FIN 508- MARTINGALE THROUGH MEASURE THEORY
LECTURE 11

THE MARTINGALE CONVERGENCE THEOREM

An important field in the probability theory is to study the asymptotic behavior of sequences
of random variables. For example, we are interested in whether a sequence {X,, : n > 0}
converges or not as n — oc.

11.1 Doob’s up-crossing lemma

One of the powerful tools to study the convergence of random sequences is the concept of
up-crossing numbers through intervals by a random sequence.

Suppose (a,) is a sequence of real numbers, then lim,_, a, exists (as a real number),
limy, 0 @, = 00 or lim,,_, a, = —o0, if and only if liminfa, = limsupa,. Therefore, if
(X,) is a random sequence of real random variables, then

lim @, exists in [—o0, 00| if and only if liminfa, = limsup a,.
n—o0 n—o00 n—o00

Moreover, by definition, there are two sub-sequences n;, and my, such that

lim a,, = liminfa, and lim a,, = limsup a,
k—00 n—00 [=o0 n—00

where we can choose two sub-sequences such that
Mg <My <Ny <My < <Ny <MYy <=
In the case that liminf, . a, < limsup,_,. a,, then we can choose a < b such that

liminf a, < a <b<limsupa,
n—00 n—00

(and we can demand that ¢ < b to be rational numbers). Then, by looking the sequence
(a,) along ayy, Gpy, -+, Gng, Gy, -, We can see that the sequence (a,) must cross from low
level a to upper level b infinitely many times. That is, the number of up-crossing (a,b) by
(a,) is infinite. Hencelim,, ., a, exists in [-00, oc] if and only if the up-crossing number by
(a,) through any (a,b) (for every pair a < b of rational numbers) is finite.

Apply this to a sequence (X;,) of real random variables,

{ lim X, exists in [~o0, oo]} = {the up-corssing number of (X;,) through (a,b) < oo for any rationals
n—20

Let X = (X,)u>0 be a sequence of real valued random variables, and a < b be two
numbers. An up-crossing is the event that the sequence (Xj,) is below a at some n and then
X, > b for some m > n, and similarly we may define a down-crossing. Let us concentrate

oI up-crossing events,
Define
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Ty, = inf{n>0:X, <a},

7y = inf{n>7Ty:X, >b},

ng = inf {'!1- = T2j_-_| . Xn < (I.} Y
T2j+1 = inf {'!1- = ng : Xn 2 b} .

Ty is the first time that the sequence X goes to the level below a, and T is the first time X
goes back to the level b after reaching the level below a and so on. All 7}, are random times
but can take value oo, and {7}.} is increasing. Moreover

Xp, £ a on {I <oo} ,
X’F_}j_'_l 2 b on {T2j+1 < m} .

If T5;_1(w) < oo for some j € N, then the sequence
Xﬂ(w)'- T Xsz—l (w)

up-crosses the interval [a, b] exactly j times.
Let U(X;n) denote the number of up-crossings of {Xy,--- , X,,} through interval [a, b)].

Then
{UNX:n) =j} C {Tpj—1 < n < Tyju} (11.1)
and
{U(X;n) > j} = {Ty;-1 < n} (11.2)
for j=0,1,---.

If X = (X,)n>0 is adapted with respect to a filtration {F, : n > 0}, then 7} are stopping
times. Hence
{Uz(X; n) =_'j} = {Tj—1 < n} ﬂ{T2j=1 >n} €F,

foranyn € Z, and j € Z,.
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Lemma 11.1 For any b > a and n, k € N we have

1 < Xﬂ. - ﬁ-l XTQ;;_1.I’\.n - XTQ(*_”J'\H
{vhxm)ze} = 7 0 A ey Sn<Toe-s }

— (11.3)

and
Xn —a X’.T_: —1hn T XT_: An
1{{'1?()(;11]21:} < b—a I{TQk—IS“{TQk} + - -

T (11.4)

Proof. [The proof is not examinable] For every k = 1,2,---, Top—1y < Top—q < Tox on
{T3k—1 < 0o}. Let us consider the increments of X = (X,,) over [Tor—_o, Tor—1] and [Top_y, Tox]
respectively, which must be greater than b — a on {T5,—; < 0o} (resp. on {Ty < 00}).

