PERTURBATION METHODS IN ENGINEERING
LECTURE 11

THE WKB METHOD

(Liouville 1837, Green 1837, Horn 1899, Rayleigh 1912, Gans 1915, Jeffrey 1923, Wentzel 1926, Kramers
1926, Brillouin 1926, Langer 1931, Olver 1961, Meyer 1973. Notice how it's not named after the scientists
who discovered it. The WKB method achieved prominence in the 20th century in its use in semiclassical
analysis of quantum problems, among other areas.)

One example of a singular perturbation problem that does not have boundary layers is

ey +y=0.

It has oscillatory solutions and is typical of many problems arising from wave propagation, with ¢ =
wavelength/size of region. So, for high-frequency propagation, € is small and we need a way to deal
asymptotically with such problems. The WKB method is such a method for linear wave propagation

problems, and is illustrated by the equation
&' +4(a)y =0, )

with g(z) # 0 in the region of interest.
Let us first see what happens if we try to solve the problem by multiple scales. Let €X' =z to give
&y

e +q(eX)y =0.

Thus we have an oscillator with a slowly varying frequency. We might be tempted to write y = y(z, X),
giving
Py, Py o0
—4l—ete— =0.
e + T +e P +q(z)y=0 (3)
Expanding y ~ yo+€y1 + -+ gives at leading order
Py
o Ty =0

Hence

o = A(z) cos(g(z) X +0(z),
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where A(z) and #(z) are arbitrary functions of z, to be determined by secularity conditions at next order.
Equating coefficients of €! in (3) gives

Py, 'y _
ox2 *2pzpx TN =0
i.€e.
Py _ 59 12 1/2
o Ta@m = 22 (A)()sin(g(x) X +0(x)))

1/2
2i (Aqlﬂ) sin(q'/2X +6) — 2A4'/? qu— + a cos(q'?X +9).
dr dzr dz

The secularity condition says that there can be no multiple of cos(q'/>X + ) or sin(¢'/?X + ) on the
right-hand side. Hence )
1/2
% (407%) =0, X% + g 0.
Here we see a problem though. The second secularity condition contains the fast scale X, and so cannot
be satisfied since @ is a function of the slow scale = only. This will happen whenever the frequency of the
fast oscillation depends on the slow scale.
Let us now return to (2). Instead of using multiple scales, we assume a WKB asymptotic expansion

for y of the form
y = Az e),

with
o0
Az, e) ~ Y Ay(a)e™.
n=0
This gives
(2 s f Al -
yuweir.‘ﬁfe (_(‘D)?A i 2i¢'A + ig" A —|—A”) )
€ € €

so that substituting the expansions into the equation gives at leading order (O(e?)):

Hence
o= +v/qo(z).
At order ¢! we find
20 AL+ ¢" Ay =0,

while at order €*t! for n > 1 we find
A+ 2 AL +ig" A, = 0.
These are successive first-order linear equations for 4;. The first is

24! o
=2 + — =1,
A ¢

which we can integrate to

2log Ag + log ¢’ = const.,
i.€.
]

14’

A, =
"7 (o)
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for some constant ag. In a wave propagation problem this Ay(z) gives the amplitude, and this equation
corresponds to energy conservation.
The equation for A,, can be solved using an integrating factor giving

2.1'((3-)!)1}2 (((b;}lf?An)! _ _A;-:—ls
i.e.

¢ A
= g |
the right-hand side is known.

Example The Legendre polynomial P, (z). If we let y(#) = vsinfF,(cosf) for 0 < # < 7 then the
equation satisfied by y is
1 1
Y+ (nf+n+-+——)y=0.
v (“ " 4ﬂn29)y
Let e =1/(n+1/2). Then

4sin? 6

With the WKB ansatz y = A¢'®/¢ at leading order ()

2 €
Ey”—l—(1+—)-y=(].

(¢')?=1, ¢ ==41, ¢==b

At order ¢! we have
20/ AL + 0" 4p =0,

i.e.

At order € we have

Ap +2i¢’ A| + 19" Ay + #Ao =0,

4sin?f
i.e. o
24, = F———
e q:4 sin® #
so that ‘ y
i co
A =% 08 -
Thus
icotf : - N cot :
VsinfPF, O) ~ i [1— 7L iln1/2)8 1 .| erint1/2)8
s (eest) a”( 8(n+1/2) )F T\ Sarim )"
as n — oo.

Example. An eigenvalue problem Find the large eigenvalues A > 1 of the Sturm-Liouville problem
Y +Ap(z)y=0 for0<z<1, withy0)=0, y(1)=0,

where p(z) > 0 for 0 <z < 1. Put A = ¢ 2, where for A > 1 we require 0 < € < 1, so that
' +p(z)y=0 for0<z<1, withy(0)=0, y(1)=0.

