FOURIER SERIES AND PDEs
LECTURE9

APPLICATIONS OF FOURIER SERIES

To solve for more general initial conditions, we again look for a solution as a superposition
of normal modes:

- . (nmr nmct . [ nmct
ylad) = Zsm (T) [ﬂn 08 (T) +b,sin (T)

n=1

)

50 that we arrive at the problem: given f(z) and g(z) can they be expanded as Fourier

sine Series
>
= in|{— <1< .
fz) n;aﬂsm( 7 ), 01<e<, (4.52)
= /e s
=) [—|bsin|—], 0<z<L] .
gl2) ;(L)bnsm(L), 0<e<l (453)

From the lectures on Fourier Series we know that such an expansion as (4.52) exists if .9
f and g are piecewise continuously differentiable on [0, Z]. The coefficients are determined
by the orthogonality relations:

[afpufa{y 2w

1 -
§L m=n.
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Thus
= 2 s (M) a 15
@ = 7 : f(:r:)sm(T) T, (4.55)
9 L . /nTx
b, = g g(z)sin (T) dz. (4.56)

Example 4.3 (Guitar or lute) For the special case (4.42),

L
22h [2 . /nmx 2 9h (L . /nmT
= 77 i .’LSlIl(T) d.’L-I-E.f %(L—J:)sm (T) dz,  (4.57)
8h . /nm
= s (?) (4.58)
and
2 ([t :
by=— [ 0.sin (%) dz = 0. (4.59)
nme 0
Hence the solution is
8h o= 1 ; t
y(z,t) = - Z n—zsin (112_7r) sin (ngm) cos (mg‘ ) , (4.60)
n=1
_ 8h lgm(m:) cos met 1%11 Irx nct
2|12 L L 32 L L
1 ct
+ ﬁsin (5?) cos (51 ) - .. ] : (4.61)

Example 4.4 (Piano) The initial transverse displacement is zero and the section [I1,ls]
is given an initial transverse velocity v. Here f(x) =0 for 0 <z < L, and

(4.62)

() = 0 forO0<z<Ljand Ly <z <L,
o= v for L1 <2< L.

Thus a, =0 and

2 (L nm L nrL nmLy
b, = — A v sin (T) dr = - lcos (Tl) - cos( )] . (4.63)

The transverse displacement is
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Normal modes for a weighted string

A string of length 2L has fixed ends and a mass m is attached to the mid-point; find the

normal frequencies of vibration.

Let the string occupy the interval [—L, L], the mass being attached at = = 0. Let y~ (x, )

and y™(z,t) be the transverse displacements for —L < x < 0 and 0 < 2 < L, respectively.

Then y~ and y* must satisfy the wave equations
Py _ 2Py Pyt Py
ot? oxr?’  Ot? Ox?’

and the boundary conditions

y (=L,t) =0 and y*(L,t) =0 for t > 0.
What conditions hold at the mass m? There are two: firstly,
y(0,t) =y (0,t) for t > 0;

and, secondly, the mass m is subject to Newton’s Second Law,

Py Y R TA . Oy,
mW(O.t)j—T(z-o-a—I J)—T(Z-F% J),

i.€.
9%y dy* dy~
mW(Ot) =T [8_:{(0” - B—I(Ot)} for t > 0

(4.65)

(4.66)

(4.67)

(1.68)

(4.69)

If we apply separation of variables arguments to (4.65) and (4.66) we see that 3, y must

be of the form

y (z,t) = Asin (E(L -+ LL)) cos(wt + €),
c

yt(z,t) = Bsin (%(L - J:)) cos(wt + €),

(4.70)
(4.71)

where A, B, € are constants and w/(2m) is the, as yet unknown. normal frequency. Sub-

stitution into the boundary conditions (4.67) and (4.69) gives

Asin (%) = Bsin (ﬁ) ,
c c

and

—maasin () =[-8 (£) cos (2) = 4 (£) eos (2],
() (5F) o ()] - ().

i.e.

(4.72)

(4.73)

(4.74)

If the linear homogeneous equations (4.72) and (4.74) are to have non-trivial solutions (A

and B not both zero) then the determinant must equal zero:

. (wL) (wL) . (wL) {(mu.m) . (wL) (wL
sin [ — | cos [ — | =sin | — sin [ — | —cos | —
¢ c ¢ T ¢ ¢
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Thus either

wL wL 2mwe
sin | — | = t(— )= : 4.
%m( p; ) 0 or co ( - ) T (4.76)
The first equality in equation (4.76) implies
wL . w ne ¢
T =nm 1le. E = E = -n.m, (477)

These correspond to the normal frequencies of a string of length 2L for which z = 0 is
a node. There is no simple formula for the solutions of the other equality. If we put
0 = wL/e then w = cf/L, where

2me? 2m
cot ) = 0= —=0, 4.78
TL pL ( )
and we see there are infinitely many roots 6y, #,, 65, . .. and these determine infinitely many

normal frequencies in addition to those given by (4.77).
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