FIN 508- MARTINGALE THROUGH MEASURE THEORY
LECTURE 10

MARTINGALE INEQUALITIES

In this section we prove the fundamental martingale inequalities.
We first establish Doob’s optional sampling theorem which shows that the (super-, sub-
Jmartingale property holds at bounded stopping times.

Theorem 10.1 /Doob’s optional stopping theorem/ Let (X,,) be a martingale (resp. super-
martingale, resp. sub-martingale), and S < T two bounded stopping times. Then E [Xr|Fs| =
XS (T'BSP. IE [XT|.F§'] S Xg, resp. E [XTl}-S] 2 XS )

Proof. [The proof is not examinable.] We only need to prove the case for super-
martingales. Thus X = (X,,) is a super-martingale. Since S,T are bounded, so there is
N € N such that S <T < N. Since

{XseGin{T'=n}={X,eGIn{T'=n} e F,

for every n, so Xg is Fs-measurable. Similarly X is Fr-measurable. Moreover

N

(e = Y B[ roy] < Y EIK,)

so X7 is integrable. Similarly Xg is integrable too.
To show that E [X7|Fs] < Xs, we only need to prove that

E[X7: A <E[Xg: A for every A € F

or equivalently we need to show that for each A € Fg, we have E[X7 — X : A <0.
Let A€ Fs. Since S <T < N and X7 — Xg=0on {S =T}, we thus have

IE{XT—XS:A]=E[XT—X32AQ{S<T}].

Now we use the typical technique via stopping times. Write {S < T} as disjoint union
according to the values. Since S < T < N, S takes only possible values 0,--- . N — 1, so

that
N-1

An{S <T}=J An{S=4}n{T > j}

j=0

is the disjoint union. Since A € Fg, so by definition AN{S = j} € F;, and also {T' > j} =
{T<j}eFforj=0,--+,N—1,so that

A=An{S=jn{T>j}eF.

Hence, as Xg = X; on {S = j} for j=0,--- ,N — 1, we have
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N-1 N-1
E[Xr— Xg: A]=E lXT—XS J A =D EXr— X, A
j=0 j=0

1)I0<T -85 <1, then Xp = X;,; and Xg = X; on A; for j =0,--- ,N -1, and

therefore
N—1

E[Xr—Xs: A=Y E[Xju—X;: A

i=0

However, X is a super-martingale and A; € F;, so that E[X;;, : A;] < E[X; : A;]. That
is, E[Xj;1 — X;: A;] <0for j=0,---,N —1, and therefore E [X; — X : A] <0 for every
Ae ]:S‘

2) In general, let R; = TA(S+j), j = 1,---,n. Then R; are stopping times, and
S<R < <Ry =T. Moreover By - S <land Ry - Rj <1for 1<j <N -1 Let
A€ Fs. Then A € Fg, as § < R;. Therefore by applying the first case to R; we obtain

E[Xg: A >B[Xp 4> >E[Xp: 4

so that E[14Xg] > E[14Xr|. The proof is complete. m
Let us first deduce several easy but important consequences from Doob’s optional stop-
ping theorem.

Corollary 10.2 Let X = (X,) be a super-martingale,

1) IfT > S are two hounded stopping times, then E[Xr| <E [Xg].

2) If T is a stopping time, then E [X7p,] <E[Xppy] for any n > m, where Xpu, = Xp
on {T <n} and Xpp, = X, on {T > n}.

Similar results hold for sub-martingales.

