FIN 508- MARTINGALE THROUGH MEASURE THEORY
LECTURE 6

SOME CONCEPTS IN PROBABILITY

Let us now set up the probability setting by using the theory of measures developed in the
previous sections.

Let (2, F,P) be a probability space. An F-measurable function X (complex, or valued
in [—o0,00]) on {2 is called a random variable. The concept of random variables may be
generalized to mappings, which may be useful in discussing probability models. In general, if
(£2y, F1) and (25, F3) are two measurable spaces, then a mapping @ : 2y — (2, is measurable
if 71(A) € F; whenever A € F,. Thus a real random variable X : 2 — R is just a
measurable map from (2, F) to (R, B(R)).

If X is integrable or non-negative random variable, then its integral [, X (w)P(dw) is
called the expectation of X, or the mean value of X, denoted by E [X]. We say the expectation
of X exists if X is integrable.

Exercise 6.1 The inclusion-exclusion formula holds:

UAJ) = D OP(A) - D> uP(A;An) + Y P(A;ARA;
~ -

J1<j2 J1<j2<ja

e (—D)RE Z P(A;, - Aj) + -+

<k
where A; € F for j=1,2,---.
Exercise 6.2 1) Let f : (2 — S. Show that [~} (U,A,) = U, f1(A,) and f71(A°) =
(f~Y(A)) for any sets A, A, where a runs over an arbitrary index sef.
2) Let f: (2 — S where (2, F) and (S,X) are two measurable spaces. Show that
1(E)={fA):4ezx}

is a o-algebra on €, and f is measurable (with respect to F) if and only if f~H(Z) C F.

Exercise 6.3 Let (. Z) be a measurable space, and X, : 2 = S (0 € A) be a family
of functions on ) taking values in S. Then we use 0 {X,,: a € A} to denote the smallest

o-algebra such that each X,, is o measurable map from (£2,0{(X,)aer}) to (S,2).
1) Let 5y = {X:*(A): A€ L and a € A}. Show that

0{X,:ae}=0(Ly).

o) Let F=a{X,:a €A}, Show that, if a; € A (j=1,2,-) is a countable subset of
Aand A€, then
{DJ : XaJ(UJ) € Afﬂ“f' (l“_) = 1,21}

belongs to F. The above event is often written as {Xﬂj eAdforj=12- } .
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6.1 Laws, distribution functions

These are basic concepts associated with random variables. Let us begin with the following

Proposition 6.4 Let ({2, F) and (S,X) be two measurable spaces, P a measure on (12, F),
and X : 2= S be a measurable map. Define

p(d) = P(X(4)) =P[X € 4]
= P({w: X(w) € 4})

for every A € L. Then p is a measure on (S,X), denoted by Po X~*, which is called the
distribution of X.

In particular, if X is a random variable on a probability space (£2, F,P) taking values
in R", then P o X~ is a probability measure on (R", B(R")), called the law or called the
distribution of the random variable X. Sometimes we also use yux to denote the distribution
of X.

If X: 2 — Ris areal-valued random variable, then its distribution function
Fz) = P(X <)
= P({w: X(6) <a})
= Hx ((_0031])5

is a non-decreasing function on R with values in [0, 1]. Then 0 < F < 1; F 4; lim,,_, F(z) =
0; lim, o F(z) = 1; F is right-continuous:

lim F(z) = F(z) Yz € R.

)

The Lebegue-Stieltjes measure mr associated with the increasing and right-continuous func-
tion F'is the unique measure such that

mp((a,0]) = F(b) = Fa) =P(a < X <b) = px((a,b])

for all a < b. Since the collection C of all (a, b] (where a < b are reals) is a 7-system, according
to the Uniqueness Lemma 2.2, mp = pix, that is, the distribution (law) of a real random
variable X is the Lebesgue-Stieltjes measure associated with the distribution function of X.
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6.2 Independence
Let (€2, F,P) be a probability space.

1. Independent events. Recall that, if A, B € F be two events, then A and B are
independent, if

P(AN B)=P(A)P(B). (6.1)
Let

Fa
Fi

o{A} = {Q, A, A0},
o{B} = {Q. B, B, 0).

