FIN 508- MARTINGALE THROUGH MEASURE THEORY
LECTURE 4

GENERALIZED MEASURES AND RADON-NIKODYM’S DERIVATIVE

1. Generalized measures. Let ({2, F) be a measurable space. If y; and p» are two measures
on F, and if one of them is finite so that their difference

p(E) = i (E) — p2(E)

for E € F defines a function (called a signed measure) from F to [—oc, 0c], which is, though
not a positive measure, countably additive. Such “generalized measures” are interesting and

are arisen naturally in Lebesgue’s integration. For example, if f is integrable function on a
measure space ({2, F, ), then

pf(E)zﬁfdy=Lf+dp—Lf_dy, for £ € F,

is an example of “generalized measures”. We therefore generalize the definition of measures
to the so-called generalized measures as the following. A function p : F — (—o0, oo is called
a generalized measure (which does not take value —oo) if

1) u(®) =0,

2) p is countably additive in the sense that

H (U Az) = Z#(Ai)

for any A; € F which are disjoint. While of course we can define generalized measures p
take values in [—o0, c0) instead, but it is not necessary, as in this case —pu takes values in
(—o00, 00].

2. Hahn's decomposition for generalized measures. Clearly, any signed measure g =
1 — j2, where p; are measures on (£, F) and p2(Q2) < oo, is a generalized measure. The
converse is also true.

Theorem 4.1 (Hahn’s decomposition) If yu is a generalized measure on ({2, F), then there
is a decomposition 2 = AT U A~ where AT, A~ € F such that A" N A~ = O, and

W(ENAT) 20, f(EN A7) <0

for every E € F. Moreover the positive and negative part AT and A~ are unique in the
sense that if A7 and AT (where i = 1,2) are two pairs satisfying the Hahn's decomposition,
then

HENA]) =p(ENAY), and p(EN A7) = p(EN Ay)

for every EE € F.

Proof. [The proof is not examinable.] The unique sets AT and A~ (up to a “null set”)
are called the positive (resp. negative) set of the generalized measure u. Let

A =inf {§(G) : where G € F such that u(ENG) <0 for all E € F}.

Choose a sequence G,, € F such that u(G,) — X as n — oo. Then the candidate for A~
should be the largest possible negative set, that is
4 = J (G \USG)).
n=1

In fact, A~ is still a negative set: p(E N A~) < 0 for every E € F, and therefore u(A~) = X
(which yields also that A > —oc). We claim that the pair A" = Q\ A~ and A™ is a
decomposition satisfying that u(E N AT) > 0 and u(EN A7) <0 for every FE € F.

‘e only have to show that pu(FE N A%) > 0 for every E € F, that is for any £ C AT,
n(E) = 0. Let us argue by a contradiction. Suppose there is an Ey C AT such that
u(Egp) < 0. Then, since Ey N A~ = @, so that

p(A™ U Ey) = p(A7) + p(Eo) = A+ p(Ep) < A
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which is a contradiction to the definition of A, and therefore A~ U Ey can not be a negative
set of p, so there is a subset A; C Ey such that u(A;) > 0. Hence

exists, and we can find an By C F such that Ey C Ep and ;- < u(Er) < . Clearly

k; = min {n € N: thereis A} C Ey, u(A;) >

2|~

1(Eo \ Er) = u(Eo) — p(Er) <0

SO we can argue as above with EU \ E; in place of Ej; and choose E; C E; \ E; such that
p(Es) >0 and = - < u(E) < . where

ko = min {n € N: thereis A; C Ey\ Ey, 1(Ay) > l} .
n

Repeating the previous procedure we may construct a sequence of E, inductively, such
that E, C Ey \ U” lE in particular E, are disjoint], k, are non-decreasing, such that
= < (B < £ Eﬂld

n—1
1
k, = min {n €N: thereis AC Ey\ U E; such that pu(A) > —} .

