Investment risks - Lecture 7: Portfolio theory

This thesis is about portfolio optimization. But what is an optimal portfolio?
Consider the following example:
Suppose you are at the casino and there are two games to play. In the first game, there is a probability of 5% of winning 1000 euro and a 95% chance of winning nothing. The second game also has a 5 percent winning chance, but you will win 5000 euro. On the contrary, if you lose, then you have to pay the casino 200 euro. The facts are in the table below.
[image: ]
You are allowed to play the game once. Which game will you choose?
Most people will choose for game I. It is interesting to see why. The expected return for the first game is (0:05 ff 1000) + (0:95 ff 0) = 50, while the expected return for game II is (0:05ff5000)+(0:95ff􀀀200) = 60. Looking at the expected return, it is more logical to play the second game! Nevertheless, in spite of this statistical fact, game I is the most popular. The explanation is that game II appears to be more risky than game I. But what is risk? Risk can be defined in many ways, and for each person this definition of risk can be different. However, most people have one thing in common: they all are risk averse.
A risk averse investor doesn't like to take risk. If he can choose between two investments with the same expected return, he will choose the less risky one. 

The opposite of a risk averse investor is a risk loving investor. If a risk loving investor can choose between two investments with the same expected return, he will choose the most risky one. This seems a bit strange, but consider for example a person who desperately needs 5000 euros. He will strongly consider to take on the risky game II and is willing to take more risk to achieve his goal. Although risk loving behavior is a common type of investing strategy, the models in this thesis assume that each investor doesn't like to take more risk than necessary, and thus is risk averse. Let's return to the example. We said that game II is the more risky game. This seems plausible, but we have not defined what risk is. As stated before, it can be defined in many ways. Suppose gambler A uses the following definition of risk: The more chance there is of losing money, the more risky the investment. In his case, game I is risk-free, because you never lose money, and game II is full of risk, because there is a 95% chance of losing something. Gambler B uses another definition: The more dispersion in the outcomes of the investment, the more risky it is. Dispersion can be measured by standard deviation. The higher the dispersion, the more the outcomes are expected to differ from the expected value. Looking at the example, game I has a standard deviation of
[image: ]
So the dispersion of game II is more than five times higher than the dispersion of game I, and that is why gambler B will choose to play the first game, in spite of the lower expected return.
In the theory of portfolio optimization, the risk measure of standard deviation is very popular. In 1952 Harry Markowitz wrote a paper about modern portfolio theory, where he explained an optimization method for risk averse investors. He won the Nobel prize for his work in 1990. His mean-variance analysis (the variance is the squared standard deviation) is used in many papers since. Basic thought is finding the best combination of mean(expected return) and variance(risk) for each investor. This thesis tries to go beyond the theory of Markowitz. Extensions of this theory are made to make the optimization of portfolios more applicable to the current needs of, for example, a bank. This thesis gives a wide mathematical overview of the possible models that can be used for the optimization of portfolios.

Efficient frontier
The efficient frontier is the curve that shows all efficient portfolios in a risk-return framework. An efficient portfolio is defined as the portfolio that maximizes the expected return for a given amount of risk (standard deviation), or the portfolio that minimizes the risk subject to a given expected return.
An investor will always invest in an efficient portfolio. If he desires a certain amount of risk, he would be crazy if he doesn't aim for the highest possible expected return. The other way the same holds. If he wants a specific expected return, he likes to achieve this with the minimum possible amount of risk. This is because the investor is risk averse.
So, to calculate the efficient frontier we have to minimize the risk (standard deviation) given some expected return. The objective function is the function that has to be minimized, which is the standard deviation. However, we take the variance (the squared standard deviation) as the objective function, which is allowed because the standard deviation can only be positive. 

Minimum variance portfolio
Suppose an investor desires to invest in a portfolio with the least amount of risk. He doesn't care about his expected return, he only wants to invest all his money with the lowest possible amount of risk. Because he will always invest in an efficient portfolio, he will choose the portfolio on the efficient frontier with minimum standard deviation. At this point, also the variance is minimal. That is why this portfolio is called the minimum variance portfolio. The graphical interpretation of the minimum variance portfolio is shown in the next figure. This minimum variance portfolio can be calculated by minimizing the variance subject to the necessary constraint that an investor can only invest the amount of capital he has. This is called the budget constraint.

Tangency portfolio
Suppose an investor has other preferences than taking the least possible amount of risk and thus investing in the minimum variance portfolio. An example of another preference is investing in the portfolio with maximum Sharpe ratio. The Sharpe ratio is defined as the return-risk ratio, so

Sharpe ratio = mean / standard deviation

It represents the expected return per unit of risk, so the portfolio with maximum Sharpe ratio gives the highest expected return per unit of risk, and is thus the most "risk-efficient" portfolio. Graphically, the portfolio with maximum Sharpe ratio is the point where a line through the origin is tangent to the efficient frontier, in mean-standard deviation space, because this point has the property that is has the highest possible mean-standard deviation ratio. That is why we call this the tangency portfolio. 
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Table 1.1: The casino game
You are allowed to play the game once. Which game will you choose?

Most people will choose for game I. It s interesting to see why. The expected
return for the first game is (0.05 x 1000) + (0.95 x 0) = 50, while the expected
return for game IT is (0.05x 5000)+(0.95 x —200) = 60. Looking at the expected
veturn, it is more logical to play the second game! Nevertheless, in spite of this
statistical fact, game 1 is the most popular. The explanation is that game IT
appears to be more risky than game I. But what is risk? Risk can be defined in
many ways, and for each person this definition of risk can be different. However,
most people have one thing in common: they all are risk averse.

A risk averse investor doesn’t like to take risk. If he can choose between two
investments with the same expected return, he will choose the less risky one.
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The opposite of a risk averse investor is a risk loving investor. If a risk loving
investor can choose between two investments with the same expected return,
he will choose the most risky one. This seems a bit strange, but consider for
example a person who desperately needs 5000 euros. He will strongly consider
to take on the risky game IT and is willing to take more risk to achieve his
goal. Although risk loving behavior is a common type of investing strategy, the
models in this thesis assume that each investor doesn’t like to take more risk
than necessary, and thus is risk averse.

Let’s return to the example. We said that game I1 is the more risky game.
This seems plausible, but we have not defined what risk is. As stated before, it
can be defined in many ways. Suppose gambler A uses the following definition of
visk: The more chance there is of losing money, the more risky the investment.
In his case, game I is risk-free, because you never lose money, and game 1 is
full of risk, because there is a 95% chance of losing something. Gambler B uses
another definition: The more dispersion in the outcomes of the investment, the
more risky it is. Dispersion can be measured by standard deviation. The higher
the dispersion, the more the outcomes are expected to differ from the expected
value. Looking at the example, game I has a standard deviation of

stdev(I) = 1/0.05 x (1000 — 50)2 + 0.95 x (0 — 50)% = 218,
while game ITs dispersion can be written as

stdev(Il) = /0.05 x (5000 — 60)2 + 0.95 x (—200 — 60)2 = 1133.

So the dispersion of game II is more than five times higher than the dispersion
of game 1, and that is why gambler B will choose to play the first game, in spite
of the lower expected return.

In the theory of portfolio optimization, the risk measure of standard devi-
ation is very popular. In 1952 Harry Markowitz wrote a paper about modern
portfolio_theory, where he explained an optimization method for risk averse
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