PERTURBATION METHODS IN ENGINEERING
LECTURE 4

LAPLACE’S METHOD AND THEIR APPLICATIONS WITH EXAMPLES

Consider the integral
b
I(z) = / F(1)e™® dt.
a

We have seen that the dominant contribution to the integral will come from the place where ¢(t) is largest.

There are three cases to consider

1. The maximum is at ¢t = a.

2. The maximum is at t = b.

3. The maximum is at some t = ¢, with a < ¢ < b.
In each case the argument is as follows:

1. The dominant contribution to the integral comes from the near the maximum of ¢. We can reduce
the range of integration to this local contribution introducing only exponentially small errors.

2. Near this point we can expand ¢ and f in Taylor series.

3. After rescaling the integration variable, we can replace the integration limits by co introducing only
exponentially small errors.

Case 1: The maximum is at t = a. First we can split the integral into a local and nonlocal part:

a+e b
Ve Jate

where 77! < ¢ < 27/? (we will see where these restrictions come from soon). The second integral is
exponentially small compared to the first, since it is O(e**@+9) and ¢(a + €) ~ 6(a) + €¢'(a). Thus the
second integral is O(e*?(®)) times the first (which we will see is O(¢*#®)). This is why we need ze > 1
(remember that ¢'(a) < 0 since ¢ is maximum at t = a).

In the first it is OK to expand ¢(t) and f(t) as an asymptoptic series about ¢ = a:

o) ~ d(a) + (t—a)¢'(a) +---,  f(t)~ fla)+(t—a)f(a)+-.
Then pie \
I(z) ~ / (f(a)+ (t—a)f'(a) +---) o) +Ht-a)¢ () + 556" (a)+) gy

Now we rescale the integration variable to remove the = from the exponential, i.e. we set z(t — a) = s.

Then
eréla)

I(z) ~

- ! .92 1"
/ (f(ﬂ} + ff’(m} + - ) oS0+ 5z9" ()4 g0
J0 T

I
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o2

Note that ¢'(a) < 0, since ¢ is maximum at a. Now we can expand ezz?" (@)t

a3 I — OC as

32
14+ —¢"(a) +---.
2x

This is OK providing (ze)?/r < 1 i.e. € & ~/2. This is where the other restriction on € comes from.
Keeping only the leading-order term we have

z(a) pre
I(z) ~ M] e59'(a) g,
0

T

Now we can replace the upper limit by infinity, introducing only exponentially small errors:

zdla) poo zd(a)
I(z) ~ —f(ﬁ)z / @) ds = _f—(a)e
0

z¢'(a)

Case 2: The maximum is at t =b. A similar argument shows that

f(b) £=0(b)

I(z) ~ 20 0)

Case 3: The maximum is at t =¢, a < ¢ < b. First we can split the integral into a local and nonlocal
part:

c—€ cte b
I@)= [ f(t)e*Ddi+ / f@)er*®dt+ [ f(t)e™® dt,
c—€ cte

a
where in this case we will see that we need 1/z1/2 <« ¢ < 1 / z!/% (we will see where these restrictions come
from shortly). The first and last integrals are exponentially small compared to the second, since they are
O(e"“"(':"'f)}. In this case ¢(e+€) ~ o(c) + %qb"(c) because ¢ has a maximum at the interior point ¢ = ¢ so
@'(c) = 0. This is why we need ze2 > 1, i.e. 7712 < €.
In the second integral it is OK to expand ¢(t) and f(t) as an asymptoptic series about ¢t = e

(t B 8)2 1t (t B C)3 it

5@+ —5—0"0@,  fO~fl)+E=f )+

() ~ é(c) +

Then c+e 2 3
I(x) ~ / (£(0)+ (= O)f (0) + ) e+ O TR +) gy
[t 3
Now we rescale the integration variable to remove the z from the exponential, i.e. we set \/z(t —¢) = s
(note the different scaling of the contributing region). Then

zd(c) /e 2 eye £ e
I(I‘)NE\/E /‘/_ (f(f?)+if!((:)+---)q=:?¢5 @5z O 4.

”"(c)+---

3
&
Note that ¢"(c) < 0, since ¢ has a maximum at ¢t = c. Now we can expand eovE? as T — 00 as

3
1+ m(‘bm((:) + e
This is OK providing (x'/2€)3/x'/2 <« 1, i.e. € < z~1/3. This is where the other restriction on € comes
from. Keeping only the leading-order term we have
et [VE
\/":" —VTe
Now we can replace the upper and lower limits by +00, introducing only exponentially small errors:
T [ Gor9 gy - VTS
Vi) —z¢"(c)

32 '
I(z) ~ eT#( gs.

