(1-cosd)

which is equation of a cycloid

4. Find the function: y(x) for which I (1 +x° y') y'dx is stationary

x1
f: ya + X2 y'}z

Euler’s Equation is

11[1]0
oy de\ay)

d 2
0——(1+2x y'):O
dx

4xy’ +2x°y =0

xzy” +2xy’ =0

2
d”y d d
x2—§+2x—y=0:>(x2D2 +2xD)y=0 D=—X
dx dx dx

X=ez & z=log"

d
x’D*=D'(D-1), xD =D’ where D' = ~
Z

(D(D-1) +2D") y=0

(D*+D')y=0
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m’+m=0
m=0, -1
y=A+Be”

=A+B/x

|
y=A+B.—
X

1
10.  Find the extremal of the functional v[y(x)] = j( y2 + xz_v'}ix; ¥(0)=0,y(1)=a
0

2y—%(x2)=0
2y-2x=0
X=y

For extremum “a” should be equal to 1

Isoperimetric Problems:

X

2
Extremum of 7= | f(x,y,y')dx (1)
1
)
Subject to (or keeping the Int.) J = | g(x,y,y"dx as constant (2)
1

Let H = f + Ag (Lagrangian Multiplies)

Xy
" [ . . OH d|cH
Necessary condition for IH dx is to be an Extremum is — — —[—] =0

oy  ax\ oy

X

A - being determined from (1), (2) in the boundary conditions.

10
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Problem 1:

Find the plane curve of fixed perimeter & maximum area

¥ B
i - > X
X1 Xo

Area: A= ] vdx

B!

4
Perimeter: 7= [ 41+ y'zdx (a fixed constant)

xl

f=y

Let H=y+41 1+y'2

6H d| oH 0
o dx\ oy
d Ay'

Integrating w.r. to x

X —LD =a (a constant)
NIE
x—a—2¥

e x—a
I+ " \/}lg —(x—a)2
Integrating y = —\}.2.2 —(x—a)2 +6= (x—a)z +(y—b)2 =42

Which is a circle.
11
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Problem 2:-

Prove that the sphere is the solid figure of revolution which for a given Area,

has maximum Volume
Given : Surface Area

Maximize Volume

Volume, V=‘Tl_[y2 dx
0
Surface Area, S=ja'2nyds
S=i21‘ty 1+y12 dx

S=I2J‘ty 1+y12 dx

2

f=ny
g=2ny l+y11

H=f+Ag

=1t(y2 +2y7L1/1+y12 )

m_d[aﬂJ=0
oy x| oy

H_d dy[a_HJ_O

oy dydx(ay’

oH d[laH]
-—| vy — |[=0
oy dy\" oy

CH
H—yl (—1=acons tant
ay

12
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1
V4 2yAa1+y" _y{kznyzc

v’ \/1"'7+ 2yA+ 20y Y =2y yh :Cm
y’ '\/1"'7+ 27-y=c\/1+T
The curve passes through A for which y =0

=0+0=C 1+y1: —c=0.

v 1+y" +2ay=0.
vy (l+y )=y’

ylz 4}"2—_3{_
y

Integrating on both sides
x=k —+[412 —y?
x=0,y=0=k=2A
so(x =20y =40t
which is a circle. Hence the figure formed by revolution is a sphere.

Problem 3:
Find a function y(x) for which f: (x’+y’)dx is stationary given that
Iol y’ dx=2,y(0)=0,y(1)=0.
f=x>+y"
g=y

H=x"+y" +1y’

13
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@_1[@}0

oy dx\oy

22y-=-(2y)=0
y'!'—Ay=0
(D*-A)y=0
Case 1:- Als+ ve.
m>=A
mzi\/x
y=c1e\/K+c2 e A=
y(0)=0= c,+¢c,=0=c, =—c,
y(1)=0= c, e‘/’T+c2e_‘/’T—0
cl(eﬁ—e-ﬁ)=0 =
Iol odx=2 =0=2 Im possible
SAlsa—ve Qty Let A=—k?
= (D* k*)y=0
= m’ +k’>=0
m=+ki
y=Acoskx+Bsinkr.
y(0)=0 = A=0
y(1)=0 = Bsink=0
sink=0 B=0.