. n
=1

We claim that ), % < 00, since, otherwise, we would have
n

Since p(Ep) < 0 and
Z# ) + 1 (Eo \ Unz En)

#(EO\UEH) =-

which is a contradiction to the assumption that pu(E) > —oo for every E € F. Therefore
it must be hold that k, — oo, so that pu(E,) — 0, hence any subset of Ey \ U, E, has
non-positive measure, and

we may deduce that

(EU\UE)—u Ep) = p(E,) < A

n=1

which contradicts to the definition of A. m
For a different approach, read W. Rudin: Real and Complex Analysis, Third Edition,
pages 120-126.

3. Jordan’s decomposition for generalized measures. Thus, if p is a generalized measure
over (£, F), and 2 = AT U A~ is an Hahn decomposition with respect to j, then p*(E) =
w(ENAT) and p=(E) = —p(E N A7) (where E € F) define two measures on (£2,F).
Moreover, ;= is a finite measure. By definition, g = u™ — p~ is thus a signed measure, called
the Jordan decomposition of the generalized measure ;. We may also define |u| = ™ + p~
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which is also a measure on ({2, ), called the total variation measure of the generalized
measure jp =y —p.
If p is a function defined on (a, b), which has finite total variation, that is,

n
sup » _ |p(t;) — p(tj-1)| < 00
D
where the sup takes over all possible finite partitions D :a <ty <t <--- < t, <b. Then

prv(t) =sup Y [p(t;) — pltj-)]

¢ =1

defines an increasing function, where the sup runs over all finite partitions D, : a <ty < t; <
s <ty =t for every t € (a,b). pn(t) = prv(t) — p(t) is also increasing. In particular, p is
a difference of two increasing functions, so that p has left and right limits at every t € (a, b).
Moreover, if p is right continuous at ¢, then so is pry. Therefore if p is right continuous and
has finite total variation, then p = p; — ps a difference of two right continuous and increasing
functions. m, = m, — m,, is a signed measure. In this case the total variation measure
M| = M.

4. Lebesque’s integrals w.r.t. a generalized measure. The usual concepts about measures
may be applied to generalized measures via Jordan’s decomposition. For example, we say a
generalized measure 1 is o-finite if || is o-finite, which is equivalent to say both p* and p~
are g-finite. The theory of Lebesgue’s integration may be applied to a generalized measure
p=p" —p on (£2,F) too. For example, an F-measurable function f : 2 — [—00, 00| is
p-integrable if and only if, by definition, f is integrable against the total variation measure
|| = p™ 4 p~ (which is equivalent to say f is integrable with respect both measures p* and

1~ ), and in this case
f fay = [ fayt - / fay
Q 0 0

5. Absolute continuity and Radon-Nikodym’s theorem. Next we turn to an important
concept about two generalized measures: the concept of absolute continuity.

Definition 4.2 Let v and p be two measures on a measurable space ({2, F), then we say v
is absolutely continuous with respect to p, written as v < p, if E € F and p(E) = 0 implies
that v(E) = 0. That is, any p-null set is also a v-null set.

Theorem 4.3 (Radon-Nikodym's derivative ) If i and v are two o-finite measures on ({2, F),
such that v < p, then there is a non-negative F-measurable function p such that

v(E) = / pdp for every E € F.
E

Moreover p is unique up to p-almost everywhere. p is called the Radon-Nikodym derivative
of v with respect to u, denoted by g—;.

Proof. [The proof is not exzaminable.] Let us outline the proof of this important theorem
for the case where v and 1 are two finite measures: () < oo and v(Q2) < oo. In this case,
let .Z denote the collection of all non-negative measurable functions h such that

plh: El= f hdp < v(E) for every E € F.
E
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Then, . is a non-empty class. Now consider A = sup;,. o fn hdp. Then, clearly A > 0
and A < v(2) < oo. Choose a sequence of functions h, € % such that fn hodp — Al
Let p = sup, h,. We claim that p is the Radon-Nikodym derivative. To this end, set

pn = max{hy,-- -, h,} for every n. For every n, we may choose a decomposition Q = U?ZlE,i(n)
where Ei.(”) € F which are disjoint, and p, = h; on Ei(n) for i = 1,--- ,n. Thus, for every
E € F, we have

/ prdp ="y " f hidp <3 " v(E;N E) = v(E)
E i=1 Y BiNE i=1

that is, p, € £. By definition, p, T p, so by MCT, p = limp, € L}, i), and by our
construction, [, pdp = A and p € £, ie. [, pdp < v(E) for every E € F. In particular,
p < oo p-almost everywhere, hence r-almost everywhere as v < p. Therefore, we may
assume that p is finite everywhere.