It is elementary that

Xt = Xn g = (X = Xr ) Um n)
= (Xruc = X)) Uyt s
(X = Xry) Uy o Lo
= (XTQ,‘_1 - XTQ(,‘_”) L1y, <n}

+ (Xﬂ- - XT-_’:.&—U) I{thk—1]£n<Tzk—1}'

Since Xr,, , — X1,,_,, 2 b—aon {To—1 < 0}, X1yy_yy Saon {Tg(k_j) < oc}, and since
{Top—y < n} = {Uﬁ(X n) = .-‘c}., we deduce from the previous identity that

XTzk—mn - XTz{k—n-"\n 2 (b - a)l{b'{f(x;n)gk} + (Xﬂ- - a) 1{']'2(,,_”5::‘:']7_:;;_1}
and (11.3) follows. Similarly, one may use the decomposition

XTQk—lI"\ﬂ - XTzkf‘\ﬂ = (XTzk—l - XTzk) I{TQkSR} + (XT-_’k—l - Xﬂ) I{TQk—li:ﬂ‘(TZ&}
> (b - a} I{Tm;i:ﬂ} + (b - Xﬂ} I{TQk—IE“{TQk}
= (b - [I-) (I{T_‘kiﬂ} + I{Tzk—lin‘(Tzk}) + (a' - Xﬂ-) l{TQk—ﬁ_:n{Tzk}
= (b - a') I{T-_’k—xi:n} + (a' - Xﬂ) 1{T2k—1£n<r_’k}
where we have used the fact that X7,, | > band Xr,, < a on {Ty < oo}, which yields that

a—X Xry oan — Xypn
I{Ek—l‘_:n} <- b nl{Tzk_liianzk} + Hoi S

—-a b—a

Theorem 11.2 (Doob's up-crossing lemma) 1) If X = (X,,) is a super-martingale, then
foranyn>=1k>1
(Xn —a)”

P[U2(X:n) > k] g]E[ —

:UN(X;n) =k - 1]
and

E [U¥(X:n)] <E [(Xb%;‘)] |
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[Note that X,, — a is also a super-martingale for any constant a, so that (X, —a)™ is a
sub-martingale. ]
2) Similarly, if X = (X,,) is a sub-martingale, then

P[Uy(X:n)> k] <E {% UY(Xn) = k]
and E [Ub(X;n)] <E [%] .

[For a sub-martingale, (X, — a)* is again a sub-martingale for every constant a.]

Proof. [The proof is not examinable] 1) Since X is a super-martingale, according to
Doob’s optional stopping theorem

]E I:XTZk—IA'n - XTQU‘_I}ATI] <_: D'.‘ (11.5)

so that it follows from (11.3) that

P[US(X;n) > k] < -E Hn -

a
(Top-y Sn < T2k—1] +E [XTQ;‘_IJ'\}I - ng(k_l,nn

(X, —a)
<E (b—) Thp-1y Sn < TZk—l]

L —a

(X, —a)”
<E % : TQ(k—l}—l <n< TQ(k—1}+1:|
=E M : Uf(X;ﬂ-) =k - ]_]

| b-a

which proves the first inequality. Since U2(X,n) < n and takes values in non-negative
integers, so that

NE

E[U2(X,n)] =) KkP[UNX:n)=k|

=
Il
-

¢

P [Uz(X:n) > k]

=
Il
-

ol

]EM:UbX;n=k—l
[ vt = k-1
oma))
b=a

-

I
=

2) If X is a sub-martingale, then E (er,_,k_l,m - XT_,kM) < 0, so that, by (11.4) we obtain

P[UY(X;n) > k] <E H —a

T Sn < TZk]

(Xo—a)*
b—a

:UN(X;n) = k]
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and therefore

b—a
k=1

o+
<LE[(X“ a)]
- b—a

which completes the proof. m

11.2 Martingale convergence theorem

Theorem 11.3 (The martingale convergence theorem, J. L. Doob) 1) Suppose X = (X,.), o
is a super-martingale (or a sub-martingale), bounded in L* (2, F,P), that is, sup, E[|X,|] <
00, then X, = lim, ., X, exists almost surely and X, € L'(12).

2) If Y = (Y,), 5, is non-negative super-martingale, and bounded in L', then Y, — Y
exists, Yoo € L', and E Y, |F,] <Y, forn > 0.

3) If M = (M,) is uniformly integrable martingale, that is, M = (M,,), ., is a martin-
gale, and {M, :n=0,1,---} is uniformly integrable, then M, = lim,_,, M, erists almost
surely, M, = M, in L}((2), and M,, = E[M|F,] for every n.