Proof. For 1) we have E [X7|Fs| < E[Xj], then taking expectations both sides we
obtain E (X7) < E(Xg). 2) follows 1) as T Am and T A n are both stopping times, and
bounded by n. =

Corollary 10.3 If X = (X,) is a super-martingale, and T is a stopping time, then
E{|Xral) <E[Xo) +2E [X;] Vnel,.
If in addition sup, B[|X,[] < 00, then

E [|Xr|Lir<s}] < 3supE[X,].
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Proof. Since (X, isa super-martingale, o ts negative part (X=)is a sub-martingale.
bence B [Xp,,| <E[X) ad B[ X, | <E[X7]. Snce

‘XTI\'H = X;f\n 1 X]:f\-n = XTA‘” 1 QXifm
we therefore have

Bl = Bl + (X7,
< B[ +E[X;]

which i the first inequality. [t follows that

E “XTAn“{Tﬂoﬂ < SSUP]EHXn“ (101)

for every n. Since
rlires) = I Wl

and epplying Fatou's lemma to | Xpyy {117y, We obtain

E o] =E| I

< i B X L) SB[

where the last inequalty follows from (10.1).
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Theorem 10.4 (Stopped super-martingales are super-martingales) Suppose X = (X,,) is a
super-martingale, and suppose T is a stopping time, then the stopped process X© = (Xrpn)
is again a super-martingale. A similar result holds for martingales and sub-martingales.

Proof. Since |X7p,| < Z?:o |X;|. so Xrp, is integrable for every ne Z. For n > m we
have

m

E [XT."\-n‘-Fm] = ZE [Xkl{T:k}urm] +E [XTJ\nl{T>-m}|~Fm]
k=0

m

= Z Xelir=py +E [XTAnl{T>m}|]:m]
k=0

m

- Z Xilir=ry + LirsmE [Xanl(mm) | Fm] - (10.2)
k=0

where we have used the fact that {T" > m} € F,,. Let S = T1ipm) 4+ 001lir<m}. Then S is
a stopping time. In fact, if &£ < m, then {S =k} = 0, and if k > m, then

{S=k}={T=k}n{T >m} e F
as {T' > m} € F,, C Fi. By definition S An > m, and
Xopn = XT/\n]-{T>m} + Xn]-{Tgm}-

Hence, by applying Doob’s stoping theorem to X and bounded stopping times S An > m
we obtain
E [XS/\nlfm] S Xm

that is
E [XTAH]-{T>m} + Xn]-{Tgm}l}-m} < Xm-

Since {T' < m} € F,, it follows that
E [Xranl(rsm}|Fm] + Lr<mE (Xl Fn) < X
Thus, by multiplying both sides by 1¢7+.,;, we have
LrsmE [Xranlgrsmy | Fn] < Xalrsm- (10.3)
Putting together (10.2) with (10.3) we obtain that
E [ Xppn|Fm] < z Xilir=ky + Xolirsm) = Xram
k=0

which means that X7 is again a super-martingale. m

Corollary 10.5 Let T be a finite stopping time.

1) If X = (X,,) is a non-negative super-martingale, then E[X7] < E[X].

2) If X = (X,,) is a super-martingale, and there is an integrable random variable £ such
that | X,| < € almost everywhere on 2 for all n, then E [ Xy] < E[X,).
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Proof. 1) In fact, since T is finite, X7,, — X7 as n — oo. By Fatou’s lemma we have
E [X7] <liminf E [X7an) < E[Xo]
n—00

which completes the proof.
2) This time we apply the Dominated Convergence Theorem to { X7, } to obtain E [X7] =
lim,, 00 B [X7ps)- @

Corollary 10.6 Let T be a finite stopping time, and X = (X,,) be a super-martingale. Let
E=sup,_1o.. |Xn—Xno1|. Suppose ET is integrable, i.e. E[£T] < oo, then E [X7] < E[Xo].
In particular, if the sequence | X,, — X,_1| < L for every n, where L is a constant, and if T
is an integrable stopping time, then E[X7| <E[X,).

Proof. For every n, we have

nAT

Xo+ Z (X — Xj-1)

k=1

Xrpn| = < | Xo| +£T.

Since | Xo|+ €T is integrable, and X7a, — Xo almost everywhere, by Lebesgue’s Dominated
Convergence Theorem, E [X7] = lim,, o E [X7p,] which yields the conclusion. m

In order to establish a general result such as 2) in Corollary 10.5, the concept of uniform
integrability may be useful. For example, we have the following

Corollary 10.7 Let T be a finite stopping time, and X = (X,) be a super-martingale.
Suppose { Xrp, :n=0,1,2,---} is uniformly integrable, then E[Xr| < E[Xj)].

