PERTURBATION METHODS IN ENGINEERING
LECTURE 3

ASYMPTOTIC APPROXIMATION OF INTEGRALS

Integration by parts

We have already seen the use of integration by parts to obtain an asymptotic approximation of the error
function. Here we show some more examples.

Example 1. Derivation of an asymptotic power series If f(¢) is differentiable near ¢ = 0 then
local behaviour of f(€) near 0 may be studied using integration by parts. We write

1@ =10)+ [ 1) d
Jo
Integrating by parts once gives
fle) = f(0) + [(x — &) f'(2)] + /:(f — ) f"(x) dz.

Repeating N — 1 times gives

N
efO) 1t
=% — N [ﬂ (e — )N fNHD (1) dar.
= ! NI,
1f the remainder term exists for all N and sufficiently small € > 0 then

2 n g(n)

f(e)wzf'fnﬁ as € — 0.

n=(0

1f the series converges then it is just the Taylor expansion of f(e) about e = 0.

Example 2.
I(z) = et dt
r
Asx — oo,
1 /> 1d,

The first term is the leading-order asymptotic approximation because
<1 1 o 1
/ —etdt < —/ e dt = —I(z) < I(x) as r — oo.
), A =/, o

Further integration by parts gives more terms in the asymptotic series.

Example 3.
I(I)Z/ t~ Y2t gt
Jo

Here we need to be more careful because the naive approach

= 1 [T .,
I(z) = [—t_u?e_t}n -5 / =3/t gy
S0

gives oo — co. Instead we express I(z) as the difference between two integrals

oo oo ;
I(x) :/ t—‘/2e—‘df—/ t~ Y2t dt.
0 Jx
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The first integral is finite, independent of z; it has the value I'(1/2) = /7. The second may be integrated
by parts successfully, because the contribution from the endpoint vanishes.

/t“ﬂe—‘dt = ﬁ+/ t‘lf?i[e—t)dt
0 Jr dt

et 1 [T _an
= ——+= t=H 2t dt.
VT 7 2/£ e

General rule: Integration by parts will not work if the contribution from one of the limits of integration is
much larger than the size of the integral. Here I(z) is finite for all z > 0, but at the endpoint ¢ = 0 the
integrand has a singularity, which gets worse on differentiating.

Failure of integration by parts

I(z) = f et dt.
0

If we try integration by parts we find

les} o0 1 _—It2 o0 oo 1
/ ot gt = / - (—Q;rte_TtQ) dt = | < - f ot g
Jo 0 QIt —QIt 0 0 Q.Iftz

The final integral does not exist, a sure sign that integration by parts has failed. In fact, I(z) has the
exact value /7/(2y/x). Integration by parts could never pick up this fractional power, and is doomed to
failure. Integration by parts will also not work when the dominant contribution to the integral comes from
an interior point rather than an end point. While integration by parts is simple to use and gives an explicit

error term that can often be rigorously bounded, it is of limited applicability and inflexible.

4.3 Laplace’s method

Laplace’s method is a general technique for obtaining the behaviour as z — +oc of integrals of the form
b .
10)= [ 10,
a
where f(t) and ¢(f) are real continuous functions.

Example Find the asymptotic behaviour of

10 et
I[.-r}:fn ) dt

as © — +00. The integrand is shown for z =1,.-- [ 10.

1

[
(XY !
RS |
[ X
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As x — oo the largest contribution to the integral comes from near ¢t = () because this is where —t is biggest.
For values of ¢ away from zero the integrand is exponentially small. So split the range of integration:

€ p—xt 10 et
1(x}=£ mdwl Tt

where 77! < € < 1. The second integral is O(e~**) which is exponentially small by comparison to the
first, so we can neglect it. In the first integral ¢ is small so we can Taylor expand 1/(1+t). The best way
to be systematic is to change variable =t = s, giving

1 TE E—S
I(z) ~ - —ds.
(@) Iv/ﬂ‘ (1+s/z) ;
Since e (the largest value of s) is < = we Taylor expand 1/(1 + s/z) to give

I —s t (_S)n - 1 N n_—s
I(z) ~ ;fn e Zz—ndszzznﬂfn (—s)"e™"ds,
n=(

n=(

since the expansion is uniform on () < s < ex. Finally, we can now replace the upper limit ze by infinity
in each sum, introducing only exponentially small errors again because integration by parts shows that

f s"e Yds = O((ze)"e™ ).

13

Hence

=1 [™ . = (=1)"n!
I(x}wzﬁfﬂ (—s)"e ds:Z(IHLI as T — 0o.

n=0 n=0

4,4 Watson’s lemma

The method of the example can be justified using Watson'’s lemma, which applies to integrals of the form

I(z) = /ﬂ b ft)e=tdt,  b>0.