Proof. [The proof is not examinable] 1) For every pair of real numbers a < b, U?(X) =
lim,, . UY(X;n) is the total number of up-crossings made by (X,) through the interval
(a,b). By MCT and Doob’s crossing lemma we have

E [U2(X)] = [due to MCT] lim E [U2(X;n)]

<k [u]

b-a

< % +z Gs&p]EHXnH < 00.

That is, U?(X) is integrable, hence U’(X) is finite almost surely. Let

Wiap = {liminf, . X, <a, limsup,_ X, > b}

n—0o0

and
W= U {W(ﬂ_b) :a < b and a,b are rationals } .

where the union runs through the countable set of rational pairs (a,b), @ < b. Then
Wias C {UL(X) =0}, so that P [Wy] = 0. Hence P(W) = 0. However, if w ¢ W,
then liminf X,,(w) = limsup X,,(w), so that lim, . X,(w) exists (or equals +00), denoted
it by Xo(w), and we set X (w) =0 for w € W. Then X, = X on W¢, so that X,, =+ X,
almost surely. According to Fatou's lemma

B[|Xcl) = E [ lim |%,] < liminf B[1X,] < supE[X,| < o0

n—

so that X € L'(£2, F,P). We have thus proved the first part of the theorem.
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2) Since Y is a non-negative bounded super-martingale, then by 1) ¥, =+ Y, a.e. Since
E[Y,|F] €Y, for m > n, letting m = oo, by Fatou’s lemma (for conditional expectations),

E[Y, |7, <E [nm Ym\.}'n} <liminf E[Y,|F] < Y,
i 4] m—oo

m—+

the proof is therefore complete.

3) If M = (M,) is uniformly integrable martingale, then {M, :n=0,1,---} is bounded,
so that by 1), M, — My, almost surely, and hence M, — M, in L*. Since for every m > n
we have E [M,,|F] = My, by letting m — oo to obtain M, = E[M|F,]. =

Recall that if X = (X},) is a SMartingale which is uniformly integrable, then X, = X
almost surely and in L*. For the LP-bounded martingale, we have the following

Theorem 11.4 Suppose X = (X,),>1 is a martingale which is bounded in LP-space for
some p > 1, that is, sup, B [|X,.[f] < 00, then (X,,),s0 is uniformly integrable, and X, = X,
almost surely, and in L-space. Moreover

E[[Xeoff] = supE|X].

Proof. [The proof is not examinable.] It is known that sup, E [|X,[/] < oo for some
p > 1 implies that (X,,) is uniformly integrable, so that X,, = X, almost surely and in L.
Let g = lim,_, Supy, | Xi[. Applying Doob’s LP-inequality to the sub-martingale |X,?
we have

p Y p Y
E [sup\XkP] < (—) E[X.[f] < (—) supE[|X,.[F].
k<n p_l P—l n

Thus, by MCT we conclude that

p
Elg] = lim E [sup\Xk\”] < (Ll) sup E[| X, [F] < o0
n—o0 n

k<n -

that is ¢ is integrable. Now | X, = X = 0 almost surely, and | X, = X |F < 27g for all n,
s0 by Lebesgue’s dominated convergence theorem, we have

E[|X, = X, ] =0
asn — 0o, Since | X[V is a sub-martingale, so that n — E[|X,,|?] is increasing, and therefore

B[Xul] = lim E[JX, 1 = supE X, .
n—o0 n
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Downward martingale convergence theorem

Let us now consider backward martingale convergence theorem.

Let (f2, F,P) be a probability space, instead of a filtration, we are given a decreasing
family of sub o-algebras (G,)n>0, where G,y C G, for n = 0,1,2,---, where the largest
o-algebra is the initial one Gy C F. The final g-algebra is G, = lim,, ... G,, = ﬂ;’iﬂ Gj.

We may define martingales, sub-martingales and super-martingales with respect to the
decreasing flow (G,,). Namely, a (G, )-adapted and integrable random sequence X = (X,,),>0
is a martingale (resp. super-martingale, and resp. sub-martingale) if E [X,|Gnt1] = Xnt1

(resp. E[X,|Gn11] € X,11, and resp. E[X,,|Gps1] = Xot1).
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If we set F,, = G_, where n = ---,=2,=1,0 (with the natural order in Z_), then
(Fn) (where n = ---  =2,—1,0) is a filtration, i.e. an increasing flow of o-algebras. Then
M, = X_, (where n = ---,=2,—1,0) is martingale (resp. super-martingale, resp. sub-
martingale) if E [M,|F,—,] = M, (resp. E[M,|Fo—i] < My, resp. E[M,|Fozy] = My
) for n = --- =2, =1,0. The following technical lemma allows us apply the results we

have established in the previous sections to martingales with respect to a decreasing flow of
oalgebras, which follows directly from the definition.