The proof is exactly the same as that of 2), Corollary 10.5. In fact, since X7,, — X1
and {Xra,} is uniformly integrable, by Theorem 8.4, E [X7] = lim,, ;0 E [X7pn]-
It is therefore useful to introduce the following definition.

Definition 10.8 Let X = (X,),ez, be an adapted sequence of real random variables on a
filtered probability space (2, F, F,,P). Let T denote the collection of all finite (F,)-stopping
times. Then we say X = (X,) is of class D, if the family {Xr:T € T} is uniformly
integrable.

Next we derive the main martingale inequalities, as applications of Doob’s optional stop-
ping theorem. Let us introduce a notation first.

If (Xn)nez, is a sequence of real random variables on (12, F.P), for each n € Z,, set
X7 (w) = max<, X (w) for w € Q. Then (X}) is called the sequence of running maximal of
(X,). It is obvious that each X} is a random variable. If (X),),cz, is an adapted sequence

on the filtered space (12, F, F,,P), then so is its running maximal.

Theorem 10.9 [Doob’s maximal inequality for sub-martingales| If Y = (Y,) is a sub-
martingale, then

P [sup Y. > A

k<n

1
<-E [Y; csup Y, > )\] (10.4)
A k<n

for any A > 0 and for everyn=20,1,2,---.
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Proof. [The proof is not examinable.] Let T = inf {k : Y, > A}. Then T is a stopping
time, and
T=jb={Yo< A Yo <AY; 2 A}, (10.5
Therefore .
P [suplfk >M\ =P[T<n=) P[T=j].
k<n =0
By (10.5)

Y; 1
PIT =i =Pl 2 AT =) <E[:T=j| = BT =],
since Y is a sub-martingale and {T' = j} € F;, so that for j <n we have
41 .1 :
P[T=j] <{E[Y;:T =] < EY,:T =]

and therefore

P [sup Yi>A
k<n

=iIP’[T=j]S %ilE[Yn:Tﬂ]

1 1
=XIE[YH:T§n]=XIE[YH:squsz]

k<n

which completes the proof. m
As a consequence, we have the following important martingale inequality.

Corollary 10.10 /Doob’s maximal inequality for martingales] If M = (M,) is a martin-
gale, then
P [sup [M;| > A

k<n

1
<-E [|Mn| s sup | My| > /\] (10.6)
A k<n
forany A>0andn=0,1,---.
Proof. Since M is a martingale, so (|M,|) is a (non-negative) sub-martingale, and (10.6)
follows from (10.5) immediately. m
There is a slightly different version of the maximal inequality for super-martingales.

Theorem 10.11 [Doob’s maximal inequality for super-martingales] If X = (X,) is a
super-martingale, then

1
P [supXk. > )\] < - (IE [Xo] —E [X.n ssup X, < )\]) (10.7)
k<n A k<n
forany A>0,ne€Z., and

P {i‘;ﬁ'xk' > A] < % (E [Xo] + 2E [X, ]) (10.8)

for all X >0, where X, = max {0, —X,,} which is a sub-martingale.
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Proof. [The proof is not ezaminable.] Let R = inf{k >0: X, >\} and T = R An.
Then T is a bounded stopping time. Since X is a super-martingale, so that, applying Doob’s
optional theorem to stopping times 7 and S = 0, one has E [Xj] > E [Xr], hence

E[X, > E

Xp: supXk>)\}+E[XT supXk</\}
k<n

> AP [sup X, 2> A

k<n

+E {Xn:supXk < )\]
k<n

here for the second inequality we have used the fact that on {supKn X > )\}3 R < n, so
that X7 = Xz > A, which is equivalent to (10.7). -

Now we prove the second estimate. Since X = (X,,) is a super-martingale, (—X,,) is a
sub-martingale, so that

P [inf X < =X
k<n

=P [sup(—Xk) > )\}

k<n

< E[—Xn:iank < —)\].
k<n

S|

together with (10.7) we deduce that

P [supXk| > /\] =P [supX;, >\, or mf X < =X

k<n k<n

<P sup X > A +P[1ank< —A
k<n
1
XE[XO] [X X*<)\]+ IE{ X, :}iC%kag—)\

1(IE[XO}+21E[X 1)

which is the last inequality. m
The following result plays a key role in proving the strong law of large numbers, which
is a strong version of the elementary Markov inequality.

