
LECTURE 04: PRODUCTION ANALYSIS AND ESTIMATION
DUALITY: PROFIT MAXIMIZATION VS COST MINIMIZATION
Individuals maximize utility subject to a budget constraint

Dual problem: individuals minimize the expenditure needed to achieve a given level of utility Firms minimize cost of inputs to produce a given level of output.

Dual problem: firms maximize output for a given cost of inputs purchased

The difference between profit maximization and cost minimization is simple. Cost minimization requires efficient resource use, as reflected by optimal input proportions. Profit maximization requires efficient resource use and Production of an optimal level of output, as made possible by the optimal employment of all inputs.

PRODUCTION ANALYSIS WITH CALCULUS
The graphical approach provides a useful interpretation of constrained optimisation and enables us to justify some familiar microeconomic results. However, it does not offer a practical way of actually solving such problems, since it is difficult to produce an accurate Isoquant map from any given production function.

The most popular algebraic method for solving this problem is the Lagrange multiplier method.
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We use the Lagrangian multiplier method to examine the condition for a firm to be (1) maximizing output for a given cost outlay and (2) minimizing the cost of producing a given output.

Suppose that a firm that uses labour (L) and capital (K) in production wants to determine the amount of labour and capital that it should use in order to maximize the output (Q) produced with a given cost outlay (C*). That is, the firm wants to

	Maximize
	Q = f(L, K)
	(1)

	Subject to
	C* = wL +rK
	(2)


Where w is the wage of labour and r is the rental price of capital. This constrained maximization problem can be solved by the Lagrangian multiplier method.

To do so, we first form the Lagrangian function:

	Z =f (L, K) + λ(C* - wL - rK)
	(3)


To maximize Z, we then find the partial derivatives of Z with respect to L, K, and λand set them equal to zero. That is,
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By substituting MPL for δf / δL and MPK for δf / δK, transposing w and r to the right of the equals sign, and dividing Equation (4) by Equation (5), we have.
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That is, the firm should hire labour and capital so that the marginal product per dollar spent on each input (λ) is equal. This is the first-order condition for output maximization for the given cost outlay or expenditure of the firm. The second-order condition is for the Isoquant to be convex to the origin.

CONSTRAINED COST MINIMIZATION
Suppose, on the other hand, that ,the firm of the previous section wants to determine the amount of labour and capital to use to minimize the cost of producing a given level of output (Q*).The problem would then be

	Minimize
	C=wL+rK
	(7)

	Subject to
	Q* = f(L,K)
	(8)


This constrained cost minimization problem can also be solved by the Lagrangian multiplier method. To do so, we first form the Lagrangian function:

	Z' = wL + rK + λ'[Q* -f(L, K)]
	(9)


To minimize Z’, we then find the partial derivatives of Z’ with respect to L, K, and λ', and set them equal to zero. That is,
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By substituting MPL for δf / δL and MPK for δf / δK, transposing them to the right of the equal sign, and dividing Equation 6-30 by Equation 6-31, we have
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or
	

	w / MPL = r / MPK
	(10)


Each term in Equation (10) equals λ' and refers to the marginal cost in terms of labour and capital. That is, Equation (10) assumes that to minimize the costs of producing Q*, the firm should use labour and capital in such a way that the extra cost of producing an additional unit of output is the same whether the firm produces it with more labour or more capital.

PROFIT MAXIMIZATION
In general, the firm will want to determine the amount of labour and capital needed to maximize profits rather than to maximize output or minimize costs. Total profit (л) is

	Π = TR – TC
	(11)

	= p * Q - wL – rK
	(12)


Since Q = f(L, K), we can rewrite the profit function as

	Π = P. f(L, K) - wL – rK
	(13)


To determine the amount of labour and capital that the firm should use in order to maximize profits, we take the partial derivatives of Equation (13) with respect to Land K and set them equal to zero. That is,


[image: image7]
Assuming that the price of the final commodity (P) is constant so that it is equal to marginal revenue (MR), we can rewrite Equations 6-38 and 6-39 as

	(MPL)(MR) = MRPL = w
	(14)

	(MPK)(MR) = MRPK = r
	(15)


That is, in order to maximize profits, the firm should hire labour and capital until the marginal revenue product of labour equals the wage rate, and until the marginal revenue product of capital is equal to the rental price of capital.

Dividing Equation (14) by Equation (15), we get the following expression:
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Cross-multiplying the above expression gives the condition for the optimal combination of inputs given by:
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That is, hiring labour and capital so that the above expressions hold which implies optimal input combinations will be satisfied.

ECONOMIC INTERPRETATION OF λ

· A high value of λ indicates that Q could be increased substantially by relaxing the constraint 

· A low value of λ indicates that there is not much to be gained by relaxing the constraint 

· λ= 0 implies that the constraint is not binding 

EXAMPLE: OUTPUT MAXIMIZATION
Maximize

Q = 12L0.5K0.5 Subject to: C = 25L + 50K; When cost constraint is $1414.

1414 - 25L - 50K = 0
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Example: Cost Minimization
Minimize

C = 25L + 50K
Subject to: Q = 12L0.5K0.5
When production constraint is 240 units
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LL=25-36L°%*2 =0 )
LK =50-26L°%K?*=0 @)
L2 =240-121°%K"*=0 )

KIL=% so substitute K = L2 in Eq (3), we get

240 = 12L°%(1L/2)°% ;L =28.28 and K = 14.14
Therefore C = 25L + 50K = 25(28.28) + 50(14.14)
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LL =6L2%K"% .25, =0 )
LK =6L0%K2% - 501.= 0 @

414 - 250 - 50K = 0 3)
KIL=% so substitute K = L2 in Eq (3), we get

1414 = 251 + 50(L/2) or 50L = 1414 so; L = 28.28and K = 14.14
Q=12 (28.28)°%(14.14)°° = 12(5.31)(3.76)

Q = 240 units.
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