Then (6.1) implies that
P(ENF)=P(E)P(F), VE € F4 F € Fp,
and therefore the g-algebras F4 and Fp are independent.

Definition 6.5 1) Let {F, : & € A} be a collection of sub a-algebras of F. Then {F, : a € A}
are independent if for any k € N, and any ay,--- ,ap € A such that «; # a; if i # j, we
have

P(A;---Ay) =P(A))---P(Ay), VA € Fooe  Ap € Fa,.

2) Let {F,:a €A} be a family of events: F, € F. Then we say {F,:a €A} are
independent if {o(F,) : & € A} are independent.

3) Let {X,, : o € A} be a family of random variables. Then {X, : o € A} are independent
if the family of o-algebras {o(X,) : @ € A} are independent.

2. Independence via m-system. In elementary probability theory, we already give a
definition of independence for random variables. You should show that the above definition
coincides with the one you have learned before. The following Lemma is very useful although
it is very simple and follows a simple application of Lemma 2.2.

Lemma 6.6 Let F, = 0 {C,} where each C, is a w-system in the sense that
A Be(C, impliesthat ANBeC,.

Then {Fo : o € A} are independent if and only if for any k € N, any Fy € Cay,- -+, Fr € Cq,
where oy, -+ . ay are different, we have

P[F,N---NF]=P[F]---P[F].

In fact, we can show the equality by induction on k. Consider two measures on F,,
defined by
‘U,I(E) =]P’[Fl mﬂFk_l DE]

and
pe(E) =P[FyN---NF_4|P(E)

where F; as in the lemma, but fixed, and F' € F,,. The induction assumption and the
condition in the lemma implied that p; = ps on C,,, hence, by Lemma 2.2, iy = pp on F,,
and the proof is complete.

3. Independent random variables.

3|Page



FIN 508- MARTINGALE THROUGH MEASURE THEORY
LECTURE 6

Theorem 6.7 Let X, X, be a sequence of real random variables. Then Xy, -+ X+
are independent of and only if for any k €N, and any 21, 1, €R

P[leflg”' anka]=PlX1ﬁﬁ]"'M%S%l»

That 15, the joint distribution of Xy, X, is the product of the distribution functions of
the random variables Xy, 1 <k <n.

This follows from the previous lemma, s C;, the collection of all subsets {X, <z} where
2 runs through all reals is a 7-system, where k=1,2,+.

Therefore, the joint law or distribution of a sequence of independent random variables
(X3, Xy, Xy, ) is the product probability measure iy X« X f, X -+, where pr, i
the distribution of X,.. In particular, if {X, : n=1,2,+} is a sequence of independent real
random variables, then its joint law (or called joint distribution) is the product probability
measures of the Lebesgue-Stieltjes measure mp, where Fy (z) = P[X,, < z]is the distribution
function of X, n=12-+.

Theorem 6.8 Let X be a random variable (valued in o measurable space) on some proba-
bility space. Then there is a sequence of independent identically distributed random variables
{X,:n €N}, each X, has the some law as that of X.

Proof. | The proof is not examinable] Let X be a random variable taking its values in a
measurable space (S, G), and let p be the distribution of X' Then uis a probability measure,
Let (S5, Gy i) = (3,G,) (n=1,2,-+) and let P= pyy X+ X o, X -+ be the product
probability measure on 0= [[ 2, S,.. Define X, : 2= Sby X,(w) = w, ifw= (w,) € 2
forn=1,2,--. Then X, are random variables on ({2, F,P) (where F = [[", G, aud by
construction, X, have the common distribution i, and (X,) are independent.
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6.3 Borel-Cantelli lemma

1. Limiting events, Borel-Cantelli’s first and second lemma. Let A, € F forn=1,2,---.
The event that “A,,’s occur infinitely often” (or “infinitely many A,, occur”) is given by

limsup A, = ﬁ D Ay

n—oo
m=1 n=m

= {w:w belongs to infinitely many A, }.