Iz) ~
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Method of stationary phase

The method of stationary phase is used for problems in which the exponent ¢ is not real but purely
imaginary, say ¢(t) = iv(t), where ¥(t) is real.

I(z) = / ' F()e=¥® dt.

Riemann-Lebesgue lemma If f:| f(t)]dt < oo and ¥(t) is continuously differentiable for a <t < b
and not constant on any subinterval in a < ¢ < b, then

b
/ F)e¥Wdt 50 asz — oo,
a
Useful when using integration by parts.

Example

Integrating by parts gives

i ei:t: i i 1 eizt
I(I)——ai-;—;[) mdt

The last integral is lower order by the Riemann-Lebesgue lemma.
Why is the Riemann-Lebesgue lemma true? Locally near any point ¢ = g, ¥(t) ~ ¢(tg)+(t—to)V'(to)+
- and the period of oscillation is x_’wz%rt_o'i As z — oo this is very small, f(¢) is almost constant, and the
contribution from the “up” and “down” parts of the oscillation almost cancel out. (You can find a rigorous
proof of the Riemann-Lebesgue lemma in analysis books.) However, this is not true if ¢/(¢y) = 0. In this
case the integrand oscillates much more slowly near t;, so that there is less cancellation. Here'’s a plot of

Re(el()Oi-.r2 )

1l

Suppose ¥'(c) = 0 with a < ¢ < b, with ¢//(t) being nonzero for a <t < c and ¢ < t < b. As for Laplace’s
method, we split the range of integration

c—€ y c+e ' b '
I(:l‘) s f(t)ezw(t) dt + / f(t)eiw(t) dt + / f(t)eu'w(t) dt,
JC—€ ct+e

a

where € < 1. The first and third integrals are lower order. To show this we use integration by parts

[ rwemoa = [T IO (o) o

iz (t) dt

f(t) Pi.rw(t)]c-e _1 [ i d <.f£)_>
[iw'(t)’ :c/a S dt \w'(Y) o

a
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Providing the last integral exists it is lower order by the Riemann-Lebesgue lemma. The first integal is

1 1
o (zw*(c— e)) =0 (rew"(c))

providing ¢"(c) # 0. For the second integral we expand 1 and f as an asymptoptic series about t = ¢

' i (t - 6}2 14 (t - C)s e
fO)~fle)+ (=) f (c) 4+,  U(t)~v(c)+ U(e) + 5 Y (c)+--
Then
/c+e f(t)eirw(!) i /c+f (f(() N (t ~ C)f’(c) L ) et':: (f.b(r:)+ﬁ_—;}—rir”(c}+-(t;;}.—w”’(c}+---) it

As for Laplace’s method, we change the integration variable so that the oscillation is on an order one scale
by setting z1/2(t — ¢) = s to give

c4e . ix(c) pxtlle 2 . sy
FE)e™ dt ~ — (Fle) + g (0) + - ) ¥ OTET" O g
c—¢ I 2 —zl/2e Ilﬂ
i &3 '.E’m(l’-‘)‘l""
Now we can expand e 6:17% as
1+i s W e) + -
6xl/2
so long as € < z71/3, The leading order term is
cte - 212
F(1)e™® gt ~ M ei%‘b”("} ds.
c—e xl/? —_rl/2e

Now we replace the limits of integration by oo, which introduces error terms of order 1/(ze) (check by
integration by parts). Hence

ot _ ir(c) poo 2 iz (c) ‘:l:i','r{':i
/ f(t)eu‘i.b(t} dt ~ % / 7Y (e) ds+ 0 (i) = ‘/ﬂf(c)e ‘ +0 (l)
c—¢ T —nc

2 T€ 12|y (e) |12 Te

where (contour integration reveals that) the factor et/4 is used if 1"(c) > 0 and e~/ is used if 1/"(c) < 0.
Thus we need 2772 > (ez)!, ice. e > z71/2
neglected first and third integrals. So finally

_ mf{c)einb[c}eﬂ:m/fl L0 ( 1 )

12|y (c)| 12 Te

, as in Laplace’s method. The error is the same order as the

I(z)

as T — oo with 2712 « e « 27113,

Important notes
¢ The error terms are only algebraically small, not exponentially small as in Laplace’s method.