Theorem 10.12 [Kolmogorov's inequality/ Let (X,,) be a martingale and Xy € L*(02, F,P)
where N is a positive integer. Then for any X > 0

i]E [X3]- (10.9)

[sup | Xk > A
k<N A

Proof. By Jensen’s inequality, for any k < N
E [X}] =E(E[Xn|F)* <E[X}] < o0

[That is (X,,) is a square integrable martingale up to N|. Therefore (X?) (k=0,1,---,N)
is a sub-martingale (up to time N). Applying Doob’s maximal inequality one obtains

P |sup X} > \*| < —]E X2 sup Xz >N < i]E [X7]
k<n A2 A2

foralln < N.m
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Example 10.13 Let (X,,) be independent and square integrable. Then S, = (Xi — i)
where p = E [Xy| is a martingale. Moreover

ZX.L_JU.K] Zﬂk
k=0

where o} = var(Xy). According to Kolmogorov’s inequality

>/\] < /\QZJf

E[S2] =E

k

ZXI ,Ux

=l

{sup
k<n
for any A > 0.

Doob’s maximal inequality is a tail estimate for the distribution of the running maximum
of a martingale, thus can be used to estimate the LP-norm, which is the context of Doob’s
LP-inequality.

Let us begin with an elementary lemma which follows from Fubini’s theorem directly.

Lemma 10.14 Suppose p is right-continuous, increasing on (0,00) and p(04+) = 0, and £
is a non-negative random variable on (£2, F,P), then

p(€) = p(6) — p(04) = [m] m,(dy)  on {€>0)

Ep):£>00 = E [/(ng]mp(d)\) >0

=FE |:/ l{kgg}ﬂlp(dh)]
(0,00)

= / 1{&2)\}:‘?’1,‘)([3/\)0{]? = P[E 2 )\] TTLp(d)\),
Qx(0,00) (0,00)

where m,(d\) is the Lebesque-Stieltjes measure defined by p on (0,00), so that m,((s,t]) =
p(t) —p(s) for anyt > s> 0.

Theorem 10.15 [Doob’s LP-inequality/ 1) If (X,) is a non-negative sub-martingale, then,
for any p>1

E[(X)] < (pfl)plﬁ[ Y. (10.10)
2) Suppose (X,,) is a martingale and p > 1,
p )
E {1{13}(|ka] (ﬁ) E[|X.[7]. (10.11)
In particular, for p > 1,
X3, < ¢ 1 Xal,

where % + % =1, |||, denotes the LP-norm, and X = maxy<, Xj is the running mazimum.
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Proof. If (X)) is a martingale, then (| X,|) is a sub-martingale, so (10.11) follows from
(10.10).

If X =(X,),s Is a sub-martingale, and X,, are non-negative, then, by Doob’s maximal
inequality -

1
PIX5 > A < JE [Xo; X7 > Al

for any A > 0. If p is right continuous, increasing and p(0+) = 0 on (0, ), by Lemma 10.14

Ep(X}): X: >0 =E [/(.0 my(dA) : X >0

Xl

SRR EREACY
(0.00)

< f g X, © X2 > Alm,(dA)
(0,00) A

1
=[ {X,/ Xnd]P’} mp(d\)
(0,00) {Xa=2}

n

1
=E [Xn (/ Xm,p(d)\)) X > 0] .
(0.X;3]

where the inequality above follows from the maximal inequality.
Let p > 1, and p(A) = M. Then p/(A) = pAP~! and m,(dA) = pAP~ 'L dA. Applying
the previous estimate to p(A) = A, we obtain that