We next show that v(E) = [, pdu for every E € F. To this end consider the generalized
measure

m(FE) =v(FE) —[Epdp

where E € F. Since p € .%, m is a measure, and we want to show that m = 0. Suppose
there is Ey € F such that m(Ey) > 0, thus

v(Ey) > [ pdp.
Eo
Hence, there must exist e > 0, such that v(FEy) > eu(Ey). Applying Hahn’s decomposition
to the generalized measure v — ey, there is an positive set AT with respect to v — ep, so that
V(ATNE)—cu(ATNE) >0

and
v(A') —ep(AT) > 0.

Since v < p, the last inequality yields that pu(A") > 0. Now consider ¢ = p + &l 4+. Then
for every F € F, we have

/@dﬂ=/ (P+€1A+)d#+f pdp
E EnA+ E\At

<(w-m)(ENAT ) +eu(ENAT)+v(E\ AY)
<v(ENAT)+v(E\ AT)
=v(F)

so that ¢ € .Z. On the other hand

f@dﬂ:fpdp+5[1Adﬂ=/\+sp(A)>/\
0 Q Q

a contradiction to the definition of \. m

6. An integral formula. The following theorem follows from a routine computation.

Theorem 4.4 Suppose p and v are two o-finite measures on (2, F), such that v << p. Let

f be an F-measurable function. Then f is integrable with respect to v if and only if f j—; 18

integrable with respect to p, and
/ fdv = [ f @dp:.
Q o dp
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7. Conditional expectations. This is perhaps the most important concept in probability
theory. Let (£2,F, ) be a measure space, and let f : 2 — [0,00] be F-measurable. For
every A € F, define pi¢(A) = fg fladp = | 4 Jdp. Then piy is a measure defined on F.
In fact, if A, is a sequence of disjoint F-measurable subsets, then f1x 4 = S [l
thus, by MCT (series version) we have

Hy (U An) = / Nl andp=) / fladp=) (A
n=1 0 n=1"1 n=1

S0 jus is a measure on ({2, F).

jis possesses an important property — if A € F is a p-null set, ie. p(A) =0, then A
is also a pup-null set: up(A) = 0 [which of course follows from that the integral of function
on a null set is zero on any measure space]. That is to say the measure yi; is absolutely
continuous with respect yi, that is, p; < p. Conversely is also true, which is the context of
Randon-Nikydom’s theorem.

Suppose ({2, F, ) is a measure space, and G is a sub o-algebra of F. Suppose p is o-finite
on G, so that there is a sequence G, € G, G, 1 2 and p(G,) < oo for every n. Let f be
JF-measurable and non-negative such that f is o-integrable on G, that is, there are G, € G
such that G, 1 2 and | ¢, Jdp < oo for every n. Then py < 1 as measures on (2,G), and
both yi; and p are o-finite measure on (£2,G), therefore, by applying Randon-Nikydom’s
theorem to y¢ and i on ({2,G), there is a G-measurable and non-negative function p (unique
up to p-almost surely) such that jis(A) = [, pdp for every A € G [that is, p is the Random-

Nikydom’s derivative of 1y with respect to pr on G, so denoted by p = d—"i‘ ]. d—‘;li) is called
G
the conditional expectation of f given G, denoted by E*[f|G] or simply by E[f|G] if the

measure £ involved is clear. The conditional expectation possesses the following properties:
1) E[f|G] is G-measurable,
2) for every A € G we have
B[f: A|=E[E(fl0): A
that is
B[f1i] =E[LE[f|G]].

In particular, E [f] = E[E[f|G]], so that, if f is integrable, so is its conditional expectation
E [f|G], which allows us to define the conditional expectation of an integrable function f by

E[f|]=E|[f"I6] -E[f16].
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