
LECTURE 03: PRODUCTION ANALYSIS AND ESTIMATION
RETURNS TO SCALE
Closely related to the productivity of individual inputs is the question of how a proportionate increase in all inputs will affect total production. Constant returns to scale exist when a given percentage increase in all inputs leads to that same percentage increase in output. Increasing returns to scale are prevalent if the proportional increase in output is larger than the underlying proportional increase in inputs. If output increases at a rate less than the proportionate increase in inputs, decreasing returns to scale are present.

Returns to scale refers to the degree by which output Changes as a result of a given change in the quantity of all inputs used in production. There are three types of returns to scale constant, increasing, and decreasing. If the quantity of all inputs used in production is increased by a given proportion, we have constant returns to scale if output increases in the same proportion increasing returns to scale if output increases by a greater proportion; and decreasing returns to scale if output increases by a smaller proportion. That is, suppose that starting with the general production function.
	Q = f (L, K)
	(1)


We multiply Land K by h, and Q increases by 1, as indicated in Equation (1):

	λQ = f(hL, hK)
	(2)


We have constant, increasing, or decreasing returns to scale, respectively, depending on whether λ= h, λ> h, or λ< h.

For example, if all inputs are doubled, we have constant, increasing, or decreasing returns to scale, respectively, if output doubles, more than doubles, or less than doubles. This is shown in Figure (1). In all three panels of Figure (1) we start with the firm using 3L and 3K and producing 100Q (point A). By doubling inputs to 6L and 6K, the left panel shows that output also doubles to 200Q (point B), so that we have constant returns to scale.

Increasing returns to scale arise because as the scale of operation increases, a greater division of labour and specialization can take place and more specialized and productive machinery can be used. Decreasing returns to scale, on the other hand, arise primarily because as the scale of operation increases, it becomes ever more difficult to manage the firm effectively and coordinate the various operations and divisions of the firm.
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A more general condition is a production function with first increasing, then decreasing, returns to scale. The region of increasing returns is attributable to specialization. As output increases, specialized labour can be used and efficient, large-scale machinery can be used in the production process. Beyond some scale of operation, however, further gains from specialization are limited, and coordination problems may begin to increase costs substantially. When coordination expenses more than offset additional benefits of specialization, decreasing returns to scale set in.

For certain production functions, called homogeneous production functions, when each input factor is multiplied by a constant k, the constant can be completely factored out of the production function expression. Following a k-fold increase in all inputs, the production function takes the form hQ = kr f (X, Y, Z) . The exponent r provides the key to returns-to-scale estimation. If r = 1, then h = k and the function exhibits constant returns to scale. If r > 1, then h > k, indicating increasing returns to scale, whereas r < 1 indicates h < k and decreasing returns to scale.

	Q = f(X,Y,Z)
	

	hQ = f(kX,kY, kZ)
	

	hQ = kr f(X,Y,Z) Where r is degree of homogeneity
	(3)


If k = h, then f has constant returns to scale.
If k > h, then f has increasing returns to scale.
If k < h, then f has decreasing returns to scale.
OUTPUT ELASTICITY AND RETURNS TO SCALE
Returns to scale can be accurately determined for any production function through analysis of output elasticities. Output elasticity, EQ, is the percentage change in output associated with a 1 percent change in all inputs and a practical means for returns to scale estimation. Letting X represent all input factors,
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Where X refers to capital, labour, energy, and so on, then the following relations hold:
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Thus, returns to scale can be analyzed by examining the relationship between the rate of increase in inputs and the quantity of output produced.

ESTIMATION OF PRODUCTION FUNCTIONS
Types of production functions depending on their degree of power:

· short run, Linear: one fixed factor, one variable factor Q = f(L)K 

· cubic: increasing marginal returns followed by decreasing marginal returns, all 3 stages of production 

Q = a + bL + cL2 – dL3 

· quadratic: diminishing marginal returns but no Stage I 

Q = a + bL - cL2
Given enough input/output observations, either over time for a single firm or at a single point in time for a number of firms in an industry, regression techniques can be used to estimate the parameters of production functions.

CUBIC PRODUCTION FUNCTIONS
From a theoretical standpoint, the most appealing functional form for production function estimation might be cubic, such as the equation

Q = a + bXY + cX2Y + dXY2 – eX3Y – fXY3   (4)
This form is general in that it exhibits stages of first increasing and then decreasing returns to scale. The marginal products of the input factors exhibit a pattern of first increasing and then decreasing returns, as is illustrated in Figure (2).
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Frequently, however, real-world data do not exhibit enough dispersion to indicate the full range of increasing and then decreasing returns. In these cases, simpler functional specifications can be used to estimate production functions. The full generality of a cubic function may be unnecessary, and an alternative linear or log-linear model specification can be usefully applied in empirical estimation.