¢ Higher-order corrections are very hard to get since they may come from the whole range of integration.
This is in contrast to Laplace’s method where the full asymptotic expansion depends only on the
local region because the errors are exponentially small.
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Method of steepest descents

Laplace’s method and the method of stationary phase are really just special cases of the general method
of steepest descents, which is for integrals

I(z) = /{ _ £(£)e™ dt,

where f(t) and ¢(t) are complex, and C' is some contour in the complex #-plane.

We might expect, based on Laplace’s method, that the important contribution to the integral as
T — 400 comes from the place where Re(¢) is maximum, at fo say, and that the integral is basically of
size
2

¢ ‘zé(tn)
FON St

(where ’ is the derivative along the path of integration). However, this estimate is way too big. The
reason is that it ignores the rapid oscillation due to the imaginary part of ¢, which causes cancellation
exactly as in the method of stationary phase. We can see that the estimate above is wrong by deforming
the contour a bit, which does not change the value of the integral, but which can change the maximum
value of Re(p).

Now, since ¢(t) = u(£,n) +iv(¢,n) is an analytic function of ¢ = £ + in, we have the Cauchy-Riemann
equations

Ug =y, Uy = —g.

Hence V?u = uge + gy = 0. This means that u cannot have any maxima or minima in the (£,7)-plane,
only saddle points (since a maximum or minimum would require uget,, > 0). Thus the landscape of u
has hills (u > 0) and valleys (u < 0) at infinity, with saddle points which are the passes from one valley
into another. By the Cauchy-Riemann equations the saddle points are where d¢/dt = 0. If our contour is
infinite it must tend to infinity in a valley (see e.g. surface plot of u(&,n) = 7% — €2 for ¢(t) = —%). By
deforming the contour we can keep reducing the maximum value of u, until the contour goes through the
saddle point which is the lowest that u gets (see e.g. contour plot of u in which solid lines are for positive
values of u, dotted lines are for negative values of u, and the dashed lines show C being deformed through
the saddle point).

But why do we know that this is the right value. Suppose we can deform the contour ' into one in
which v is constant. Then there is no oscillation in the integrand, and the Laplace-type argument will work.
Now if v is constant on the path, then Vv = (v, v,) is perpendicular to the path. By the Cauchy-Riemann
equations this means that Vu = (ug,u,) is parallel to the path, so that the path follows the steepest
directions on the surface of u. There is only one path on which v is constant which goes to a valley at
+00 and this is the path through the saddle. A little thought shows that this has to be the case. Since
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u is first increasing as we come up from one valley and then decreasing as we go off to another valley, we
must go through a point where du/ds = 0, where s is distance along the path. Since v is constant, so
that dv/ds = 0, everywhere on the path, we must go through a saddle point at which both du/ds = 0 and
dv/ds = 0.

So the method of steepest descents is as follows:
(i) Deform the contour to be the steepest descent contour through the relevant saddle point(s).
(it) Evaluate the local contribution from the saddle exactly as in Laplace’s method.
(iii) Evaluate the local contribution from the end point(s) exactly as in Laplace’s method.

Remember that when deforming the contour we must include the contribution from any poles that we
Cross.

Of course, we could have chosen a path on which u = Re(¢) was constant and applied the method of
stationary phase. However, we have seen that Laplace’s method is far superior in that it can generate all
the terms in the asymptotic series: the neglected “tails” of the integral are exponentially small. In fact,
the best way to generate higher order terms in a stationary phase integral is to deform to the steepest
descent contour.

Example: Steepest descents on the gamma function Consider as © — oo the gamma function

I'(z), which may be defined by

1 1
—=— [ t7%dt,
I(z) 2w Je
where (' is a contour which starts at t = —oc —ia (a > 0), encircles the branch cut that lies along the
(=]

negative real axis, and then ends up at t = —oc + b (b > 0).