Lemma 11.5 Let (£2, F,P) be a probability space together with a decreasing family (G, )n>0
of sub o-algebras of F. Let X = (X,)us0, where X,, € LY(2,G,,P) for n = 0,1,2,---.
Then, X is martingale (resp. super-martingale, resp. sub-martingale), if and only if for
every N = 1,2,---, the time-reversed random sequence Y, = Xy_, (where n =0,--- ,N)
is @ martingale (resp. super-martingale, resp. sub-martingale) up to time N (with terminal
value X, ), with respect to the filtration Gy_,, .

As a sample of applications of the previous lemma, we prove the following very useful
convergence result.

Theorem 11.6 Let ({2, F.P) be a probability space together with a decreasing family (G, )n>0
of sub o-algebras of F. If X = (X, )uz0 is a super-martingale with respect to (G,), then
X = lim,, . X,, exists almost surely. If in addition lim,,_, E[X,] < oo then {X,, : n > 0}
is uniformly integrable, and X,, — X, in L'(12).

Proof. [The proof is not eraminable.] For every N = 1,2,--- the time-reversed se-
quence { Xy, Xy_y,- -+, Xp} is a super-martingale (up to time N) with respect to Gy_p, its
up-crossing number through [a,b] where a < b is denoted by U?(X,—N). The label — is
used to indicate the reversed up-crossing, rather than U?(X,N) which is the up-crossing
of {Xo,X1,---, Xy}, but they are equally useful in determining the convergence. Let
UM(X) = limy_,., UY(X,—N) which represents the number of up-crossings for the time-
reversed sequence {---, Xy, Xy_1.---,Xo}. According to Doob’s up-crossing lemma, for

every N, _
E [UX(X;=N)] <E M] .

b—a

The right-hand side is independent of N, so by applying the Monotone Convergence Theorem,
we have X -
b 0o—a
E[UYX)] <E [ﬁ] :
Therefore U?(X) is integrable, so that U?(X) < oo almost everywhere. A similar argument
as the proof of the Martingale Convergence Theorem may apply to conclude that X =
lim,, ., X, exists almost everyvwhere, and X is ﬂ;il G;-measurable.

Since n — E[X,,] is increasing (note that not decreasing, as it is a time-reversed super-
martingale), so that sup, E[X,] = lim,,_,., E[X,,]. Suppose that lim,,,,. E[X,] < co. Then
sup, E[X,] < co. Since Xj is integrable, & = E[X;|Gn| is uniformly integrable (time-
reversed) martingale, and @, = X, — &, is (time-reversed) super-martingale. Since

Qﬂ. =E [ingn] =E [Xﬂ. - Xﬂlgn] 2 0

which implies that (),, is non-negative, and X,, = @, + &,. Therefore, to show that X is
uniformly integrable, we only need to show that @ = (@Q,) is uniformly integrable. Thus,
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without losing generality, we may assume that X = (X)) is a non-negative (time-reversed)
super-martingale, and sup, E[X,] = lim,_,, E[X,] < cc.

According to the time-reversed super-martingale property, for any n > m > 0 and L > 0,
since {X,, < L} € G, we have

EX,: X, >L=E[X,]-E[X,: X, <L <EX, -E[X,,: X, <]
<EX,|-E[X,]+E[X,: X, >L].
Since lim, 1, E[X,,] exists, so for every € > 0, there is Ny such that 0 <E X, |-E[X,,] <
5 for all n,m > N}. Since the finite family of integrable random variables{ Xp, -+, Xy, } is
uniformly integrable, so there is § > 0 such that E[X,, : A] < ¢/2 for any A with ]P’(A[E) <
d, for all m < Ny. On the other hand, using Markov inequality P[X, > L] < %

Choose Ly = % Then P[X, > L] < 4 for all L > Ly and for all n. Therefore
EXp: Xy > L <§forallm <N and L> Ly, and

E[X,: X, > L <EX,-EXy, +E[Xy,: X, > L] <¢
for all L > Ly and n > Nj. Putting all these estimates together we deduce that
E[X,:X,>L]<e

for all n and L > Ly, which proves that (X,) is uniformly integrable. Hence X, = X, in
L'(2) as well. m
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