E[(X,)]=E[(X,)": X5 > 0]

Xy 1
X, ( / —p)\p_ld/\) X > 0}
0 A

- %E [X. (X271

<E

For the term on the right-hand side, we apply the the Holder inequality

d
[ﬂ Foldu < 171, 1,

to f=X,and g= (X})'

mn

+ 2 =1, so that

1,1
p o g

B0 < -2 0GP (2 [0g)e )

Since é =pet

o (p — 1)g = p, so after simplification,

B[] < 2= BGFDF EI0G)' .

If0 < E[(X})?] < oo, then by dividing both sides of the previous inequality by (E [(X;)p])lfll?
and taking p-th power both sides, to obtain

RN
eyt < (1) . 1012)
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IFE[(X})"] =0, then X = 0 almost surely, so that X,, = 0 a.e. too, then above inequality
trivially true.

Finally we prove the general case where E [(X})"] my be infinity. Note that, since (X,,)
is a non-negative sub-martingale, and for every constant K > 0, ¢(t) =t A K for t > 0 and
@(t) = 0 for t <0 is increasing and convex, so that X, A K = ¢(X,) (n=0,1,---) isa
non-negative and bounded sub-martingale, so that we can apply (10.12) to the non-negative
sub-martingale (X, A K) for each K > 0, to obtain that

Bl A< () Bl ARy (1013

for every K = 1,2,---. Clearly 0 < X;) AK 1 X and 0 < X, A K T X,, for every n, as
K 1 o0, so that by sending K — oo in (10.13) and applying MCT to both sides, we finally
get that

1
. —1\»*
By < (1) Bl (10.14)
which completes the proof. m

The Doob’s inequality implies that, for a martingale X = (X,,), the LP-norm of X and
the LP-norm of X,, are equivalent as long as p > 1, and

* P
Xl e < 1 Xl < — Xl s -

In particular, for a martingale (X,,), X is p-th integrable if and only if X, is p-th integrable
for every p > 1.

Doob’s LP-inequality does not apply to the case p = 1, as in this case ¢ = oo which gives
the infinity upper bound. That is to say, the L'-norm of the terminal value of a martingale
does not in general control the L'-norm of its running maximal.

Exercise 10.16 Prove that logz < x/e for all x > 0, hence prove that
b
alog™b<alogta+ - (10.15)
e
Consider h(t) = logt — é fort > 0. Then h(t) = —oc ast | 0 ort 1 o0, so h achieves
its mazimum in (0,00). Since B'(t) = 3 — L has unique root t = e, e is the mazimum of h.

Therefore h(t) < h(e) =0 for all t > 0, that is, logt < L.
Now

log™ (at) = max{0,log(at) } = max{0,log a + log ¢}
t l
< max {U,log+a+ ;} =log"a+ o
Setting t = % we obtain the inequality (10.15).

Theorem 10.17 If (X)) is a non-negative sub-martingale, then

+
E [r};ngk} < (1 +E [anog Xn]) ) (10.16)

e—1
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Proof. [The proof is not examinable] We have seen from the proof of Doob’s L?-
inequality

Ep(X)): X; >0 <E|X

1
/ Xfrap(d)\):X;::aO :
(0,.X]

where now p(A) = (A—1)" which is a continuous increasing function with support on [1, ).
Therefore

FAN
=

4
B[(X")| =E[(X): X' 0] < Xﬁ/ 2]
1

= E[X,log X

< E[X,log" X,| + = [X?).
) £

where we have used the inequality

*

X
Xolog X? < Xy log™ X, + ?”
On the other hand

Euq—ﬁulxn}+EHJwa}

<E[ X>1}+IE{X>1} [X*I{Xﬂ]
<E[p( X;‘ )|+ 1.

Together with the previous estimate one thus deduces that

EX; <1+E[X,log" X, + ]E[X]

which vields the L'-estimate. m
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