Suppose f(t) is continuous on the interval 0 <{ < b and has the asymptotic series expansion

o0

flt) ~ t“Zantﬂ" as t — 04,

n=0
where @ > —1 and § > 0 so that the integral converges at ¢ = 0. If b = oo it is also necessary that
f(t) < e ast — +o0o for some positive constant ¢ so that the integral converges at t = 0o. Then Watson's
lemma states that
as r — +00.

= a,[(a+pn+1)
I(z) ~ Zﬁ o tpntl

The derivation of Watson's Lemma is basically by the same method as in the example if the asymptotic
series for f is uniformly convergent in a neighbourhood of the origin (as is often the case in practice). If this
is not the case (as it is in general), then it is no longer possible to interchange the order of integration and
summation: we work instead with a finite number of terms in the asymptotic expansion of f by writing,
for each positive integer N,

N-1 )

ft)=1") " ant™ +0(t"N)  ast— 0+

n=0

the result is then readily derived by showing that, for each positive integer N,

N-1

apl'(a+ fn +1) 1
I[I):Zw+0 TatBNH as r — +00.
n=(
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Asymptotic expansion of general Laplace integrals

Consider the integral
b
I(z) = / F(#)e™) gt

We have seen that the dominant contribution to the integral will come from the place where ¢(t) is largest.

There are three cases to consider

1. The maximum is at ¢ = a.

2. The maximum is at ¢t = b.

3. The maximum is at some t = ¢, with a < ¢ < b.
In each case the argument is as follows:

1. The dominant contribution to the integral comes from the near the maximum of ¢. We can reduce
the range of integration to this local contribution introducing only exponentially small errors.

2. Near this point we can expand ¢ and f in Taylor series.

3. After rescaling the integration variable, we can replace the integration limits by co introducing only
exponentially small errors.

Case 1: The maximum is at ¢ = a. First we can split the integral into a local and nonlocal part:
a+e b
I(z) = / F(t)ee® dt + / F(6)e=0 dt,
Ja a+e

where 7! « € < =72 (we will see where these restrictions come from soon). The second integral is
exponentially small compared to the first, since it is Q(e*?(#€)) and ¢(a + €) ~ ¢é(a) + €¢’(a). Thus the
second integral is O[e“‘f’j(“)) times the first (which we will see is O(em(“))). This is why we need ze > 1
(remember that ¢'(a) < 0 since ¢ is maximum at t = a).

In the first it is QK to expand ¢(t) and f(t) as an asymptoptic series about t = a:

o(t) ~ ¢la) +(t—a)d(a) +---,  [f({t)~fla)+(t—a)f'(a)+---.

Then a+e 2
I(z) ~ / (f(a) + (t—a)f'(a) + - ) @A @+EFES @) gy

Now we rescale the integration variable to remove the z from the exponential, i.e. we set z(t —a) = s.

Then »
- - ! 32 "
: / (f@+27(@)+ ) e+ 5" @ g,
0 T

I(z) ~
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o2

Note that ¢'(a) < 0, since ¢ is maximum at a. Now we can expand exz®" (@)t

as r — 00 as

52

1+
2x

¢"(a)+--.

This is OK providing (z€)?/r < 1 i.e. € < x~'/2. This is where the other restriction on € comes from.
Keeping only the leading-order term we have

zi(a) pre
I(z) ~ &/ es0'(a) gg.
0

T

Now we can replace the upper limit by infinity, introducing only exponentially small errors:

I(z) ~ f(“)fim(a} /m S'0a) go — _fi(a)em(ﬂ)
T 0

¢/ (a)

Case 2: The maximum is at { =b. A similar argument shows that
B)ezélb)
I(z) ~ &_
z¢/'()
Case 3: The maximum is at t = ¢, a < ¢ < b. First we can split the integral into a local and nonlocal
part:
£—€ cte b
I(z) = / F(H)e*® dt + / fer®dt+ | f(t)e™® dt,
a c—¢ cte
where in this case we will see that we need 1/z'/2 < e < 1 / 2% (we will see where these restrictions come
from shortly). The first and last integrals are exponentially small compared to the second, since they are
O(*%<*€)). In this case ¢(c+¢€) ~ ¢(c) + %q&"(c) because ¢ has a maximum at the interior point ¢ = ¢ so
@ (c) = 0. This is why we need ze2 > 1, i.e. 2712 < e.
In the second integral it is OK to expand ¢(t) and f(t) as an asymptoptic series about t = e:

(t - C)Z 1 (t - C)3

o(t) ~ dle) + =597 (e) + —¢ ¢"(c) s SO~ fl)+(t=)f () +.

