FIN 508- MARTINGALE THROUGH MEASURE THEORY
LECTURE 2

CARATH ~ EODORY’ S EXTENSION THEOREM

In this section we review the main tools for constructing measures.

1. m-system and monotone class. Suppose C is a non-empty family of some subsets of (2,
then C is called a w-system if C is closed under the intersection, that is, AN B € C whenever
A, B € C. A collection M of some subsets of {2 is called a monotone class (or called a d-class)
if1) 2 e M, 2)if ABe Mand A C Bthen B\ A € M, 3) U22,A, € M whenever
A, € M such that A, T.

Given a non-empty family H of some subsets of 2, M(H) denotes the smallest monotone
class which contains H, called the monotone class generated by H. The existence and
uniqueness of M(H) are left as an exercise for the reader.

Lemma 2.1 (Dynkin's lemma) If C is a w-system over (2, then M(C) coincides with the
smallest a-algebra a(C) containing C, that is, M(C) = a(C).

Since a g-algebra must be a monotone class, so that M (C) C ¢ (C). To prove the other
inclusion that ¢ (C) C M(C), one only needs to verify that M (C) is a o-algebra by using
the fact that C is a m-system. The proof is routine, see for example page 193, D. Williams:
Probability with martingales.

2. Uniqueness criterion. The following is a simple and useful uniqueness result.
Lemma 2.2 (Uniqueness lemma) Suppose pi; (j = 1,2) are two finite measures on a mea-

surable space (£2,.F), and suppose C C F is a w-system containing the sample space {2 such
that o(C) = F. If ;1 (E) = pa(E) for every E € C, then py = py on F.

The proof of this lemma is an example how to use the Dynkin lemma.
Proof. Let G be the collections of all E € F such that ji;(E) = po(E). Then C C G by
assumptions. We prove that G is a monotone class. In fact, it is assumed that (2 € . Since

1(2) = p2(@) =0sothat @ € G. It A, B € G and A C B, then, since 11;(B) < 0o, we have
(BN A) = m(B) = (A) = pa(B) = o A) = pa( B\ A)
which vields that B\ A € G. Suppose now A4, € G, and A, 1, then
I (U An) = lim pu(As) = hm ,ug (U A )
n—00
n=1

which implies that (]2, A, € G. Thus G is a monotone class containing C. By Lemma 2.1,
GO M(C)=0o{C}=F,sothat g =py on F. m

There is another version of the uniqueness for o-finite measures.
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Lemma 2.3 Let pi; (j = 1,2) be two measures on (2, F), and R C F be a ring such that
o(R) = F. Suppose j; and py are o-finite on R: there is a sequence of subsets G,, T 12,
Gn € R and 111(G,) = p2(G,) < 0o for every n. Suppose py(E) = ps(E) for every E € R.
Then py = pg on F.

Proof. Apply Lemma 2.2 to finite measures p;(- N G,) for every n to conclude that
wm(ENG,) = p(ENG,) for every nand E € F. Letting n 1 oo to obtain that py (E) = pa(E)
forevery E€ F. m

3. Measurable sets and Caratheodory’s extension theorem. The construction of measures
rely on the extension theorem of Carathéodory’s, a theorem that tells us how to select
measurable subsets for an outer measure. Let H be a o-algebra over a sample space {2, and
p* : H — [0,00] be an outer measure on (2, H), so that

3.1) p(2) = 0;
3.2) u*(A) < p*(B) forany AC B, A,B € H; and
3.3) p* is countably sub-additive:

" (U En) = Zﬂ*(En)
n=1 n=1
for any sequence E, € H (n=1,2,---).
A subset E € H is called p*-measurable, if E satisfies the Carathéodory condition that
W(F)=p"(FNE)+u (FNE) forevery F eH. (2.1)

The collection of all *-measurable subsets is denoted by M or M(H, p*) (in order to indicate
the dependence on the outer measure p* on (2, H).)

Theorem 2.4 (Caratheodory) Let (2, H) be a measurable space and pi* be an outer measure
on (£2,H). Then the collection M(H, p*) of all p*-measurable subsets forms a o-algebra over
Q, and p* restricted on M(H, p*) is a measure.

The proof of the previous theorem is exactly the same as that in Part A Integration.

Theorem 2.5 (Caratheodory’s extension theorem) Let §2 be a space and R be a o-algebra.
If v is a measure on the algebra R, the outer measure p* is defined by

1*(E) = inf {Zu(Ej) . where E; € R and | J E; 2 E}
j=1

J=1

where the inf runs over all countable cover {E;} of E and E; € R. Then any set E € R is
w*-measurable, and p*(E) = p(E), so that p* restricted on the o-algebra of all p*-measurable
subsets is an extension of p.

This is a consequence of Theorem 2.4, the only thing need to check is that every element
E of R, p*(E) = p(E) (which is direct but not trivial).

4. Null sets. A subset E € H is p*null set if p*(E) = 0. If {E;:i=1,2,---} isa
sequence of p*-null sets, so is (J;o, E£; by the countable sub-additivity. By definition, any
p-null set is p*-measurable. Therefore p* is a complete measure on (2, M(H, u*)).
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5. Completion of a measure space. If ({2, F, ) is a measure space, so it is extended to
an outer measure p* defined by

w*(E) =inf {Z u(E;) : where E; € F such that U E; O E}

=1 n=1

and let F* be the o-field of all j*-measurable subsets. Then ({2, F*, ;1) is a measure space,
and F C F* . Let N'* denotes the collection of all p*-null subsets, so that N* C F* too.
Hence F" = o {N",F} C F*. Thus (2, F", pu) is a complete measure space, called the
completion of (2, F, u).
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