POWER PRODUCTION FUNCTIONS
One function commonly used in production studies is the power production function, a multiplicative relation between output and input that takes the form

	Q = b0 Xb1 Yb2
	(5)


Power functions have properties that are useful in empirical research. Power functions allow the marginal productivity of a given input to depend on the levels of all inputs used a condition that often holds in actual production systems. Power functions are also easy to estimate in log-linear form using least squares regression analysis because Equation (5) is mathematically equivalent to:

	log Q = log b0 + b1 log X + b2 log Y
	(6)


Returns to scale are also easily calculated by summing the exponents of the power function or, alternatively, by summing the log-linear model coefficient estimates. As seen in Figure (6), if the sum of power function exponents is less than 1, diminishing returns are indicated. A sum greater than 1 indicates increasing returns. If the sum of exponents is exactly 1, returns to scale are constant. Power functions have been successfully used in a large number of empirical production studies since Charles W. Cobb and Paul H. Douglas’s pioneering work in the late 1920s. The impact of their work is so great that power production functions are frequently referred to as Cobb-Douglas production functions.

COBB-DOUGLAS PRODUCTION FUNCTION
The production function most commonly used in empirical estimation is the power unction of the form

	Q = A KaLb
	(7)


Where Q, K, and L refer, respectively, to the quantities of output, capital, and labour, and A, a, and b are the parameters to be estimated empirically. Equation (7) is often referred to as the Cobb-Douglas production function in honour of Charles W. Cobb and Paul H. Douglas, who introduced it in the 1920s.

The Cobb-Douglas production function has several useful properties.

· First, the marginal product of capital and the marginal product of labour depend on both the quantity of capital and the quantity of labour used in production, as is often the case in the real world. 
· Second, the exponents of K and L (i.e., a and b) represent, respectively, the output elasticity of labour and capital (EK and EL), and the sum of the exponents (i.e., a + b) measures the returns to scale. If a + b = 1, we have constant returns to scale; if a + b > 1, we have increasing returns to scale and if a + b < 1, we have decreasing returns to scale. 
· Third, the Cobb-Douglas production function can be estimated by regression analysis by transforming it into linear in the logarithms: 

	In Q =In A + a In K + b In L
	(8)


· In production theory it is assumed that technology is fixed, however, the data fitted by the researchers may span a period over which technology has changed and improved, one of the independent variable could represent technical change (a time-series) and thus adjust the function to take technology into consideration. 
· Finally, the Cobb-Douglas production function can easily be extended to deal with more than two inputs (say, capital, labour, and natural resources or capital, production labour, and non production labour). 

The Cobb-Douglas production function can be estimated either from data for a single firm, industry, or nation over time (i.e., using time-series analysis), or for a number of firms, industries, or nations at one point in time (i.e., using cross-sectional data). In either case, the researcher faces three potential difficulties:

1.If the firm produces a number of different products, output may have to be measured in monetary rather than in physical units, and this will require deflating the value of output by the price index in time-series analysis or adjusting for price differences for firms located in different regions in cross-sectional analysis.
2. Only the capital consumed in the production of the output should be counted, ideally. Since machinery and equipment are of different types and ages and productivities, however, the total stock of capital in existence has to be used instead. 
3. In time series analysis a time trend is also usually included to take into consideration technological changes over time, while in cross sectional analysis we must ascertain that all firms or industries use the same technology (the best available). 
4.Cannot show MP going through all three stages in one specification, also it cannot show a firm or industry passing through increasing, constant, and decreasing returns to scale. 

Cobb-Douglas production function is the most frequently used production function both for individual firms and for the entire economy as a whole (aggregate production function). One example is a study by Robert N. Mefford (1986). This study dealt with a sample of plants of multinational consumer goods manufactured. Time series and cross-sectional data were

combined to obtain 127 observations over the period (1975-1982). Management was measured as a performance ranking of on the basis of 3 criteria:

1. output goal attainment 

2. cost over- or under -fulfilment 

3. quality level of output 

The results showed that the Management variable was found statistically significant.

Given Cobb-Douglas function:
Q = ALαKβ
if α+ β> 1, IRTS

if α+ β= 1, CRTS

if α+ β< 1, DRTS
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