FIN 508- MARTINGALE THROUGH MEASURE THEORY
LECTURE 8

UNIFORM INTEGRABILITY

1. Definition of uniform integrability. Let ({2, F,P) be a probability space. The concept of
uniform integrability for a family of integrable functions is used to handle the convergence in
LY(£2). In spirit, it is very close to that of uniform convergence, uniform continuity ete. that
you have learned in the analysis course. If [ is integrable, then f is finite almost everywhere.
Hence |f|1q5<ny T |f| almost everywhere as N 1 oo, thus by the Monotone Convergence
Theorem [, | f|151<nydP T [, | f|dP, so that limy_, f{\flzN} |f]dP = 0.

Definition 8.1 Let A be a family of integrable functions on (2, F, p). A is uniformly

integrable if
lim sup/ |£|dP =0 .
N=o0 gea J{jgl=N}

That is, E[|€| : |€] > N| tends to zero uniformly on A as N — .

2. Some simple properties.
2.1) Any finite family of integrable random variables is uniformly integrable.

2.2) Suppose A C L'(£2) and there is n € L'(£2) such that [¢| < n for every £ € A, then
A is uniformly integrable.

2.3) A C LP(£2) such that supgc 4 [, [£[PdP < oo for some p > 1 [which is equivalent to
that A is bounded in LP(f2)], then A is uniformly integrable. In fact,

1
sup / [ldp < sup f vt [l dn
¢eA J{lel2N) eeA Jigl=ny !

1
< ——supE[|¢] = 0.
geA

N1

Theorem 8.2 Let A C L'(£2). Then A is uniformly integrable if and only if

(a) A is a bounded subset of L'(12), that is, supgc 4 E[|€]] < oc.

(b) For any e > 0 there is a 0 > 0 such that supec , E[[§| : E] < & whenever E € F with
u(E) < 0.

Proof. Suppose A is uniformly integrable. For any E € F and N > 0

f|£|dIF’ = f |§d]P’+f |€]|dP
E En{|¢|<N} En{|¢|=N}

N+ / I¢|dP .
(g2}

Given £ > 0, choose N' > 0 such that sup.c 4 E[|¢] : [§] > N]| < /2. Thensup,cE[[¢] : E] <
N +¢/2 for any £ € F. Thusd = ¢/(4N) will do.

Conversely, suppose 1) and 2) are satisfied. Let 3 = supgc 4 E[|£]]. Then, by the Markov
inequality, P {|¢| > N} < /N for any N > 0. For any ¢ > 0, there is a § > 0 such that the
inequality in 2) holds. Let N = /4. Then P{|¢| > N} < 4 so that E[|¢] : || > N] < ¢ for
any (€A =

[\

Corollary 8.3 Suppose A C L'(£2) and n € L'(12) such that E[1p|€]] < E[lp|n|| for any
D e Fand £ € A. Then A is uniformly integrable.
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3. L'-convergence and uniform integrability. The following theorem demonstrates the
importance of uniform integrability.

Theorem 8.4 Let f, be a sequence of integrable functions on (2, F,P). Then f, — f in
L) asn — oo

fo= flle =E[fa=fl| 20 as n= 0,

if and only if {f,} is uniformly integrable and f, = f in measure as n = 0.

Proof. Necessity. For any ¢ > 0 there is a natural number m such that ||f, — f[[11q) <
¢/2 for all n > m. Therefore, for every measurable subset E,

£
- f fd< [ [1dB -+ sup [ P45
n JE E k<m JE 2

In particular
3
supE(fuf] <E[If]]+ s E[[fl] + 5

ie. {f,:n>1}is bounded in L'(£2). Moreover, since f, f;,-++ , f,, belong to L', so that
there is 0 > () such that, if P(E) < 4, then

. €
[ e [ o<

Therefore sup,, [,,|f,|dP < ¢ as long as u(E) <.

Sufficiency. By Fatou’s lemma [, [f|dP < sup, [, |fu|dP, so that f € L'(£2). Therefore
{fu = [ :n> 1} is uniformly integrable, thus, by Theorem 8.2, for any £ > () there is § > 0
such that [, |f, — f|dP < ¢ for any E € F satisfying that P(E) < 4. Since f, — f in
probability, there is an N' > ( such that P(|X, — X| > ¢) <§ for any n > N. Therefore

f o fldP
Q

I

f fom flP 4B~ 1l <5}
{|[Xn=X|>¢}

e+eP{|f, - fl <&}
2 .

1A A

for n > N. By definition, f, — f in L'((2). m
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