FIN 508- MARTINGALE THROUGH MEASURE THEORY
LECTURE 5

PRODUCT MEASURES AND FUBINI'S THEOREM

1. Product of several o-algebras. Let A and B be two sets. Then A x B (the product set)
is the set of all ordered pairs (z,y) where ¢ € A and y € B. Let (2 and (% be two spaces.
Then (2, x (), is also called the Cartesian product space. Suppose JF; and JF; are algebras on
spaces () and (% respectively, then JF; x JFy is in general not an algebra, but the collection
of all finite unions Ule A; x B (where A; € Fy and B; € Fy and k is a positive integer) is
an algebra. If F; are o-algebras, JFy x Fy is in general not a o-algebra, and we define F; @ F
to be the smallest o-algebra containing Fy x JFy, that is, J; @ Fy = o {Fy x Fp}. The
construction may he extended to the product space of finite many spaces. More precisely, if
(9, F) (i=1,-- n) are measurable spaces, then

Fi®®F, =04 xxA: 4 e F)

and (2 ®-® 0, F1®---®F,) is called the product measurable space of (£2;, F;).

Exercise 5.1 1) Suppose S; (i = 1,-++ ,n) are topological spaces with countable basis, so
that the product space 51 X -+ X S, carries the product topology. Show that

B(Six-+-x8,)=B(S1) @8 B(S,).

2) If (4, Fi) (i=1,2,-+) are measurable spaces, then

FiQF®F f1®(f2®]:3)

= (]:1 ® .7‘-2) ® F3.

2. Product o-algebra of countable many o-algebras. Let us now consider a sequence of
measurable spaces (12;, F;) (i = 1,2,--+). The Cartesain product [[., {2; is the space con-
sisting of all sequences (zy, -+ ,&;,++-) where z; € 3 for i=1,2, -+, and define [, 8 F;
to be the smallest o-algebra containing all [[2, A; where A; € F; for all ¢ and 4; = £
except for finite many i € N. (J[22, 2, ][22, ®F;) is called the product measurable space of
(0, F) i=1,2,-.
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3. Measurable sections. Now let us come to the construction of product measures on
product spaces. We need the following elementary fact.

Lemma 5.2 If Fy and Fy are algebras on §2 and (% respectively, then the collection
A(F1, Fo) of all finite disjoint unions Ule Ai X B; for some k € N, where A; € Fi, Bi € Fy
and all products A; x B; are disjoint, is an algebra on (4 x . If Fy and Jy are o-algebras,
then .7:1 @.7:2 = J{.A(]:],.FQJ}.

Lemma 5.3 Let ({2, Fi) (i =1,2) be measurable spaces. 1) If A € F1 @ Fy, then for each
11 € {2 the section
Aml = {IQ eldy: (LEl:.’L“g) € A}

is measurable, i.e. A, € JFy. Similarly
A% = {Il € 91 . (.’Eljﬁfg) € A}

belongs to JFy.
2) Suppose f is measurable on (£ x (5, F; @ F), then for each xy € {2y, the function
fr,(x2) = fl21,29) is Fp-measurable.

Proof. Proof of 1). Let & be the collection of all E C (21 x {2, such that its x;-section
is measurable. Then £ is a o-algebra containing all A X B where A € F; and B € F.
Therefore F; ® Fy C € which proves 1). To show 2), we notice that

{29 fry(a) > a} = {2y : flz1,20) > a}

which is the ;-section of {f > a} (which is F; ® Fy-measurable), so its z;-section is Fy-
measurable. Therefore f, is Fo-measurable. m

In particular, if S; are topological spaces with Borel g-algebras, and if f is Borel measur-
able on S; X Sy with the product topology, then its section f,, (for each z; € S;) is Borel
measurable on S,.

4. Product measure of two measures. The following is the main technical fact in the
construction of product measures.
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Lemma 5.4 Let (£2;,F;, ;) (i = 1,2) be two finite measure spaces. Then for any A €
F1@Fy, 11 — pa(Ay,) (resp. w9 — py(A™)) is measurable on (£, Fy) (resp. ({2, F,)) and

[ msym(in) = [ (a=yniz) (5.1

the common value is denoted by py X pa(A), so that py X py is defined on Fy @ Fs.

Proof. Let .% denote the collection of all subsets A € F; @ F, such that both functions
pa(Ay,) and pq(A*™) are measurable and (5.1) holds. By definition, F; x F, C &, and
by linearlity of integration, we can see that .Z is a ring. On the other hand, by using
MCT, we can show that .% is a monotone class. Therefore .Z must be a g-algebra, so that
Z = .7:1 ® fz. n

Theorem 5.5 Let (£2;, F;, ;) (i = 1,2) be two o-finite measure spaces. Choose a sequence
G, = A, x B, , where A, 1 2y, A, € Fi, m(A,) < ¢, and similarly, B, T %, B, € F,
ta(B,) < 0, for every n. If E € Fy ® Fy then define

m(E) = lim py X po(ENGy)

where p X pa(E N G,) is defined in Lemma 5.4. Then m is the unique o-finite measure on
(£2y x £y, F1 @ F3), such that

m(A x B) = (A)ua(B) VA€ F, BeF. (5.2)
which will be denoted by py x po, called the product measure of py and ps.