14
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y=Bsinnnx
'y dx=2
.[oy S

_[olB2 sinnnx dx=2

B’ ( cos2nmx )1
— | Rem—— | =2
2 2 )

B> (1)=4=>B=+2

y=+2sinnnx
Functions Involving Higher Order Derivatives
A necessary Condition for

I= [ f(x.y.y'y")dx

to be an extremum is

of _dfof), d(of)
ay dx 6}" dx2 6}’" -
1)  Find the extremal of the functional y[y(x)]= I: (1+y'") dx given that

y(0)=0,y(D)=1y' (0)=Ly'(1)=1
f=1+y"

L
oy oy’

of d(ﬁj &(ﬁ)
— | — |+—| —|=0
oy dx \oy') dx |\ aoy"

5

d_
~(2y")=0

=
dx

ylv =

15
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=y=ax’+bx’+cx+d
y' =3ax’ +2bx +c
Applying the Boundary Conditions
d=0
atb+c=1 = atb=0 = a=-b
c=1
3a+2b+c=1 = 3a+2b=0
= 3b+2b=0 =>b=0=a=0.
y=X
2. Find the extremal of the functional Y[y(x)]=j_: {gy'ﬁ +py)dx. given
y(-2)=0,y(2)=0,y' (-a)=0,yl(a)=0.

p‘ n2
f==—vy"+
2Y Py

of _ of _ of _ .,
o Py Vg Y

By Euler’s Eqn.

of _dfof), & (of) o
oy dx|ay') dx*lay"

p—py''=0

sub. the Boundary & Initial conditions yzﬁ(}f —-a’)’
n

16
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3) Find the external of the functional v[y(x)]:ﬂp (v -y’ +x%)dx that satisfies

y(0)=1,y‘(0)=05y[gJ=0ey‘(%)=11

f=y"—y* +x’
o, o oo
oy oyt oy

By Euler’s Eqn.

2

d._
2y + e 2y") =0

D“y -y=0
(D*-1)y=0
m'—1=0

y=c, e +c,e " +C,;CoSX+C, SInX.
sub. the conditions

we get C1, €2, C3, C4

SEVERAL DEPENDENT VARIABLES.

is that of —i( af' J:O, i=1,2,....n. where y;, ¥ ...... y, are functions of x
dy, dx|dy'

i

17
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Problem

Find the external of the functional
L},(Zy: - 2y2 +y'2—Z'2 )dx

¥(0)=0,y(1)=1,z(0)=0,z(1) =1

f=2yz-2y% |y* =27

l%’f.=2z—4y,;—fl=2y'

g:Zy,%=2y'

@_i{af L0 = 2:-4y-2y"=0 (1)

oy dx\oy'

%-%{%:O = 2y+2:"=0z"=-y (2)

diff (1) twice w, 1, to X
2-"-4y"-2y" =0
—y=2y"-y" =0
(D4 +2D? +1) y=0

n* =—1,-1

y=(Ax+ B)cosx+(cx+n)sinr
z=2y+y"

sin x

sub & solving y=z=—
sin'

18
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MOVING BOUNDARY PROBLEMS
f=1f(x,y,y ) be three times diff. fn
y=¢(x), y=W%¥(x) betwo curves in Xy - plans (1)
¢(x) e C,{a,b}and ¥(x) e C,{a,b}
We consider the functional
J() =1y F(x,y,y)dx (2)
Yo =¢(x) 3 =w(x)

To find extremals of (2) we have the transversality conditions

3]
[F+(¢'—}"')irj =0
W' Jx=x,

A
F+@y'-y) J =0
[ ay .’C=.’Cl

To solve the problem of Moving Boundaries
1. y = f (X, ¢;, ¢2) be the extremal
2. Transversality condition
vo = f(xg-ep,65) =h(xp)
v =S (xg.c565) =w(x))
We have to compute ¢, ¢,, X, X; to find the extremal

Problem

1. Find the shortest distance between A (-1, 5) and the parabola y* =x

Initial point (-1, 5)

19
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End point (xl,\/g )

The shortest distance is always thro’ the straight line.
Y = C1X + Cg

with the conditions

x=-1, y=5

X =X, y=\/Z

5=-Ci+ G- 2 |ie c,=¢ +5
:\/«’ZC1X1+C2 (3)

The transversality condition for f=./1+y" is

-1
2\@_61

Sub in (3)

2
-C C'l
—= C’1 — +C1+5
2 4

_~3
—2C1 —C1 +4C1+20

3

C’l +6C1+20 =0
Ivi [

Solving €/ =-2=0C, =3=/x =7=1:>x1=l
Ly=-2x+3

X
4
J=] \fl+y'2 dx
Xy
¥, = §(x0) =

20

(1)

(4)
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Y= t;/(xl) =X =5

Y= C’lx+C2

Coxp+Co = X2

170 2

Cx,+C,=X, -5

0

{W'}x=x= {
-1
2x = —
(0]
<
—1
l=——" = Cl——l

23
2x =—
4
23
xlz_
8
y=—x+34
d
I__yz_l
dx
23

0

y

Transversality condition for for f =

(8% ey, = {‘f |

1+y'2 is
23 1) _19V2
g8 2 3

21