N
.y

This is a moveable saddle problem. Writing ett—* = et=2Int and differentiating the whole exponent
with respect to t shows that there is a saddle point at t = z. Thus we begin by changing the moveable
saddle to a fixed saddle by the change of variable t = x5 to give

1 _ 1 r(s—logs) j_ _ 1 z¢(s)
I(zr) 2mizz-1 ﬁ‘e ds= 2miz1 Ce ds

where ¢ = s — logs and C is the rescaled contour (which we could take to be the same as €' by the
deformation theorem). The saddle point(s) are now at ¢'(s) =0, i.e. s = 1.
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We deform to the steepest descent contour Im(s) = arg(s) (| arg(s)| < 7) through the saddle as illustrated.
Having deformed to the steepest descent contour the procedure is exactly that for Laplace’s method. The
integral is split into a local contribution from near the saddle and the rest, which is exponentially smaller.
For the local contribution ¢ is expanded in a Taylor series about the saddle point s = 1 giving

(s=1? (s—1)°

s5)~1+ +.en
46) -t
so that
1 et 253—1!2_2:53—1!3 -
Iiz) i ’ ’ ds.

At this stage the integral is from —e to € along the steepest descent contour from the saddle s = 1. We then
rescale the integration variable so that the quadratic term in the exponent is O(1) by setting /7 (s—1) = u,

giving

1 e.'l: u2 u3 +
~ e? Wi du,
I'(z) 2miz™ Wz f
wd
where the integral is from —z'/2¢ to 1/%¢ along the steepest descent contour. We now expand e 3V "

keeping only the first term and replace the integration limits by +o0o along the steepest descent contour
(introducing only exponentially small errors), giving

1 e” u? d
—_— e — 2 -
I'(z) 2miz=1/2 fe “
Now the steepest descent contour is locally parallel to the imaginary axis near to the saddle point s =1,

s0 we set u = iv. A comparison with the figure above tells us which way to integrate — in this case from
v = —o00 to v = oo. Thus,

1 e¥ R d e’
—_— e — 2 = —
T@) = 2mze-1/2 /:me V= o g-1/2’

i.e.
[(z) ~ V2125 Y% asz - x.

Example: Steepest descents on the Airy function

1. Positive argument Consider as r — oo the Airy function

1 .
Aifz) = o fc , HE134at) gy
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where C' is a contour that starts at infinity with 27/3 < arg(t) < 7 and ends at infinity with 0 <
arg(t) < m/3. Note that the integrand decays at infinity where Re(it?) < 0, i.e. in the sectors defined by
0 < arg(t) < w/3, 27 /3 < arg(t) < 7 and 47/3 < arg(t) < 57/3.

This is a moveable saddle problem. Differentiating the whole exponent shows that the saddle points

are at t = +ir'/2. Thus we rescale t = /22 to give
1/2 1/2
Ai(z) = 2 [ = @B gy = T [ 600 gy
2 fod 2w o

where ¢(z) = i(z*/3 + z) and C is the rescaled contour, which we could take to be the same as C’ by the
deformation theorem and must start in the sector V) and end in the sector V5 shown in figure 1(a).

s s

(a) (b)

Figure 1: Steepest descent curves for (a) r — oo and (b)  —+ —oo. Note that the shading shows the
sectors which are valleys at infinity and is not supposed to be a contour plot of the magntitude of the
integrand, but just an aid to determine the steepest descent (rather than ascent) contour.

The saddle points are the points where ¢/(z) = 0, i.e. z = £i. We deform the contour C' to the steepest
descent contour from V5 to Vi, which goes through the saddle point z = i but not the saddle point z = —i.

Having deformed to the steepest descent contour the procedure is exactly that for Laplace’s method.
The integral is split into a local contribution from near the saddle and the rest, which is exponentially
smaller. For the local contribution ¢ is expanded in a Taylor series about the saddle point z =i as

2 ...
9) ~ =2 = (= if e

so that

Ai(x) ~

1/2 ,—2:%2 /3 )
I—€2 fe_zam(z_‘)%'" dz.
™
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At this stage the integral is from —e to e along the steepest descent contour from the saddle z = i. Now
we change variable by setting %/4(z — i) = u to give

—22%2 /3
. € -
i) ~ G [

where the integral is from —x3/e to x3/4€ along the steepest descent contour. We now replace these limits
by +oc along the steepest descent contour (introducing only exponentially small errors). Keeping only the
leading order term we therefore have

8—21'31(2}'3 5
AI(I) ~ m/(‘!_u d'li,

where the integral goes to infinity along the steepest descent contour. The steepest descent contour is
given by —u? real and negative, i.e. u real. A comparison with figure 1(a) tells us which way to integrate
— in this case from —oo to oc. Thus

€ u

o af2 _9.3f2
e—2x /3 /DO N e~ /3
S T 2ymal/

—u
rxl/t

Ai(z) ~
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