Then with the WKB approximation y ~ Ae®/¢ as € — 07, we have

. 1
o 1/2
¢ =4p 7, Ajx —(qb’}U?‘
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If we fix o(z) = + fnz p(s)Y/2ds and Ay(z) = p(x)~1/4, then the two independent solutions are given by
Y ~ Agele, y_ ~ Agem ",

Hence, at leading order the general solution may be written in the form

y(x) ~ adp(z) cos (@) + BAo(x) sin (@)

as € — 07, where a and J are arbitrary real constants. The boundary condition y(0) = 0 requires a = 0,
so that the boundary condition y(1) = 0 is satisfied at leading order only if

BAy(1)sin (@) =o(l) ase—07.

Since Ap(1) > 0 and S # 0 for a nontrivial solution, we require

sin (@) =o0(1) ase—0T,

i.€.
o(1
ﬂrvmr as € = 07, n— oo with n € N.
€

The eigenvalues are therefore given approximately by

o(1) _ Jo Vo(a)da

nmw

€n ~
or
2
\ ( nm )
n ™ 1
Jo Vp() dz
as n — oo with n € N.
Example. Turning points Find the large eigenvalues A 3> 1 of the harmonic oscillator
—y" +2%y =My for —co <z <00, withy—0as|z| = .
For \ > 1 again let € = 1/) and rescale = = ¢~'/2% to give (dropping the bars)
Y +(1-2)y=0 for —o0 <z <00, withy—0as|z| = 0.

Using the WKB ansatz we find

1
1} _ _ 2
& =+v1-22, Ancci(l_zz)lﬂ.
Hence, the general solution has the expansion
Qg el B iem 0", )

y~ (1_1;2)1}48 ’ +(1_32)1/4C

where ag and [y are arbitrary complex constants and we have fixed o(x) = f; (1 — 532 ds, but this
approximation is only good for || < 1. When z is close to £1, (1—2?) is small, and the WKB approximation
breaks down. At these places @' = 0 (so they are known as turning points), and hence Ay = oo (which
indicates the breakdown). We must use a different expansion in the vicinity of each turning point (an
“inner expansion”) and match it with this “outer expansion”.
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Before we do the inner expansion, let us continue with the outer expansion for |z| > 1. Then we can
still use WKB, and we find that, in = > 1 say

a LT 31/2 g a LrEa2 3172 g,
v ot T e T 6)

where a1 and 5 are arbitrary real constants. Now we can apply the boundary condition at z = +00 to
give 3; = (. The inner region near r = 1 will allow us to connect the coefficients o and fy to a and S;.
This will give us one condition on ag and 5. The inner region near x = —1 will give us another.
Locally near = = 1 we rescale = = 1 4 ¢2/3%, y = e 1/6jj(£) to give at leading order
ey .
E — QIy = 0
This is just the Airy equation. We want a solution which matches with (5) as & — oo. This solution is

j=CAi (21/%) ,

where Aiis the Airy function. It can be shown that as & — oo

~1/6502\ _ ~1/60 ( 1;3n) N c e—2V22%2/3
€ (E) = PCAI (27 23/12 /(2/37)1/A° ’
while the inner limit of (5) is
] —‘2\/5313;2,’3
(Qfﬂsi)lﬁ .

Hence, matching the two expansions gives

oo 213/12 /7,

21/4
Now as & — —oo0, it can be shown that
Cle—in/4 1 o372 1 .32
160y — 16 (_ol/32Y o _ —2v2i2 3 2/2i5%2 3
€ Tyz)=e CA‘( 2 x) 203/12 /7 ([52f3:?.:)1l4" (62;35:)1;48 )*
while the inner limit of (4) is
Tp o ig(1) &2 V32idd/2 3 Fo p ig(1) Pzﬁfiﬁfi',fs
(Qfﬂai)l/:i i (252;355)1;4 i i '

Matching the two expansions requires

C21f4e—iﬁ/4 i6(1) 01‘21/46—‘&1{4

~£o(1) i ~—_—
’ 213/12 /7 Poe 23712 /7

~—

ape

as € — 0. For nontrivial solution (i.e. C' # 0), we therefore require
age— ) . ifyes?W)
as € — (7. Similarly, through a local analysis at * = —1 we find
Qﬂe—ffﬁ(—l} ~ —iﬁneéd’(_l)

as € — 07. Hence, for a nonzero solution ayg, F to exist we need

e toll) iesd(D)
el Tt
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giving
e~ 2B —o(=1))+im _, 1,

so that 2o(1 S(—1
MN(QR_’_I)TF as € = 07, n — co with n € N.

Hence, the eigenvalues are given approximately by

o) —o(-1) _ JL,VI—aPdz _ 1

m+1/2)r  (n+1/2)r  2n+1

Ep ~
or
1
Ap=—~2n+1
€n

as n — oo with n € M. In fact these are exact in this case. The exact solutions are

yn =€ " PH,y(z), An=2n+1
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