The event limsup,,_, A, is also denoted by {4, : i.0.}. Similarly, though less important in
applications, the event that “A, take place eventually” is

0o 00
liminf 4, = U ﬂ A,
n—00

m=1n=m

= {w:3IN(w)st. we A, forall n > N(w)}
= {w :w eventually belongs to A, for large n}.
This event is denoted sometimes by {A,, : ev.}. By definition, it is easy to see that
o0
limsup 4,, = lg, =00p = {lim suply, = 1}
n—o0 " {; } n—0o0
while

lim inf A, = { lim 1, = 1}.

n—oo n—o0
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Theorem 6.9 Let A, € F (wheren=1,2,---).

1) (Borel-Cantelli Lemma, first Borel-Cantelli lemma). If 3 - P(A4,) < oo, then
P [limsup,, ., 4] = 0.

2) (Borel zero-one criterion, second Borel Cantelli lemma). If the events{A,} are inde-
pendent, then Y -~ P(A,) = o< if and only if P[limsup, ., A,] = 1.

Proof. 1) If 3> | P(A,) < oo then lim,, o Y7 P(A,) =0, and therefore

n=m

P[A,: io]= lim P ( U An) < lim Y P(A,) =0.

n>m n>m

2) If A, are independent, and if " P(A,) = oo, then

o0 N N
P ( ﬂ A;) lim P(4;) = lim (1-P(A,))

_ N—)oc. - N—)oo. -
N
< ] _
< lim exp ( EP(ATJ)
= 0

for every m, where we have used the elementary inequality: 1 —2 < e~ for z € [0,1]. Since

(A, io) =[] 4

m=1n=m

and every ()2, A¢ has probability zero, so that their union {4, : i.0}° over m =1,2,---

has zero probability too, hence P[4, : i.o]=1.m
2. Tuil events and tail o-algebra. The limsup A,, and lim inf A,, are examples of so-called

tail events — these events are determined by {A,+1, Apy1, -, Ap, - -+ } for every m. For
example
oo
limsup A,, = { Z la, = oo}
n—o0 n=m+1

for any m. From Borel zero-one criterion above, we can deduce the limiting behavior of
these tail events by combining with the concept of independence. If X, X5---, X, --- is
a sequence of random variables on (£2, F,P), then the o-algebra G, = (", 0 {X;:j > n}
is called the tail o-algebra of {X},.,. Any element in G, is called a tail event.

Proposition 6.10 (A. Kolomogorov’s 0-1 law) If {X,,} is a sequence of independent ran-
dom variables on (2, F,P), and Gx = (,_,0{X; : j > n}. ThenP(A) =0 or 1 for every
A € Gy Inparticular, if {A,} is a sequence of independent events, then P [limsup,,_,  A,] =
Oorl.

Proof of 0-1 law. Since o{X;:j <n} and o{X;:j>n} are independent for any
n = 1,2,---, so that 0{X;:j <n} and G, for every n are independent. It follows
that [J°2, 0 {X;:j <n} and G are independent. If B,C' € (J7°,0{X;:j <n}, then
BnCelJ, ,0{X;:j<n}aswell solJ 0{X;:j<n}isanr-system, thus, by Lemma
6.6, the o-algebra

J[DJ{XJ:an}] =c{X;:j>1}
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and G, are independent. Since G, C 0 {X; : j > 1}, G and itself are independent. There-
fore, for every A € Gy, P(A) = P(AN A) = P(A)%, which yields that P(A) = 0 or
P(A) = 1. The last conclusion comes from the fact that limsup, , A, € G, so that
P [limsup,_,,, 4,] =0or 1.

3. Ezample. Suppose (X,) is a sequence of independent random variables (real or
complex), and G, is its tail o-algebra, and suppose {b, } be an increasing sequence of positive
numbers such that b, T 0o. Then the following events

n—oo n—o0 n

i X +-+X,
{ lim X, exists }: {ZX" converges } and { lim % exists }
n=1

are all tail events, i.e. belong to G, and thus have probability one or zero.
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