Then
cte —a2 L, —e¥
I(z) ,\,/ (f(c} +(t—eo)f'(c) + ...)er(é(c}+5’—2L¢ e+ 50" (0 +) gy
c—€
Now we rescale the integration variable to remove the x from the exponential, i.e. we set /z (t —c) = s
(note the different scaling of the contributing region). Then

Ezqﬁ(c} VTeE

2 3
S o $6(0)+ g (O)+
I(z) ~ = N+ 2f(c)+--- ) eT? ez ds.
@~ [ (0 Zr@ ) ;

m(c)_'____

4
Note that ¢"(c) < 0, since ¢ has a maximum at t = ¢. Now we can expand eovz? as T — 00 as

g3

b/

This is OK providing (z'/2€)3/x'/? < 1, i.e. ¢ < z71/3. This is where the other restriction on € comes
from. Keeping only the leading-order term we have

1+ ¢,m(c)+,,,_

et V5
\/E —Te
Now we can replace the upper and lower limits by +00, introducing only exponentially small errors:
F@E (% 2y _ VIS
VI ) —2¢"(c)

32 ]
I(z) ~ eT9") s,

I(z) ~
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Method of stationary phase

The method of stationary phase is used for problems in which the exponent ¢ is not real but purely
imaginary, say ¢(t) = i(t), where (¢) is real.

b
I(z) = / F()e=® dt.

Riemann-Lebesgue lemma If | : |f(t)]dt < oo and ¥(t) is continuously differentiable for a <t < b
and not constant on any subinterval in a <t < b, then

b
/ F)e¥Ddt 50  asz — 0.
Ja
Useful when using integration by parts.

Example

Integrating by parts gives
i eiI i i 1 ei.z‘t
Iz)=——+—-——- | ——dt.
(=) %% Tz I[, (141)2

The last integral is lower order by the Riemann-Lebesgue lemma.
Why is the Riemann-Lebesgue lemma true? Locally near any point ¢t = tg, (t) ~ ¥(tg)+(t—to)V'(to)+
- and the period of oscillation is Iﬁm As z — oo this is very small, f(t) is almost constant, and the
contribution from the “up” and “down” parts of the oscillation almost cancel out. (You can find a rigorous
proof of the Riemann-Lebesgue lemma in analysis books.) However, this is not true if ¢/(ty) = 0. In this

case the integrand oscillates much more slowly near #j, so that there is less cancellation. Here's a plot of
Re(e!%="),

WV

Suppose ¢'(c) = 0 with a < ¢ < b, with ¢/(t) being nonzero for a <t < c and ¢ <t < b. As for Laplace’s
method, we split the range of integration

c—€ c+€ ) b .
I(z) = / im0+ [ pem0d [ foem a,
a c—€ c+e

where € < 1. The first and third integrals are lower order. To show this we use integration by parts

/ac—f F(t)ev® gt = /j“%%(eiw(t)) dt

f(t) f,«'wm]ﬂ_ 17 v d (M)
[ixw’(t)' z /a =l ) %

a
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Providing the last integral exists it is lower order by the Riemann-Lebesgue lemma. The first integal is

1 1
O(w(c—e)) =0 (rewc))

providing ¢"'(c) # 0. For the second integral we expand 1) and f as an asymptoptic series about t = ¢

3
(t B C) W

TACER

(t B C}2 T,\'I)”(C) +

fO)~ fe) +(t=)fle)+-, vlt) ~ole) +—5 5

Then

2 3
- _l_!!—;[ T,D’](C:’+£t;5:‘}—w;];(f}+"')

]c+é f(t)ei:'ﬂ(!] &t ~ /‘-“H (f(() . (t B C)f*{c} e ) et':!: (ﬁr( ) N

As for Laplace’s method, we change the infegration variable so that the oscillation is on an order one scale
by setting z'/2(t — ¢) = s to give

cte uw(!] e‘l‘:-rw(f) 1:1}26 3 F i%ﬁ,”{c:’ ) m( )+
l_e flt)e dt ~ N /_Imf(f(c)—l—l—ﬁf[c){_“.)e Py, ds.

I

3
=2 () o
Now we can expand e 6=/° 2 as

3

1+ I”(C)-I—‘“

6z Y

50 long as € € z71/3. The leading order term is
Ili?f

cte . )eizt(c) 2
f[t)e”w(t)dtw‘f(r}in / A7) g
T

=€ —rl/2e

Now we replace the limits of integration by +o00, which introduces error terms of order 1/(ze) (check by
integration by parts). Hence

zil(c) .32 . :Emg'ﬁl 1
)izt f(c)e™ / '(c) 1Y\ varf(o) 1
[ f dt ~ ; TV ds + 0 e = Ilr‘!?|i,f!” |1’,? +0 -

where (contour integration reveals that) the factor /% is used if 1" (c) > 0 and e/ is used if 1" (c) < 0.
Thus we need z7/2 > (ex)™", i.e. €3> 7Y/2, as in Laplace’s method. The error is the same order as the
neglected first and third integrals. So finally

\/Ef u-p c) :Emg'ﬁl 1
I(I) - 1:1!"3|1,{r” |1r‘!‘2 ‘I’O (_)

Ie

as T — oo with 77V2 € e € 27183,
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