Proof. Uniqueness follows from Lemma 2.3. Given a sequence {G,} satisfying the
conditions in the theorem. Since y; x po(E N G,,) is non-negative and increasing, so that
m is well defined on F; ® F,. Clearly m(Q) = 0, so we need to show that m is countably
additive. We prove this in two steps.

Note that pi(- N A,) and pa(- N B,) are finite measures, so that gy X u(ENG,) is well-
defined via (5.1), and is non-negative, increasing in n. We want to show that m is countably
additive. Suppose Ej, € F; @ F, are disjoint sequence, and E = U2 | Ey. Then, for every n

m(ENG,) = / (B NG )ualdze) = [ pa(Un(Ee 1 Gl

{22

/Z#l ((Bx N Gn)*™ ) po(daz) = Z/ pa((Ex N G)*™) pa(ds)
a 2
=Zm (ExNGy).

k

where the fourth equality follows from MCT (series version). It follows that

m(ENG,) < ZTF!.(Ek)

so that, by letting n — oo we obtain m(E) < 3", m(Ey). On the other hand, for every N,
N
m(ENG,) > Zm E.NGy).

k=1
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Letting n — oo we have m(E) > Z:‘;lm(Ek), so that we also have m(E) > >, m(Ey).
Therefore m(E) = ), m(Ey) which completes the proof. m

5. Product measure of finite many o-finite measures. Obviously, the same approach is
applied to finite many o-finite measure spaces, and we have

Theorem 5.6 Suppose (£2;, F;,ju;) (i = 1,--+ ,n) are o-finite measure spaces, then there is a
unique o-finite measure ji; X - - - X 1, called the product measure on (£2yx---x 2, F1®---Q@F,)
such that

1 X e X (AL X o X An) = (A1) - pa(An) VA € F.

6. Product probability measure of countable many probability measures. However, there
is obstruction for constructing product measures on the product space of countably many
measure spaces, one can not, in general, use [[2, jt;(A;) to define the measure of ]2, A;
even if A; = (2; except finite many i. This approach on the other hand works for probability
spaces ({2;, F;, j1;) as in this case [[2, j1;(A;) for [[32, Ai, where 4; = §2; except finite many
i, becomes a finite product as p;((%) = 1 for sufficient large i.

Theorem 5.7 Suppose (£, F;,ju;) (1 = 1,2,--- ) are probability spaces, then there is a
probability measure [[:=, pu: (called the product probability measure) on ([]:2, (%, [ o, ®F;)
such that

H#i(Al X oo X Ap % ) =H‘U'2(At)
i=1
for any A; € F; for all i and A; = §2; except for finite many 1.
Proof. [The proof is not eraminable] Let Z denote the ring of all subsets E C [];-, {2

which has the following form:

E=|JA; where A; = AP x - x A7 x .
j=1

Agf) € Fifor j =1,--- ,n, and for every j, there is k;, such that AE) = [, for every k > kj,
for some n € N. If E € % then we may choose a decomposition above such that A; (for
some n, j = 1,---.n) are disjoint, and define

m(E) = imm}-) where m(4;) = py (AY) -+ e (AY) - -
J=1

each m(A;) is in fact a finite product as all jz, are probability measures. To see why m
is well defined and is in fact a measure on %, we make the following crucial observation.
If Ey,---,Ey € %, then, there is a common K, such that for all n = 1,.-- N each
E, =AM x Qg1 x --- for some A™ € Hle Fi, and therefore

N
E=|JE.=Ax Qe x-
n=1

for some A € Hszl Fi.. Since . are probability measures, so by definition

m(E,) = piy % - X pug(A™)
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(the identity is no longer ensured if there are infinite many g, with total mass . (2,) # 1).

Since py x -+ X pg is a measure, so that, if £, (n=1,---, N) are disjoint, then
N N
m(E) = p x - x pre(A) = x oo x p(A™) =Y m(E,)
n=1 n=1

which shows that m is well defined on the ring # and m is finitely additive. Next, the
standard machinery may be applied to construct the product probability [, p;. Firstly,
define outer measure

m*(E) = inf {Zm(En) : where E, € % such that U E,D E}

n=1 n=1

for every sunset E C [];2, ;. Let M denote the o-algebra of all m*-measurable subsets.
Then m* is a measure on M (by the Carathodory extension theorem). Since % is a ring
and m is finitely additive, we thus must have Z C M. Since [[;2, @F = o(%) C M, so
that m* restricted on [[°, ®F; is a probability measure. The construction is complete. ®

7. Fubini’s theorem. Let us now turn to the Fubini theorem.

Let (£2;, Fi, j1;) (i = 1, 2) be two o-finite measure spaces. Suppose f : {2; x {2y — (—00, 00)
is a measurable function, such that for almost all z; € {2y, f,, is integrable on ({25, Fy, js).
Hence, there is aset Ny € 2y with py(Ny) = 0, and for any z; € 2,\Ny, fo, € L*($22, Fo, pa),
so that we can define

hzi) = [ fo(z2)pa(des) iz €21\ N
2
otherwise h(z;) = 0. If there is a h € L*(2y, Fi, uy), such that A = h almost surely w.r.t.
1, then we can form an integral

La(f) = fﬂ (1) (da).

One can show that, if 1) 5(f) exists (i.e. there is some N, and h satisfying the above con-
ditions), then I 5(f) does not depend on Ny and h, therefore I; 5(f) is called an iterated
integral of f over {2; x {2;, denoted by

/ﬂl ( sz(ffl.-%)#z(dﬂ?‘z)) i (day).

Similarly we define the iterated integral

/ﬂz ( o f(IhIﬂ#l(diﬂl)) pa(drs).

Theorem 5.8 (Fubini’s theorem) Let yi; be o-finite measure on (£2;, F;), where j = 1,2.
Suppose [ . ) x £y = (—o0,0) is a measurable function on the product measure space
(.Ql X Qg,.]:l(gl]:g).

1) If f € LNy x 25, FL @ Fy, piy X pig), then both iterated integrals exist and equal to the
integral [, o fd(m X pa) .

2) Conversely, if one of the iterated integral of |f| is finite, then f € L'(2, x 2y, i ®
Fo, 1 X fta).
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Proof. By Theorem 5.5 and the definition of the product measure 1, X g, for every
E € F; ® F, we have

f Lpdm XH2=f U lEdJUI:| dﬂ2=[ [f lgdﬂz} din
21 %82 2 2 4 2;

which yields that Fubini’s theorem holds for every non-negative simple measurable function.

Suppose f is non-negative and F; ® Fo-measurable, then we can choose a sequence of
non-negative, measurable simple functions ¢, : 2, x 23 — [0,00) such that ¢, T f . By
MCT we have

f fdpuy X g = lim ndpiy X dp
.91 X.Qz

n—c0 f o w0,

= lim [/ fpnd,ul] dpg = lim/ L
N—300 2 e N—+00 2

qsn = / Pn d|u1
L1

which are non-negative, Fy-measurable and &, 1, thus by MCT applying to {®,} on
(£25, F5, j12) to obtain

lim @nd‘=/hm¢'ndx=/hm[/ nd :|d .
n—=x [o, e 2, MO0 2 2, MO0 Ql(p ‘ul H2

Since for every xo, @, (-, x2) T f(+,72) and non-negative, measurable, so by applying MCT

on (§2y, Fy, j11) we thus have
lim [f @nd‘ul} =/ fdp.
n—oo o o

Putting the previous equations together we obtain

/ Fdpy % iz = f U fdul} dyia
21 %02 25 L)
[ = [ U fd#z} i
%022 (P21 2

for any non-negative, measurable function f. The conclusions of the theorem follow imme-
diately. m

where

and similarly

8. Completion of product measure spaces. Recall that, if (£2, F, p) is a o-finite measure
space, then F* is the completed o-algebra of F under the measure p, that is, N denotes
the collection of all subsets of (2 with outer measure zero, then 7" = o{F,N'}. We have
shown that g can be uniquely extended to a o-finite measure on F*, denoted again by pu.
Complications may arise if we consider the completion of ({21 x {25, F1 & Fa, i1 X pz). In
general, the completion of Fy®F; under jz; X 1o does not coincide with the product g-algebra
of the completions of F; under y;, but we have

Lemma 5.9 Let ({2, Fi, ;) be two o-finite measure spaces. Then
Fi*' @ FJ? C (F1 @ Fp)nxre

and

(Fr @ Fp)rre = (Fi" @ Fy2) e
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Proof. The proof is routine, left as an exercise. m
If f: 0 x ) = (—00,00) is measurable w.r.t (F; @ Jy)*"#2, then its section f,, :
() — (—00,00) by sending 5 to f(z1,15) is not necessary measurable w.r.t. Fy*, however,
according to definition, there is a function [ : 2 x (% = (—00,00) which is measurable
wrt. i@ Fpand f = f 11 X fig-almost surely, and fxl is measurable w.r.t. J for all
11 € (4. Moreover it is clear that fml = f,, for almost all 2; € (2 with respect to ;.
Therefore f,, is Fj*-measurable for yj-almost all z; € (2. The iterated integrals of f are
defined to be those of f, and we can show that they are independent of the choice of a version
f.
If f € LYy x Oy, (FL@F5)F1%12, iy X prg), then we choose { which is J, @ Fy-measurable
such that f = f Jiy X fig-a.e., applying the Fubini theorem to f, we thus have the following
refined version of Fubini's theorem.

Theorem 5.10 (Fubini’s theorem) Let (£, F;, ;) be two o-finite measure spaces. Suppose
ol x (= (—00,00) s (Fy @ Fy) ¥ -measurable.

1) If fe MOy x 0y, (Fy @ Fo) 2, iy X i), then the two iterated integrals of f exist
and coincide with the integral f!hx o, (X pi2).

2) Conversely, if one of the iterated integral of | f | 1s finite, where f = f iy X pg-a.e. and
{ is Fi @ Fy-measurable, then f € L) x Oy, (Fy @ Fo)*2 iy X pg).
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